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PREFACE. 



The subject which forms the title of this work is inexhaustible. 
"Volumes have been published containing the results of experiments, 
and yet experimental investigations, especially in regard to iron, 
were probably never more numerous than at the present time. The 
infinitely varied character of the materials, and of the great variety 
of conditions under which they are used, renders it impossible for a 
limited number of experiments to cover the whole ground. The 
most refined analysis has been brought to bear upon the subject, and 
yet many problems, which at first appear to be comparatively simple, 
remain unsolved. For instance, no theory of the rupture of a simple 
beam has yet been proposed which fully satisfies the critical experi- 
menter. 

Numerous theories have been proposed from time to time in regard 
to the resistance of materials under strain, but none are universally 
satisfactory. I do not agree with Barlow's theory of rupture involv- 
ing his " Resistance to Flexure," and hence I have put all references 
to it in fine print, except the statement of its principles. 

The general plan and scope of this edition are essentially the same 
as the former one. I have, however, omitted some matter which 
appeared to be unimportant, and have added considerable new matter 
which, I trust, will add to the scientific value of the work. 

I have given considerable prominence to the subject of shearing 
stresses and strains. Shearing strains are somewhat analogous to the 
flowing of the particles over each other. As our knowledge of the 
subject becomes more critical, this branch of it becomes more im- 
portant. 



IV FBEFA.CE. 

I have given a new formula for the deflection of a beam (Equation 
(219a) )y but I have not sufficient data at hand of the proper kind 
to test its accuracy in practice. It will doubtless be tested, sooner 
or later, when its possible accuracy will be determined. 

I have sought to present the subject in such light as to impress 
upon the mind of the student that he is learning only the rudiments, 
whilst a large field remains for time to explore. 

It is with pleasure that I here acknowledge my indebtedness to 
Professor W. A. Norton, of New Haven, Conn., and to my colleague. 
Professor R. H. Thurston, of the Stevens' Institute of Technology, 
for valuable and original matter. 

DE VOLSON WOOD. 

HOBOKZN, February V^th, 192S. 
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mTEODTICTIOK 

1. IN PROPORTIONING ANY MECHANICAIi STRUCTURE, 

there are at least two general problems to be considered : — 

Ist. The nature and magnitude of the forces which are to be 
applied to the structure, such as moving loads, dead weights, 
force of the wind, etc. ; and, 

2d. The proper distribution and magnitude of the parts 
which are to compose the structures, so as to successf ull}" resist 
the applied forces. 

The former of these problems may be solved without any 
reference to the latter, as the structure may be considered as 
composed of rigid rfght lines. The latter depends principally 
u[)on the mechanical properties of the materials which compose 
the structure, such as their strength, stiffness, and elasticity, 
under various circumstances. 

The mechanical properties of the principal materials — wood, 
stone, and iron''*' — ^have been determined with great care aiul 
expense by different experimenters, both in this and foreign 
countries, to which reference will hereafter be made. 

* The properties of mortars have been thoroughly discussed by Gren. Q. A. 
Oilmore in his work on lAmea^ Mbrta/ra^ and Cements. 1803. 



2 THE BESI6TANCE OF MATEBIAL8. 

%• DJBFINITIONS OF TEKMS. 

Stresses are the forces which are applied to bodies to bring 
into action their elastic and cohesive properties. These forces 
cause alterations of the forms of the bodies upon which they 
act. 

Strain is a name given to the kind of alterations produced 
by the stresses. The distinction between stress and strain is not 
always observed ; one being used for the other. One of the 
definitions given by lexicographers for stress^ is strain ; and 
inasmuch as the kind of distortion at once calls to mind the 
manner in which the force acts, it is not essential for our pur- 
pose that the distinction should always be made. 

A Tensile Stress, or Pidl, is a force which tends to elongate 
a piece, and produces a strain of extension, or tensile strairu 

A Compressive Stress, or Push, tends to shorten the piece, 
and produces a compressive strain, 

Transvere Stress acts transversely to the piece, tending to 
bend it, and produces a bending strain. But as a compressive 
stress sometimes causes bending, we call the former a transverse 
strain^ for it thus indicates the cliaracter of the stress which 
produces it. Beams are generally subjected to transverse 
strains. 

Torsive Stress causes a twisting of the body by acting tau- 
gentially, and produces a torsive strain. 

Longitudinal Shearing Stress, sometimes called a detrur- 
sive strain^ acts longitudinally in a fibrous body, tending to 
draw one part of a solid substance over another part of it ; as, 

for instrance, in attempting to draw the piece 
A B, Fig. 1, which has a shoulder, through the 
inortise 6^, the part forming the shoulder will be 
forced longitudinally off from the body of the 
^^^' ^' piece, so that the remaining part may be drawn 

through. (See also Fig. 31.) 

'Transverse Shearing Stress is a force which acts trans- 
versely, tending to force one part of a solid body over the adja- 
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oent part. It acts like a pair of shears. It is the stress which 
would break a tenon from the body of a beam, by acting per- 
pendicular to the side of the beam and close to the tenon. It 
is the stress which shears large bars of iron transversely, so 
often seen in machine-shops. The applied and resisting forces 
act in parallel planes, which are very near each other. 

Splitting Stress, as when the forces act normally like a 
wedge, tending to split the piece. 

3. VMiM EFFECT OF THESE STRESSES IS Tl¥OFOIi]> : — 1st. 

Within certain limits they onlj'- produce change of form ; and, 
2d, if they are sufliciently great they will produce rupture, or 
separation of the parts ; and these two conditions give rise to 
two general problems under the resistance of materials, the 
former of which we shall call tlie problem of Elastic Kesist- 
ANCE ; the latter. Ultimate E-esistanob, or Kesistance to Kup- 

TUEE. 

4. GENERAL PRINCIPIiES OF EliASTIG RESISTANCES. — 

To determine the laws of elasticity we must resort to experi- 
ment. Bars or rods of different materials have been subjected 
to different strains, and their effects carefully noted. 

From such experiments, made on a great variety of materials, 
and with apparatus which enabled the experimenter to observe 
very minute changes', it has been found that, whatever be the 
physical structure of the materials, whether fibrous or granular, 
they possess certain general properties, among which are the 
following : — 

1st. That all bodies are elastic, and within very small limits 
they may be considered perfectly elastic ; i. e., if the particles 
of a body be displaced any amount within these limits they 
will, when the displacing force is removed, return to the same 
position in the mass that .they occupied before the displace- 
ment. This limit is called the limit of perfect elasticity.'^ 

* Mr. Hodgkinson made some experiments to prove that all bodies are non- 
elastic. (See Gwil Eng. and Arc/i. Jour.,yo\. vi., p. 354.) He found that the 
limits of perfect elasticity wert exceedingly smaU, and inferred that if our 
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2d. The amount of displacement within the elastic limit is 
directly proportional to the force which produces it. It follows 
from this, that in any prismatic bar the force which produces 
compression or extension, divided by the amount of extension 
or compression, will be a constant quantity. 

3d. If the displacement be carried a little beyond this limit 
the particles will not return to their former position when the 
displacing force is removed, but a part or all of the displace- 
ment will be permanent. This Mr. Ilodgkinson called a 8et, a 
term which is now used by all writers upon this subject. 

4:th. The amount of displacement is not exactly, but nearly, 
proportional to the applied force considerably beyond the elas- 
tic limit. 

5th. Great strains, producing great sets, impair the elasticity. 

5. COEFFICIBNT (OR MODUIilTS*) OF BliASTICmr. 

If a prismatic bar, whose section and length are 
unity, be compressed or elongated any amount 
within the elastic limit, the quotient obtained by 
dividing the force which produces the displacement 
by the amoimt of compression or extension is called 
the Coefficient of Elasticity. This we call K 
Let K = section of a prismatic bar (See Fig. 2), 
I = its length. 




T 




Fig. 2. 



powers of observation were perfect in kind and infinite in degree, we should 
find that no body was perfectly elastic even for the smallest amount of dis- 
placement. And although more recent experiments have indicated the same 
result in cast-iron, yet the most delicate exi)eriments have failed to thoroughly 
establish it. I have, therefore, accepted the principle of perfect elasticity, 
which, for the purposes of this work, is practically, if not theoretically, cor- 
rect. It does not appear from Mr. Hodgkinson's report how soon the effect 
was obsepved after the strain was removed. If he had allowed considerable 
time the set might have disappeared, as it is evident that it takes time for the 
displaced particles to return to their original position. 

* The terms coefficient and modvlus are used indiscriminately for the oon- 
stants which enter equations in the discussion of physical problems, and are 
sometimes called physical constants. The modvlus of elasticity, as used by most 
writers on Analytical Mechanics, is the ratio of the force of restitution to 
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and A = the elongation or compression caused by a force, P*, 
which is applied longitudinally. Then 

P 

-= = force on a unit of section^ and 

J£ 

J = the elongation or compression for a unit of length. 
c 

HencCj from the definition given above, we have 

^-K^l=T^ ^^^ 

From this equation E may be easily found. It will here- 
after be shown that the coefiicent is not exactly, but is nearly 
the same for compression as for tension. 

For Talues of E^ see Appendix III. 

O. PROOFS OF TUB liAlTS GITEIS IN AttnCIiE FOUR. — 

Article 5 has preceded these proofs, so as to show how the re- 
sults of experiments may be reduced by equation' (1). The 1st 
and 2d laws seem first to have been proved by S. Gravesend, 
since which they have been confirmed by numerous experiment- 
ers. One of the most extensive and reliable series of experi- 
ments upon various substances for engineering purposes is given 
in '^ The Eepoii; of Her Majesty's Commissioners, made under 
the direction of Mr. Eaton Hodgkinson." The results of his 
experiments are published in the Reports of the British Associ- 
ation, and in the 5th volume of the Proceedings of the Manches- 
ter Literary and Philosophical Society, from which extracts 
have been made and to which we shall have occasion to refer. 
The experiments were made not only to prove tliese laws but 
several others, principally relating to transverse strength. 

Barlow made many experiments, the results of which are 
given in his valuable work on the " Strength of Materials." 

that of compression. It relates to the impact of bodies, and, as thus defined, 
depends upon the set. But the coefficient of elasticity depends neither upon 
impact nor set. Another term should therefore be used, or else a distinction 
should be made between the terms coefficient and modulus, so that the former 
shaU apply to small displacements, and the latter to the relative force of resti- 
tution. For this reason I have used the former in this work, and avoided the 
latter when applied to elasticity. 
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The series of experiments on iron which had been commenced 
and so ably conducted by Mr. Hodgkinson were continued by 
Mr. Fairbaim. The latter confined his experiments mostly to 
transverse strength, the results of which are given in his valu- 
able work on " Cast and Wrought Iron." A valuable set of 
experiments has been made in France at " le Conservatoire des 
Arts et Metiers." * 

In this country several very valuable sets of experiments have 
been made, among the most important of which are the experi- 
ments of the Sub-Committee of the Franklin Institute, the re- 
sults of which are published in the 19th and 20th volumes of 
the Journal of that Society, commencing on the 73d page of the 
former volume. The experiments were made upon boiler iron, 
but they developed many properties common to all wrought 
iron. They were conducted with great care and scientific skill. 
The report gives a description of the testing machine; the 
manner of determining its friction and elasticity ; the modifica- 
tions for use in high temperature ; the manner of determining 
the latent and specific heats of iron ; and the strength of differ- 
ent metals under a variety of circumstances. 

Another very valuable set of experiments was made by Cap- 
tain T. J. Eodman and. Major W. Wade, upon " Metals for 
Cannon, under the direction of the United States Ordnance 
Department," and published by order of the Secretary of War. 

Numerous other experiments of a limited character have been 
made, too many of which have been lost to science because they 
were not reported to scientific journals, and many othei's were 
of too rude a character to be very valuable 

The results of these experiments will form the basis of oui 
theories and analysis. 

♦ See ^^ Marin's Besistance des Materiaux^^^ p. 1$6. 
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CHAPTER L 



TENSION. 



7, EiiASTio resistance:. — We will fii-st consider the elas- 
tic resistance due to tension, or, as it is sometimes called, a pull, 
or elongating force. 

EXPERIMENTS ON WROUGHT IRON. 

McperimenU for determining tTie total, dongation and permanent elongation pro 
duced by different weights acting by extension on a tie of wrought iron of 
the best quality^ by Eaton Hodgkin^n, 





Elongation per metre of length. 




Weight in 






Coefficient of 


kilograinmes per square 






elasticity 


centimetre. 






per square metre 


P. 


Total. X. 


Permanent. 


E. 


KU. 


M. 


MilL 


Kil. 


187.429 


0.000082117 




22 824 500 000 


374.930 


0.000185261 
0.000283704 




20 216 200 000 


562.406 


0.00254 


19 824 100 000 


749.456 


0.000379467 


0.0033894 


19 704 000 000 


937.430 


0.000475113 


0.0042398 


19 729 909 000 


1124.813 


0.000570792 


0.00508 


19 706 000 000 


1312.283 


0.000665647 


9.0067705 


19 714 600 000 


1499.720 


0.000760311 


0.0100879 . 


19 320 300 000 


1687.219 


0.000873265 


0.0330283 


19 320 700 000 


1874.645 


0.001012911 


0.0829955 


18 398 100 000 


2063.580 


0.001283361 


0.2616950 


16 079 200 000 


2249.627 


0.002227205 
0.004287185 






2403.653 


3.0709900 


5 606 590 000 


2624.564 


0.009156490 


8.4690700 


2 866 380 000 




0.009950970 


8.5748700 




2812.033 


0.010492805 


9.1023600 


2 681 520 000 


Repeated after 1 hoar. 

.4 U 2 '' 


0.011750313 
0.011858889 
0.011933837 
0.011942168 
0.011958835 
0.011967149 
0.012027114 
0.012027014 










a a 3 a 






u a 4 it 






it u 5 a 




a a 6 u 






** u 7 »c 






" u 8 « 
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THE BB8I8TANCB OF KATEBIALS. 



EXPERIMENTS ON WBOUGHT TRO^.-^CmUnued. 



Weight m 
kilogrammcB per aqnare 


EloDgation per metre of length. 


Coefficient of 

elasticity 


centimetre. 
P. 


Total. A. 


Permanent. 


per square metzv. 
E. 


Xil. 

Repeated after 9 bonis. 
t( it 20 *' 

2999.500 
2999.500 


0.012027114 

0.012027114 

0.017888263 

0.019478898 

0.01984831 

0.02022006. 

0.02148590 

0.02169401 

0.02170242 

0.02170242 

0.02477441 

0.02514184 

0.02522512 

0.03493542 

0.03519357 

0.03520190 


Mill. 


Kil. 


16. 5145 


'1676 826666 


8i86.978 


18.4212 
18.8886 
19.7954 


1488 296666 








83'74!446 


22.0119 
22.7087 


4362626666 


8561.900 


82.8201 


1 019 680 000 








8745.361 







This table is given in French units because it was more con- 
venient.* 

8. THE RESTJiiTS OF THESE EXPERIMENTS maj bc re- 
presented graphically by taking, as in Fig. 3, the total elonga- 
tions or the permanent elongations for abscissas and the weights 
for ordinates. 



*** To reduce the French meafiures to English we have the following rela 
tions: — 



LiNBAB Measure. 



3.2808992 feet 
0.828089 feet 
0.0032808 feet 
0.0393696 in. 



1 metre. 
1 centimetre. 
1 millimetre. 
1 millimetre. 



2.20462 lbs. avoird. 
1422.28 lbs. pr. sq. in. 
0.00142228 lbs. sq. in. 



Weight. 

= 1 kilogramme. 

= 1 kilog. to the sq. millimetre. 

= 1 kilog. pr. sq. metre. 



Hence to reduce the above quantities to English units, multiply the numbera 
in the first column by 14.2228 to reduce them to pounds avoirdupois per square 
inch ; those in. the second column by 8.28089+ to reduce them to feet; the 
third by 0.039364- to reduce them to inches ; and the fourth by 0.00142228 to 
reduce them to pounds per square inch. 
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When the construction is made on a large scale it makes the 
Jesuits of the experiments very evident. 
An examina- ^** 
Fig. 3 



tion of 
shows :— 

Ist. That to a 
load of 1499.72 
kil. pr. square 
centimetre, the 2000 
total elongations 
are practically 
proportional to isoo 
the loads ; 

2d. That with- 
in the same lim- 
its the perma- 
nent elongations 
are nearly pro- 
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portional to the loads, and that they are exceedingly small ; 

3d. That beyond the load of 14.997 kil. to 22.00 kil. per 
square millimetre, the total and permanent elongations increase 
very i-apidly and more than proportional to the loads ; 

4th. That near and beyond 22.49 kil. per square millimetre, 
the total elongations become sensibly proportional to the loads, 
but in a much greater ratio than that which corresponds to small 
loads. For the loads near rupture the elongations are a little 
inferior to that indicated by the new proportion. 

5th. Beyond 14.99 kil. per square millimetre, the permanent 
elongations increase much more rapidly than the total elonga- 
tions. We also observe that the permanent elongations increase 
with the duration of the load, although very slowly. The latter 
property will be more particularly noticed hereafter. 

6th. Finally, the values — of the loads per square metre to 

A. 

the elongation per metre, and which is called the coefficient of 
elasticity ^ is sensibly constant when the elongations are nearly 
proportional to the loads ; and that the mean value is 
E= 19,816,440,000 kil. per square metre ; 
= 28,283,000 lbs. per square inch. 
Bie first value of E^ in the table, is much larger, and may 



10 THE RESISTANCE OF MATEBIALS. 

have resulted from an erroneous measurement of the exceed- 
ingly small total elongation. From the experiments made on 
another bar, Hodgkinson found 

E = 19,359,458,500 kil. per sq. metre ; 
= 27,700,000 pounds pr. square inch ; 
which is but little less than the preceding. 

Mr. Hodgkinson infers from these experiments that the small- 
est strains cause a permanent elongation. But Morin for- 
cibly remarks * that none of these experimenters appear to have 
verified whether time, after the strains are removed, will not 
cause the permanent elongations to disappear. Also that the 
deflections of the machine cannot be wholly eliminated, and 
hence appear to increase the true result. In practice such small 
permanent elongations may be omitted. 

The preceding example has, for a long time, been given to 
show the law of relation between the applied force and the 
total and permanent elongations ; but we should not expect to 
find exactly the same results for all kinds of iron. Even wrought 
iron has such a variety of qualities, depending upon the ore of 
which it is made, and the process of manufacture, that it cannot 
be expected that the above results will always be applicable to 
it. Only a wide range of experiments will determine how far 
they may generally be relied upon. 

It is found, however, that the general results of extension, 
of set, of increased elongation with the duration of the stress 
within certain limits, and of the increase of set with the in- 
crease of load, are true of all kinds of iron. 

EXPERIMENTS UPON CAST IRON. 
9. THE FOIiliOHriNG £XPERI]IIENTS UPON CAST-IRON sho\V 

that the numerical relation between the applied force and the 
extension is somewhat different from the preceding. The expe- 
riments were made under the supervision of Captain T. J. Hod- 
man : — t 

*^ The specimens had coUars left on them at a distance of thirty-five inches 

* Morin's Besistanee des Materiaux^ p. 10. 

f Easperiments onMetcUsfor Cannon^ by Capt. T. J. Bodman, p. 157. 

For a full description of the testing apparatus, with dia^ams, see Major 
Wade's Report on the Strength of Materials for Cannon, pp. 305-315. The 
machine consists prinolpaUy of a very substantial frame md levers resting on 
knife edges. 
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apart, the space between the collars being accurately turned throughout to a 
uniform diameter. 

" The space between the collars was surrounded by a cast-iron sheath, eight- 
tenths of an inch less in length than the distance between the collars ; it was 
put on in halves and held in position by bands, and was of sufficient interior 
diameter to move freely on the specimen. 

"When in position, the lower end of the sheath rested on the lower collar 
of the specimen, the space between its upper end and the upper collar being 
supplied with and accurately measured by a graduated scale tapered 0. 01 of an 
inch to one inch. 

" The upper end of the sheath was mounted with a vernier, and the scale 
was graduated to the tenth of an inch. 

" This afforded means of measuring the changes of distance between the 
collars to the ten-thousandth part of an inch, and these readings divided by the 
distance between the collars gave the extension per inch in length as recorded 
in the following table : — 

TABLE 
Sfhovoing tJie extendon and permanent set per inch in length cav^ed hy the under- 

mentioned weights^ per sqimre inch of section^ acting upon a solid cylinder 35 

inches long and 1.366 indies diameter, {Cast at the West Point Foundry in 

1857.) 



Weight per 

square inch of 

section. 


ExtenRion per inch of 
length. 


Permanent set per inch 
in length. 


Coefficient of 
elasticity. 


P. 


A. 




E, 


lbs. 


in. 


In. 




1,000 


0.0000611 


0. 


16,366.612 


2,000 


0.0000794 


0. 


35,189,168 


3,000 


0.0001089 


0. 


37,548,309 


4,000 


0.0001771 


0. 


22,586,674 


5,000 


0.0002129 


0. 


23,489,901 


6,000 


0.0003700 


0.0000014 


23,332,223 


7,000 


0.0003328 


0.0000039 


31,033,653 


8,000 


0.0003986 


0.0000043 


30,070,345 


9,000 


0.0004557 


0.0000071 


19,749,835 


10,000 


0.0005100 


0.0000109 


19.607,843 


11,000 


0.0005500 


0.0000157 


• 20;000,000 


12,000 


0.0006414 


0.0000357 


18,693,486 


13,000 


0.0007100 


0.0000300 


18,309,859 


14,000 


0.0007700 


0.0000357 


18,181,181 


15,000 


0.0008557 


0.0000477 


17,529,507 


16,000 


0.0009243 


0.0000539 


17,310,397 


17,000 


0.0010014 


0.0000643 


16,977,231 


18,000 


0.0010900 


0.0001014 


16,537,614 


19,000 


0.0013271 


0.0001471 


15,483,660 


20.000 


0.0013586 


0.0002014 


14,721,109 


21,000 


0.0015386 


0.0003900 • 


13,648,771 


22,000 


0.0017043 


0.000C986 


12,908,523 


23,000 


0.0019529 


0.0005539 


11,265,246 


24,000 


0.0023786 


0.0007539 


10,532,344 


25,000 


0.0036037 


0.0010843 


9,601,720 


26,000 


0.0032186 




8,078,046 
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10. FI617BE 4 IS A UBAPHICAIi KEPBKSENTATION OF 

THE ABOVE TABLE, Constructed in the same way as Figure 3. 
Experiments were made upon many other pieces, from which 
I have selected four, and called them A^ B^ C, and 2?, a gra- 
phical representation of which is shown in Figure 5. The right 
hand lines represent extensions, the left hand sets. 



4 


^ 








-= 


— 


y 


^ 


'^ 


1 


/ 


/ 














/ 








; 














/ 
















Fig. 4. 



Fig. 6. 



A was from an inner specimen of a Fort Pitt gun, No. 335, 
and the others from different cylinders which were cast for the 
purpose of testing the iron. 

From these we observe : — 

1st. That for small elongations the ratio of the stresses to the 
elongations is nearly constant. 

2d. There does not appear to be a sudden change of the rate 
of increase, as in Mr. Ilodgkinson's example, but the ratio gra- 
dually increases as the strains increase. 

3d. The sets at first are invisible, but they increase rapidly 
as the strains approach' the breaking limit. 

It ^Y^^^r^ paradoxiGal that the first and second experiments 
in the preceding table should give a less coeflicient than the 
third, but the same result was observed in several cases. 



11. THE FOIiliODTING TABIiES ABE THE BESfJIiTS OF 
SOME EXPEBIMENTS MABE BT MB. XIOB6KINSON t— 
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Direct longitudinal ecetension of round rods of cast iron^ fifty feet long. 



NAME OF IBON. 



Low Moor, No. 2. 



Blaneavon Iron, No. 2.. 



G-artsherrie Iron, No. 2. 





- 


i 


"g 


^t 


S fl 


V C! 


flfi *rl 


1 
^ 


1* 


1.058 


2 


1.0685 






2 


1.062 



Weights per sqnare inch laid on, 


with their corresponding ex- 


tensions apd sets. 


Weights. 
P. 


Extension. 
A. 


Setfl. 


lbs. 


in. 


in. 


2,117 


0,0950 


0.00345 


6,352 


0.3115 


0.0250 


10,586 


0.5640 


0.4425 


14,821 


0.9147 


0.12775 


2,096 


0.0942 


0.00268 


6,289 


0.3065 


0.01675 


10.482 


0.5770 


0-0575 


13,627 


0.8370 


0.11475 


2,109 


0.0922 


0.001 + 


6,328 


0.3117 


0.01450 


10,547 


0.5862 


0.0475 


14,766 


0.9452 


0.11352 



s 

||| 

(343 o 



lbs. 



16,408 



14,675 



16,951 



I 

1^ 



in. 

1.085 



0.9325 



1.167 



In these experiments the ratio of the extensions is somewhat 
greater than that of the weights. The value of JS, as computed 
tor the first weights which are given, and the corresponding 
extensions, is a little more than 13,000,000 pounds per square 
inch. 



t 

Extension of cast-iron rods, ten feet long and one inch square. 


■ in parte 
le weight 

it is com- 
1 from f or- 

P=1161 
201906.^ 


Weights 
P. 


Extensions. 
Ae. 


Sets. 


p. 

Ae. 




lbs. 

1053 77 

1580.65 

2167.54 

3161.31 

4215.08 

5262.86 

6322.62 

7376.39 

8430.16 

9483.94 

10537.71 

11591.48 

12645.25 

13699.83 

14793.10 


in. 

.0090 
.0137 
.0186 
.0287 
.0391 
.0500 
.0613 
.0734 
.0859 
.0995 
.1136 
.1283 

.144a 

.1668 
.1859 


in. 

.00022 
.000545 
.00107 
.00175 
.00265 
.00372 
,00517 
.00664 
.00844 
.01062 
.01306 
.01609 
.02097 

! 02410 


117086 

115131 

113309 

110150 

107803 

105377 

103142 

100496 

98139 

95316 

92762 

90347 

87329 

82133 

79576 


+Th 

+ T+T 

+ Ti7r 
+ih 
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Let P = the elongating force and 

Ao = the total elongatioA. in inches due to P. 

Then Ilodgkinsou found, from an examiinilkiit of the table, 
that the empirical formula 

P = 116117Ae - 201906a; 

represented the results more nearly than equation (1). This for- 
mula reduced to an equivalent one for I in inches (observing 
that the bar was 10 feet long), becomes 

P = 13,934,000 J - 2,907,432,000^ 

Although this equation gives the elongations for a greater range 
of strains than equation (1) for this particular case, yet the 
law represented by it is more complicated, and hence would 
make the discussions under it more difficult, without yielding 
any corresponding advantage. It is the equation of a parabola 
in which P is the abscissa and \, the ordinate. 

We also see that when the elongations are very small, the 



A? 



quantity ~ will be very small, and the second term may be 

omitted in comparison with the first, in which case it will be re- 
duced to equation (1). The coefficient in the first term is the 
coefficient of elasticity, hence it is nearly 14,000,000 lbs. for 
extension. 

MALLEABLE IRON. 

13. ACCORDING TO BARiiODF^s EXPCRiMCNTS malleable 
iron may be elongated y^jVc" ^^ ^^^ length without endangering 
its elasticity.* To ascertain this, the strains were I'emoved 
from time to time, and it was found that the index returned to 
zero for all strains less than 9 or 10 tons. The mean extension 
per ton (of 2,240 lbs.) per square inch, for four experiments, was 
0.00009565 of its original length. Hence the mean value of 
the coefficient of elasticity is 

P 2240 

^ = T = OTi09565 = 2^18,000 lbs. 



♦ Journal Frank Inst.^ vol xvi., 2d Series, p. 126. 
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KLA8TICITY OF WOOD. 
1 3. BXPERIMBNTS BY MBSSBS. CHBVANDIBB ANI^ mOi* 

THKiJH. — The following are some of the reaalte of the recent 
experiments of Messre. Chevandier and TVertheim on the resist- 
ance of wood. These experimenters have drawn the following 
principal conclusions: — 

1. The denatty of wood appears to vary very little with age. 

2. The coefficient of elasticity diminishes, on the contrary, be- 

yond a certain age ; it depends, likewise, upon the dry- 
ness and the exposure of the soil to the sun in which the 
trees have grown ; thus the trees grown in the northern 
exposures, north- eastern, north-western, and in dry soils, 
have always so much the higher coefficient as these two 
conditions are united, whereas the trees grown in muddy 
soils present lower coefficients. 

3. Age and exposure influence cohesion. 

4. The coefficient of elasticity ts affected by the soil in which 

the tree grows. 

5. Trees cut in full sap, and those cut before the sap, have not 

presented any sensible differences in relation to elasticity. 

6. The thickness of the woody layers of the wood appeared to 

have some influence on the value of the coefficient of 
elasticity only for fir, which was greater as the layers were 
thinner. 

7. In wood there is not, properly speaking, any limit of elas- 

ticity, -as every elongation produces a set. 
It follows from this circumstance that there is no limit of 
elasticitv for the woods experimented upon by Messrs. Chevan- 
dier and Wertheim ; but, in order to make the results of their 
experiments agree with those of their predecessors, the authors 
have given for the value of tlie limit of elasticity the load under 
which it produces only a very small permanent elongation ; the 
limit which they indicate in the following table for loads, under 
which the elasticity of wood commences to change, corresponds 
to a permanent elongation of 0.00005 of its original length. 
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Table containing the Mean Eesultb of the Experiments of 

Messrs. Chevandier and Wertheim. 



Speciea. 



LocnBt 

Fir 

Yoke Elm 

Birch 

Beech 

Oak from pedunculate acorn, 

*' *' sessile acorn 

White Pine 

Elm 

Sycamore 

Ash 

Alder. 

Aspen 

Maple 

Poplar , 






0.717 
0.493 
0.756 
0.812 
0.823 
0.808 
0,872 
0.559 
0.723 
0.692 
0.697 
0.601 
0.602 
0.674 
0.477 






S cs 



Kflogr. 

1261.9 

1113.2 

1085.3 

997.2 

980.4 

977.8 

921.8 

564.1 

1165.3 

1163.8 

1121.4 

1108.1 

1075.9 

1021.4 

617.2 



I Hi 

fill, 



Ellogr. 
3.188 
2.153 
1.282 
1.617 
2.317 

2.349 
1.633 
1.842 
1.139 
1.246 
1.121 
1.035 
1.068 
1.007 






s 



a 
o 

1 

u&a 



8? 

a 



Kiloffr. 

7.93 
4.18 
2.99 
4.30 
3.57 
6.49 
5.66 
2.48 
6.99 
6.16 
6.78 
4.54 
7.20 
3.58 
1.97 



•3^ 

■aS. 



00 ^ 

•c ^ 

c8 



«»-d 



- 0) ' ^ 

•^ e3 
O BO 



14. EliASTICITY OF ITOOD, TANGENTIAIiliY AND RADI- 

Ai^iiY. — The same observers have also determined the coefficient 
of elasticity and the cohesion of wood in the direction of the 
radius and in the direction of the tangent to the woody layers. 
An examination of the following Table shows that the resist- 
ance in the direction of the radius is always greater than the 
resistance in the direction of the tangent to the woody layers ; 
the relation between the coefficients of elasticity in the two 
cases varying nearly from 3 to 1.15. 
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Mean Results of the Experiments of Messrs. Chevandier 

AND Wertheim. 





In the Direction or Radius. 


In the Dibkotion op the Tan- 
gent TO THE LAYETW. 


species. 


Coefficient of 
Elasticity, E^ per 
8(iiiare millime- 
tre. 


« 

Cohesion, or 
load, per square 
millimetre, capa- 
ble of producing 
rupture. 


Coefficient of 
E'asticity, E^ per 
square inillime- 
tre. 


Cohesion, or 
load, per square 
millimetre, capa- 
ble of producing 
rupture. 


Yoke Elm 


Kilogr. 

208.4 

134.9 

157.1 

188.3 

81.1 

269.7 

111.3 

121.6 

94.5 

97.7 

170.3 


Kilogr. 

1,007 
0.522 
0.716 
0.582 
0.823 
0.885 
0.218 
0.345 
0.220 
0.256 


Kilogr. 

103.4 

80.5 

72.7 

129.8 

155.2 

159.3 

102.0 

63,4 

34.1 

28.6 

152.2 


Kilogr. 

0.608 


Sycamore 

Maple 


0.610 
0.371 


Oak 


0.406 


Birch 


1.063 


Beech 

Ash 


0.752 
0.408 


Elm 


0.366 


Fir 


0.297 


Pine 


0.196 


Locust 


1.231 











The highest coefficient of elasticity in this table is for beech, and this is less 
than 400,000 pounds per square inch. 



13« REMARK. — The value of E^ which is used in practice, is 
not tlie coefficient of perfect elasticity, but it is that vahie which 
is nearly constant for small strains. In determining it, ho ac- 
count is made of the set If the total elongations were propoi-- 
tional to the stresses which produce them, we would use the 
value of ^ found by them, even if the permanent equalled the 
total elongations. But in practice the permanent elongations 
will be small compared with the total for small stresses. 

APPLICATIONS. 

IB. TO FINO TUB GLONGATION OF A PRISITIATir BAR 
SlIBJEiCTBD TO A LONGITUDINAL STRAIN WHICH IS WITH- 
IN TUB BLASTIO LIMITS. 



From (1) we have 



A = 



PI 

EK 



(2) 



which is the required formula. 

2 



y . 



. ^ '-'--. 



^ « 



18 



THE BESISTANOB OF KATERIALS. 



Also from (1) we have 
P = ^-jEK 



(3) 




\ 



J 

Wmmi/ml 

Fia. 6. 



Equations (1), (2), and (3) are equally applicable 
to compressive strains, as will hereafter be shown. 
If in (3) we make -fiT = 1 and a = Z we shall have 
P ■=^ E\ hfence, the coefficient of elasticity may be 
defined to be a force which wiU elongate a bar whose 
section is unity ^ to double its original len^h^ pro- 
vided the elasticity of the material does not change. 
But tliere is no material, not even a perfectly elastic 
body — as air and other gases — whose coefficient of 
elasticity will not change for a perceptible change of volume. 
The material may not lose its elasticity, but equation (1) only 
measures it for small displacements. To illustrate further, let 
it be observed that, according to Mariotte's law, the volumes of 
a gas are inversely proportional to the compressive (or exten- 
sive) forces ; double the force producing a compression to half 
the volume ; four times the force, to one-fourth the volume, and 
so on, the compressions being 2, fractional part of the original 
volume ; but in equation (2), a is a linear quantity, so that if 
one pound produces an extension (or compression) of one inch, 
two pounds would produce an extension of two inches, and 
so on. 



Eivamples. — 1. If the coefficient of elasticity of iron be 25,000,000 lbs., what 
must be the section of an iron bar GO feet long, so that a weight of 5,000 lb& 
shall elongate it ^ an inch. 

PI 
From (1) we obtain K— ^- which by substitution becomes 



K=^ 



5,000.12x60 



Ex 
= 0.288 square inches. 



25,000,000 X i 

2.. What weight will a brass wire sustain, whose diameter is 1 inch, coeffi- 
cient of elasticity is 14,000,000 lbs., so as to elongate it ^^ of its length ? 

Ans. 13,744.5 lbs. 
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1 7, — HEftriBED THE ELONOATIOK (OB COnPRBSSYOIT) OV 
A PKISMATIC BAK WHEN ITS WBIOHT IS CONSIDERED. 

Let I = the whole length of the bar before elon- 
gfttion or compreeeion, 

X = variable distance = Ai>, 

rfa; = Jo = an element of length, 

w = weight of a unit of length of the bar, 

W = weight of the bar, and 

/*, = the weight sustained by the bar. 
Then (^ — a) mj + P, = P = the strain on any ^, 

section, as be. ^^ P i 

Hence, from equation (2), we have 

y. jix ■ — iEir~ <*) 

.*. the total length will become, 

i±.= [i±^^^]; .(5) 

If P, — 0, A = .,' = Qjf i r> **•" *^^ *°**^ elongation is one- 
half of what it would be if a weight equal to the whole weight 
of the bar were concentrated at the lower end, 

Keqtjieed toe Elongation (oe Compeession) of a Cohe ik 
A Veetical Position, caused by its own Weight when it is 

SUSPENDED AT ITS BaSE {oE HESTS ON ITS BaSE). 

Take the origin at the apex befoi'e 
extension, Fig. S, and 
letff = any section, 

K^ = the upper section, 

I = the length or altitude of 

the cone, 
x = the length or altitude of 

any portion of the cone, ^^_ ^ 

and 
S = the weight of a imit of volome. 
Then, because the bases of similar cones are as the squares 

of their altitudes, K = K,-^ 



a' 



/ *-^^, 1 

y « ^"^ = 6 
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The volume of the cone whoee altitude is m 

and the weight of the same part 

I 
:, (from equation (2)) X = # ^ "„' a;* ., m, 

_ J* 

• • 

from which it appears that the total elongation is independent 
of the transverse section, and varies as the square of the 
length. 

18, THB WORK OF BiiONGATioN. — If jP be the forcc 
which does the work, and x the space over which it works, then 
the general expression for the work is 

U =/'' Pdx (6) 



To apply this to the elongation of a prism, substitute P from 
Eq. (3) in (6), and make dx = d\ and we have 

^^ f^EKx^^^EE^^^p^ (7) ^ 

which is the same result that we would have found by suppos- 
ing that P was put on by increments, increasing the load gradu- 
ally from zero to P. 

Example. — If the coeflScient of elasticity of wrought iron be 28,000,000 lbs., 
and is expanded 0.00000698 of its length for one degree F. , how much work is 
done upon a prismatic bar whose section is one inch, and length 80 feet, hy a 
change of 20 degrees of temperature ? 

Walls of buildings which were sprung outward have been drawn into an erect 
position by heating and cooling bars of iron. Several rods were passed through 
the building, and extending from waU to wall, were drawn tight by means of 
the nuts. Then a part of them were heated, thus elongating them, and the 
nuts tightened ; after which they were aUowed to cool, and the contraction 
which resulted drew the walls together. Then the other rods were treated in 
a similar manner, and so on alternately* 
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9 
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19. VSlBTICAIi OSCIIiliATIONS.— -If a bar ^a, Fig. 9, 
with a weight, P, suspended from its lower end, be pressed down 
by the hand, or by an additional weight from atob, and the addi- 
tional force be suddenly removed, the end of the bar on returning 
will not stop at a, but will move to some point above, as <?, a dis- 
tance ac = ah. From a principle in Mechanics, viz. , that the living 
force equals twice the work, we are enabled to determine all the 
circumstances of the oscillation when the weight of the bar is 
neglected. The weight P elongates the bar so that its lower ex- 
tremity is at a, at which point we will take the origin of co-or- 
dinates. 

^.. • 

Fia. 9. 
Let \ = a5 = the elongation caused by the additional force, 
X ^= ad = any variable distance from the origin, 
« = the velocity at any point, as ef, and 
M = the mass of the weight P. 
If the weight of the rod be very small compared with P, the vis viva is 




Mtf^ = — «" very nearly. 
9 

The work for an elongation equal to A, is by Eq. (7), 



EK 

21 

EK 



The work for an elongation equal to «, is by Eq. (7), ^f^ a^ 



.-. i 



9 



n 



,9 



EK 

2 



dx 



EK 



- (;.« - aj^), oi—^ = gyj U^ -a?) = f> 




dx 



V 



/- — X' 



ly ^^^ 



stn 



Jo "^sV ! 



PI 

gEK 



for half an oscillation ; and the time for a whole oscillation is 



r = 



PI 



. / 

V 3EK 



-^ 



9 



(8) 



hence the oscillations will be isochronous. 

It is evident that by applying and removing the force at regular intervals, the 
amplitude of the oscillations may be increased and possibly produce rupture. 
In this way the Broughton suspension bridge was broken.* 

As a second example, take the case in which P is applied suddenly to the end 
of the rod. It is evident that the total elongation will be greater than A, — the 
pemaanent elongation. For the fundamental equation we may use another 

* Mr. B. Hodgkinson, in the 4th volume of the Manchester PhUosophiccA 
Transactians, gives the circumstances of the failure, from this cause, of the 
suspension bridge at Broughton, near Manchester, England. And M. Navier, in 
his theory of suspension bridges {Ponts Suspendus^ Paris, 1823), states that 
the duration of the oscillation of chain bridges may be nearly six seconds. 
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principle in Mechanics, which mig'ht have been used in the preceding problem, 

yiz. , that the maas multiplied by the acceleration equals the resultant moTiBg 

EKx 
force. The resisting force for an elongation x is -y- (See £q. (3) ), and the 

P 
moving force is P, whose mass = — ; hence 

-_<r« - EK 

J dx 



Ux = X,v =: V gXj 

X = 2;., t? = 0, 

a? = 0, « = 0. 
Hence, the amplitude is twice the permanent elongation. ltx = 2). we have 




t = 



= n . i^jpv^ ~ ^ \ / Investigations of this kind gplve rise to a divi- 
sion of the subject called ResUuince of Prisms. 

The investigations are interesting, but the results are of little use beyond 
those which have already been indicated. From the last problem we see that a 
weight suddenly applied produces twice the strain that it would if applied 
gradually. 

As additional exercises for the student, I suggest the following : Suppose the 
weight be applied with an initial velocity. Suppose a weight P is attached to 
one end, and the weight P is placed suddenly upon it ; or it falls upon it. 
To find the velocity at any point in terms of *, — also A in terms of t. 

If a weight TTis suspended at the end, and another weight Wx falls from a 
height A, giving rise to a velocity «, we have for the common velocity of the 

bodies after impact, if both are non-elastic, F= -a^ — ^77, and the xU viva of 

both will be 

W *fj' E E 

MV^ = .Trr' -^TKf which equals — ,- A", or twice the work. 

^^i^Wx^W)\l EK 
This is only an approximate value, for the inertia of the wire is neglected. 



X-. ^' 



30. TiscosiTY OFSOiiiDs. — Experiments sliow that the prin- 
ciple of equal amplitudes, referred to in the preceding article, is 
not realized in practice. This is more easily observed in trans- 
verse vibrations. The amplitudes grow rapidly less from the 
first vibration, and the diminution cannot be fully accounted for 
by the external resistance of air. Professor Thompson of Eng- 
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land has shown that there is an internal resistance which opposes 
motion among the particles of a body, and is similar to that 
resistance in fluids which opposes the movement of particles 
among themselves. He therefore called it viscosity.* He 
proved : — 

1st. That there was a certain internal resistance which he 
called Viscosity, and which is independent of the elastic pro- 
perties of metals ; 

2d. That this force does not affect the co-efficient of elasti- 
city. 

The law between molecular friction and viscositv was not 
discovered. 

The viscosity was always mucli increased at first by the in- 
crease of weight, but it gradually decreased, and after a few 
days became as small as if a lighter weight had been applied. 
Only one experiment was made to determine the effect of con- 
tinual vibration; and in that the viscosity was very much in- 
creased by daily vibrations for a month. 

This latter fact, if firmly established, will prove to be highly 
important ; for it shows that materials which are subjected to 
constant vibrations, such as the materials of suspension bridges, 
have within themselves the propert}^ of resisting more and more 
strongly the tendency to elongate from vibration. Experiments 
will be given hereafter which tend to confirm this fact, when 
the vibrations are not too frequent or too severe. 

But the true viscosity of solids has been fully proved by M. 
Tresca, a French physicist, who showed that when solids are 
subjected to a very great force, the amount of the force depend- 
ing upon the nature of the material, that the particles in the 
immediate vicinity of pressure wW[flow over each other, so as to 
resemble the flowing of molasses, or tar, or other viscous fluids. 
By applying sufficient pressure solid bodies may be made to 
flow through holes in other bodies. Thus, true viscosity 
differs entirely in its character from the property recognized byO^ 
Professor Thompson. J 

* Civ, Mig, Jour., vol. 28, p. 322. 
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EESISTANCE TO EUPTUEE BY TENSION. 



jM. MODUiiUs OF STREifGTH. — Many more experiments 
have been made to determine the ultimate resistance to rupture 
by tension than there have to determine the elastic resistance. 
In the earlier experiments the former was chiefly sought, and 
more recently all who experimented upon the latter also deter- 
mined the former. 

The force which is necessary to pull asunder a prismatic bar 
whose section is one square inch, when acting in the direction 
of the axis of the bar, is called tlie modulus of strength. This 
we call T, It expresses the tenacity oi the material, and is 
sometimes called the absolute strength and sometimes modulus 
of teuddty, 

S3. FORMUIiA FOR THE MODUIiUS OF STRENGTH; OTthe 

force riecessary to hreak a jprismatio bar^ when acted upon Jyy 
a tensile strain. 

Let K = the section of the bar in inches ; 
T = the modulus of tenacity ; and 
P = the required force. 

It is proved by experiment that the resistance is proportional 
to the section ; hence 

P = TK. (9) 

.•.^=;^ (10) 

From (10) T may be found. In (10) if P is not the ultimate 
resistance of the bar, then will T be the strain on a unit of sec- 
tion. 

From (9) we have 

^=^ (11) 

wliich will give the section. 
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The following are some of ^he values of T which have been 
found from experiment by the aid of Equation (10). 

Cohesive force or Tenacity 
in lbs. per square inch. 

Ash {English) 17,000 

Oak {English) 9,000 to 15,000 

Kne {pitch) 10,500 

Cast Iron* 14,800 to 16,900 

Cast Iron ( Weishach <& Overman) 20,000 

Wrought Iron 50,000 to 65,000 

Steel Wire 100,000 to 120,000 

Bessemer Steel f 120,000 to 129,000 

Bessemer Steel :!: 72,000 to 101,000 

Bars of Crucible Steel § 70,000 to 134,000 

Chrome Steel 1 115,780 to 190,680 

The most remarkable specimen of cast steel for tenacity 
which is on record was manufactured in Pittsburgh, Pa. It 
v^as tested at the Navy Yard at Washington, D. C, and was 
found to sustain 242,000 lbs. to the square inch ! *^i" 

For other values see the Appendix. 

33. A vertical prismatic har is fixed at its upper end^ and 
a weight P^ is stLspended at the other / what must he the upper 
section at A, Fig. 7^ so as to resist n-tim.es all the weight helow 
it, the weight of the bar being considered f 

Let ^ = the weight of a unit of volume of the bar, and the 
other notation as before. 

Then KT = nP, + nlKL 

••■ ^=^k (i^> 

If 71 = 1, K= -^TT?? ^^^ ^^ ^^ ~ T, IT = 00, or no section 

T 

is possible, and Z = -y is the corresponding length of the bar. 



* Jlodgldnson^ Bridges. Weale, sup., p. 25. 
t Jour. Frank. Inst. Vol. 84, p. 366. 

i Also Experiments by Wm. Fairbaim, Van JSFostrancTs Ec. En. Mag.^ Vo^ 
1, p. 273. §Do. p. 1009. 

I Report, Cat., J. B. Eads, C.E. 
T Arn. R. R. Times (Boston), Vol. 20, p. 206. 
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34:* BAR OF UNIFORM STRENGTH. SuppOBC a haV is 

fixed at its upper extremity ^ Fig. lO, and a weight P^ is svs- 

pended at its lower extremity ^ it is required to find the form 

of the bar so that the horizontal sections shall he proportional 

to the strains to which they are subjected — the weight of the 

bar being considered. 

Let i = weight of an unit of volume, 

W = weight of the whole bar, 

P 

K. = tj^ = the section at B (Eq. (11) ), 

K^ = the upper section, 
E = variable section, and 
X = variable distance from J? upwards. 
Also let the sections be similar : 

l.p, Then P = P^ + i f £ dx =: strain on any 

Fm. 10. section, b& D C. But TK is the ability to resist 
this strain : 

.'.Pi + ^ f Kdx = TK. Differentiate this, and we have 

IKdx^ TdK 

J die 

OY y=,dx =i -j-r which by integrating gives 
T xL 




ypx = Ifap. log K + C. 



{12a) 



But for a? = 0, we have ^= J^i • *• ^= — Nap.log K^^ — 

P ' i K 

Nap. log -^. Hence Eq. (12») becomes -^.x ^ Nap. log -^ 



fOJ 



or, passing to exponentials, gives e^ = _ 









(13) 

8 



P -I 

For the upper section K ^ K^ and a? = Z . • . JTi = -pp^ ^ (1*) 



We also have 



F=^ 



\ I Edx^il ^li?^ dx^P, (/t -1) (15) 

•/o •/o 
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Example. What must be the upper section of a wrought-iron shaft of uni- 
form resistance 1,000 ft. long, so that it will safely sustain its own weight and 
75,000 lbs.? 

Let T = 10,000 lbs., and 
S = 0.27 lbs. per cubic inch. 
Then Eq. (11) gives .ffo = 7.5 sq. inches, and 
equation (14) gives Ki = 10.37. 

In these formulas the form of section does not appear. For 
tensile strains, the strength is practically independent of the 
form, but not so for compression. When it yields by crushing, 
the influence of form is quite perceptible, but not so much so 
as when it yields by bending under a compressive strain. The 
latter case will be considered under the head of flexure. 

3^. STRAINS TS A CliOSED OlTIilNDBR. 

If a closed cylinder is subjected to 
an internal pressure^ it will tend to 
burst it by tearing it open along a 
rectilinear element, or by forcing the 
head off from the cylinder, by rup- 
tui-ing it around the cylinder. First, 
consider the latter case. The force 
which tends to force the head off is 
the total pressure upon the head,<and 
the resisting section is the cylindrical 
annulus. 

Let D = the external diameter, 
d = the internal diameter, 
j> = the pressure per square inch, and 
t = the thickness of the cylinder. 
Then i^r d^jp = the pressure upon the head, 

i«- (D^ — d^) = the area of the cylindrical annulus, 
i«- T{D^ — d^) ~ the resistance of the annulus, and 
' 2t = D -d 
Hence, for equilibrium, 

or, <Fjp = 2Tt {!) + d) = 4:T(f + dt) (16) 

which solved gives ^=(-1 + ^1 + ^^^ (■^'^) 

Equation (16) may be written as follows : — 

d'j>=z4:Tt(t + d), 




Fig. 11. 
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and as ^ is generally small compared with d^ we have dp = 
^Tt nearly. 

Next consider the resistance to longitudinal rupturing. As 
it is equally liable to rupture along any rectilinear element, 
suppose that the cylinder is divided by any plane which passes 
tlirough the axis. The normal pressure upon this plane is the 
force which tends to rupture it, and for a unit of length is 

pd 

and the resisting force is 

hence, for equilibrium, 

pd = 2Tt (18) 

The value of t from (18) divided by that of t fi'om (16) gives 
the ratio — -^ — , and since D always exceeds t?, this ratio is 

greater than 2 ; hence there is more than twice the danger of 
bursting a boiler longitudinally than there is of bursting it 
around an annulus when the material is equally strong in both 
directions. 

The last equation was established by supposing that all the 
cylindrical elements resisted equally, but in practice they do 
not ; for, on account of the elasticity of the material, they will 
be compressed in the direction of the radius, thus enlarging tbe 
internal diameter more than the external, and causing a corre- 
sponding increase of the tangential stress on the inner over the 
outer elements. In a thick cylindrical annulus it is necessary 
to consider this modification. 

To find the varying law of tangential strains, let D and d 
be the external and internal diameters before pressure, and 
D+z and d+y the corresponding diameters after pressure. 
Then, as a first approximation — which is near enough for prac- 
tice — suppose that the volume of the annulus is not changed, 
and we have 

i^r (i>«-^) = ix {D+£f - ix (^ + yY 
or, Dz = dy nearly. (19) 

But the strain upon a cylindrical filament varies as its elon- 
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gation divided by its length ; see Eq. (3). Hence the strain on 
the external anniilus, compared with the internal, is as 

^ ' to - -^ ^-^ 1 or as -:^ to V 



^D ^d " "^ D d 

which combined with (19) gives 

-jj; to -^ or as <i* to Z^, or as r^ to E^ 

where r and i? are radii of the annulus. 

Hence, the strain varies inversely as ths square of the dis- 
tance from the axis of the cylinder. 

To FIND THE TOTAL RESISTANCE, let 

X = the variable distance from the axis of the cylinder, 
T = the modulus of rupture, or of strain, and 
t = the thickness of the annulus. 
Then Tdx is the strain on an element at a distance r from 
the axis of the cylinder, or otherwise upon the inner surface of 
the cylinder ; and according to the principle above stated, 

/•' 

J'-^dx is the strain on any element, and the total strain on both 

X 

sides is 

B 

2Tr^ / ^=2^4, (20) 

X r + t ^ 

lft = r, this becomes 

Tt 

which compared, with Eq. (18) shows that when the thickness 
equals the radius, the resistance is only half what it would 
be if the material we^ non-elastic. In (20) if t is small com- 
pared with r, it becomes 2 Tt nearly, which is the same as 
equation (18). 

If the ends of the cylinder are capped with hemispheres, the 
stress upon an elementary annulus at the inner surface is 
27r Trdx* Proceeding as before, and we find that the total 

* T. J. Rodman says the remtanoe on any elementary anniUus is Tt2xdx (" Exp. 
on Metal for Cannon," p. 44) ; but it appears to me that, to make his expression 
correct, T mast be the modulus at any element considered, and hence variable, 
whereas it should be constant. The strain on any elementry annulus whose 
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Btress necessary to force the hemisplierical heads off is 



2irT- 



r+t 



(21) 



which is also the stress necessary to force asunder a sphere by 
internal pressure, when the elasticity is considered. 

If cylinders are formed by riveting together plates of iron, 
their strength will be much impaired along the riveted section. 
The condition of the riveted joint will doubtless have much 
more to do with the strength than the compressibility of the 
material, and will hereafter be considered. 

The preceding principles are especially applicable to homo- 
geneous metals, where the thickness is considerable, such as can- 
nons and spherical shells. 



96. RESISTANOK OF GliASS GliOBBS TO INTERNAIi 

S17BK. 



EXPERIMENTS OF WILLIAM FAIRBAIRN. 



Description of the glass. 


Diamoter in 
inches. 


Thiclcness in 
inchen. 


BnrKtlng pres- 
sure in lbs. per 
square inch. 


Bursting pres- 
sure in lbs. per 
square inch of 
section. 


Flint-glasa 


4.0x3.93 
4.0x3.98 

4 
4.5x4.55 

6 


0.024 
0.025 
0.038 
0.056 
0.059 


84 

93 

150 

280 

152 


3504 
3720 




3947 
5625 
3864 



Mean. 



.4132 



Green-glass. 



4.95x5.0 
4.95x5.0 
4.0 x4.05 
4.0 x4.03 



0.022 
0.020 
0.018 
0,016 




5113 
5312 
4666 
5126 



Mean 5054 



distance is as from the centre of the sphere, is 5^jrr<te, -j = 2nf^T — ^; and the 

total resistance is the integral of this expression between the limits of r and 

r+t 
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Grown-gUuss 



4.2 x4.35 
4.05x4.2 
5.9 x5.8 
6.0 x6.3 



0.025 
0.021 
0.016 
0.020 




6040 
6000 
6850 
6450 



-1 



Mean 5960 



The following table exhibits the tensile strength of cylindrical 
glass bars according to the experiments of Mr. Fairbairn : — 



Description of the glass. 


Area of specimen in 
inches. 


Breaking weight in 
lbs. 


Tenacity i>er ftqnare 
inch. 


Annealed flint-glass. . . 
Green-glass 


j 0.255 

(0.196 

0.220 

0.229 


583 
254 
689 
583 


2286 
2540 
2896 


Crown-glass 


2546 



As might have been anticipated, the tenacity of bars is much 
less than globes ; for it is difficult to make a longitudinal strain 
without causing a transverse strain, and the latter would have a 
very serious effect : it is also probable that the outer portion of 
the annealed glass is stronger than the inner, and there is a 
larger amount of surface compared witli the section, in globes 
than in cylinders. 



RIVETED PLATES. 

37. BIVBTKB PiiATBS are used in the construction of boil- 
ers, roofs, bridges, ships, and other frames. It is desirable to 
know the best conditions for riveting, and the strength of riveted 
plates compared with tlie ^olid section of the same plates. The 
common way of riveting is to punGh holes through both plates, 
into which red-hot boUs or rivets are placed, and headed down 
while hot. The process of punching strains, and hence weakens, 
the material. A better way is to hore the holes in the plates, 
and then rivet as before. The holes in the separate plates 
should be exactly opposite each other, so that there will be no 
side strain on the plates caused by driving the rivets home, and 
to secure the best effects of the rivets themselves. They arc 
sometimes placed in single and sometimes in double rows, 
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and experiment shows that the latter possesses great advantage 
over the former. Experiments have been made upon plates of 





] 



Fig. 12. 



the form shown in Fig. 12, both with lap and butt-joints, and 
with sino^le and double rows of rivets.* 

TaUe ilhowing the Strength of Single and Double Riveted Plates, 



Coherfve strength of the plates 

in lbs. per Bquare inch. 

T. 


strength of single-riveted joints 
of equal section to the plates, 
taken through the line of riv- 
ets. Breakine weight in lbs. 
per square inch. 


Strength of donble-rivcted joints 
of eqnal section to the plates, 
tiiken through the line of riv- 
ets. Breaking weight in lbs. 
per square inch. 


57,724 
61,579 
58,322 
50,983 
51,130 
49,281 


45,743 
36,606 
43,141 
43,515 
40,249 
44,715 


52.352 

48,821 
58,286 
54,594 
53,879 
53.879 


Mean.. 54,836 


42,328 


53,635 



It will be observed that in double-riveting there is but little 
loss of strength, while there is considerable loss in single-rivet- 
ing. In the preceding experiments the solid section of the 
plates, taken through the centre of the rivet-holes, was used ; 
but, as Fairbaim justly remarks, we must deduct 30 per cent, 
for metal actually punched out to receive the rivets. But as 
only a few rivets came within the limits of the experiments, 
and as an extensive combination of rivets must resist more 



* London Phil. Transactions, paxt 2d, 1850, p. 677. 
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effectually, and as something will be gained by the friction 
between the plates, it seems evident that we may use more than 
60 per cent, of the strength of riveted plates as indicated above. 
Fairbairn says we may use the following proportions : — 

Strength of plates 100 

Strength of double -riveted plates 70 

Strength of single-riveted plates 56 

38. STRENOTH OF IIRIIiliED AND PrTNCMED BOILEU 

pi.AT£S. — A committee of the Railway Master Mechanics' 
Association for 1872 reported the following results of some ex- 
periments : — 

Three pieces of -^^ inch boiler plate, If inch wide, were torn 
in two by hydraulic pressure. 

No. 1 broke under a strain of 32,228 lbs. 

No. 2 broke under a strain of 32,228 lbs. 

No. 3 broke under a strain of 33,600 lbs. 

The average breaking strain being. . . . 32,685 lbs. 

Three pieces of -^^ x If inch plate were punched, with a single 
|- inch hole in each piece. They were then subjected to a ten- 
sile strain, with the following result : — 

No. 1 broke under a pressure of 13,371 lbs. 

No. 2 broke under a j^ressure of 13,371 lbs. 

No. 3 broke under a pressure of 13,314 lbs. 

The average being 13,352 lbs. 

Three pieces of y^^ x If inch plate were drilled, with a single 
|- inch hole in each piece. 

No. 1 broke under a pressure of 17,828 lbs. 

No. 2 broke under a pressure of 17^485 lbs. 

No. 3 broke under a pressure of 17,622 lbs. 

The average being ' 17,645 lbs. 

The average strength of the drilled plate being 4,163 lbs. 
greater than that of the punched plate. 

Great care was taken to dress the pieces to the sizes given 
after they were punched or drilled. 

The following comparative tests were then made with 
punched and drilled plates riveted, 

*^ix pieces If inch wide, and cut from the same sheet as the 
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foregoing, were punched and riveted together in pairs with the 
best I inch rivets, one rivet to each pair^ and were subjected to 
a tensile strain, with the followina: result : — 

No. 1 broke in centre line of hole under . . .17,828 lbs. 

No. 2 broke in centre line of hole under. . . 17,828 lbs. 

Ko. 3 broke in centre line of hole under.. .17,143 lbs. 
The average breaking strain being.. . .17,599 lbs. 
Six pieceSj duplicates of those last mentioned, were driUed 
and riveted togetlier in pairs, one | inch rivet to each pair. 

Ko. 1 sheared the rivet nnder pressure of. . 17,143 lbs. 

No. 2 sheared the rivet under pressure of. .16,457 lbs. 

No. 3 sheared the rivet under pressure of. .15,428 lbs. 

The average shearing strain being 16,342 lbs. 

In the last set of experiments tlie strength of the plates was 
not determined, since the rivets broke by shearing before the 
plates broke. It is to be regretted that the size of the rivets 
was not increased sufticiently to cause the plates to break and 
thus secure a good comparative test. It is evident, however, 
that drilled holes cause the rivets to be sheared more easily than 
punched ones. 

S9. FAIRBAIRN'S BUIiE FOR THE SIZE AND DISTRIBU- 
TION OF RIVETS. — The best size of the rivets, the distance be- 
tween them, and tlie proper amount of lap of the plates, can be 
determined only by long experience, aided by experiments. 
Fairbairn gives the following table as the results of his infor- 
mation upon this important subject, to make the joint steam or 
water tight : — 



TaUe showing the utrongest Forms and best Proportions of Rioeted Joints^ a» 
deduced from Experiments and actual Practice. (""Useful Information far 
Engineers^'''' 1st Series, p. 285.) 



Thicknops of 

p!atH8, in 

inches. 

t. 


Diameter of 

the Rivetp, in 

inches. 

d. 


Lenprth of 

rivets from the 

head, in inches. 

1. 


Distance of 

rivets from oen- 

tro to centra, in 

inches. 

a. 


Quantity of 
lap in single- 
joints, in inches, 
b. 


Quantity of 
lap in double- 
riveted joints, 
m inches. 
c. 


ft to A 

^h to i J 


2t 


4.Vt 

a 

u 
u 


6t 
5t 

4t 


6t 

4i t 


iOt 

8it 
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30. — STRENGTH OF IRON IN DIFFERENT DIRECTIONS 

OF THE ROIiliER SHEET.* 

In obtaining specimens for tliese experiments, care was gene- 
rally taken to have them cut in (Jifferent directions of the roll- 
ing, longitudinally and transversely, and in some cases diag- 
onally^ to that direction. The table will be found to indicate 
the direction of slitting in each case, and the comparison 
contained in the table is given to show what information the 
inquiry has elicited. 

The comparison is made principally on the minirriuin strength 
of each bar, being that which can alone be relied on in practice; 
for if the strength of the weakest point in a boiler be overcome, 
it is obviously nnimportant to know that other parts had greater 
strength. In one case, however, two bars, one cut across the 
direction of rolling, and the other longitudinally, were, after 
being reduced to uniform size, broken up cold, with a view to 
this question. The result showed that the length-strip was 7^^^ 
per cent, stronger than the one cut crosswise, considering the 
tenacity of the latter equal to 100. Of the other sets, enibm- 
cing about 40 strips cut in each direction, it appears that some 
kinds of boiler iron manifest much greater inequality in the 
two directions than others. It is in certain cases not much over 
one per cent., and in others exceeds twenty, and as a mean of 
the whole series it may be stated to amonnt to six j^er cent, of 
the strength of the cross-cut bars. The number of trials on 
those cut diagonally is not perhaps sufficiently great to warrant 
a general deduction ; but, so far as they go, they certainly indi- 
cate that the strength in this direction is less than either of the 
others. 

Had we compared the mean instead of the least strength of 
bare as given in the table, the resnlt would not have differed 
materially in regard to the relative strength in the respective 
directions. 

The boiler-iron manufactured by Messrs. E. H. & P. Ellieott, 
wliich was tried in all these modes of preparation of specimens, 
gave the following results : — • 

1. When tried at original sections^ seven experiments on 
length-sheet specimens gave a mean strength of 55285 lbs. per 

*Jowr, of the Frank, ImU^ Vol. 20, 2d series, lu 94. 1837. 
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square inch, the lowest being 44399 lbs., and the highest 59307 
lbs. Fourteen experiments on cross-sheet specimens gave a 
mean of 53896 lbs., the lowest result being 50212 lbs., the high- 
est 58839 lbs. ; and six experiments on strips cut diagonally 
from the sheet exhibited a strength of 53850 lbs., of which the 
lowest was 51134 lbs., and the highest 58773 lbs. 

2. When tried by filing notches on the edges of the strips, to 
remove the weakening efPect of the shears, the leii^th-sheet bars 
gave, at fourteen fractures, a mean strength of 63946 lbs., vary- 
ing between 56346 lbs. and 78000 lbs. per square inch. The 
cross-sheet specimens tried after this mode of preparation ex- 
hibited, at three trials, a mean strength of 60236 lbs., varying 
from 55222 lbs. to 65143 lbs. ; and the diagonal strips, at four 
trials, gave a mean result of 53925 lbs., the greatest difference 
being between 51428 lbs. and 56632 lbs. per square inch. 

3. Of strips reduced to uniform size by filing, four compar- 
able experiments on those cut lengthwise of the sheet gave a 
mean strength of 63947 lbs., of which the highest was 6737S 
lbs., and the lowest 60594 lbs. 

From the foregoing statements it appears that by filing in 
notches and filing to uniformity, we obtain results 63946 lbs. 
and 63947 lbs. for the strength of strips cut lengthwise, differing 
from each other by only a single lb. to the square inch, and 
that by, these two modes of preparation the cross-sheet speci- 
mens gave respectively 60236 lbs. and 60176 lbs., differing by 
only 60 lbs. to the square inch. This seems to prove that by 
both methods of preparing the specimens the accidental weak- 
ening effect of slitting had been removed by separating all that 
portion of the metal on which it had been exerted. Hence we 
may infer that the differences between length-sheet and cross- 
sheet specimens are really and truly ascribable to a difference of 
texture in the two directions, which will be seen to amount, in 
the case of filing in notches, to 6.15 per cent., and in tliat of 
filing to uniformity, to 6.26 per cent, of strength of cross -sheet 
specimens. 
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Table of the eomparative view of the Strength of Specimens of ten different sorts of 
BoUer and one of Bar Iron^ in the longitudinal^ transverse^ and diagonal direc- 
tion of the roUing^ a>s deduced from tlie least strengtii of each specimen^ and the 
average minimum of each sort of Iron^ in each direction in which it was tried. 



)f specimen 
ferred to. 


trenRth in the 
longitudinal di- 
rection. 


gth in the 
sverse direc- 


of specimen 
ferred to. 


III- 


pth in the 
sverse direc- 


gth in the 
onal direc- 




tren 
tran 
tion 


• 




tren 
long 
recb 


tren 
tran 
tion 


tren 
diag 
tion 


S25 


QQ 


QQ 


% 


m 


Tilted: 


QQ 


2 


58977 




125 


57182 




3 


53828 




130 


Tilted. 


57789 




4 


47167 




133 


do. 


53176 




6 




52280 


135 


do. 




47738 


8 




50103 


137 


do. 


55882 


50358 


Mean. 


53324 


51191 


Mean. 


57182 


49048 


42 


51653 


Puddled. 


142 


44399 






43 


44102 


do. 


143 


53135 






44 


53836 


do. 


146 


60594 






46 


59262 


H'd pla. * 


148 




52468 




48 


59418 


do. 


149 




52228 




49 


57565 


do. 


150 




56869 




51 


H'd pla. 


59656 


151 




53811 




53 


H'd pla. 


56062 


152 




56073 




56 


Puddled. 


57926 


154 






51134 


58 


do. 


50570 


157 






52102 


59 


48308 


Puddled. 


160 




53862 




60 


58648 


do. 


162 




50212 


• 


61 


52869 


do. 


164 


56346 






62 


57612 


do. 


167 


56682 






64 


Puddled. 


45392 


169 


54361 






65 


do. 


51255 


171 






55612 


68 


57929 


H'd pla. 


174 






51425 


70 
71 


47638 
H'd pla. 


do. 
64634 










Mean. 


54253 


53646 


52568 


73 


do. 
do. 


52657 
49351 










74 


226 




49053 




Mean. 


54074 


53049 










227 




63699 
40643 










228 












229 




46473 










230 


49368 


47647 






Mean. 


49368 















The specimens from 42 to 74 were partly puddled iron, and 
partly Juniata blooms, L<immered and rolled into plate. The 

* Hammered and rolled into plates. 
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length and cross-sheet specimens of these two kinds must be 
compared separately. 

All the experiments on Xo. 228 (cross) and 230 (length) were 
made at ordinary temperatures with a view to this comparison. 

31. — TENSII.E STRENGTH OF AHIERICAN BOII^ER IRON, 

as determined by Mr. F. B. Stevens at the Camden and Amboy 
K. R. repair shops, Xew Jersey, by sixteen experiments upon 
high grade American boiler plate, gave the following results : — 

Average breaking weight, lbs. per square inch 54,123 

Highest breaking weight, lbs. per square inch 57,012 

Lowest breaking weight, lbs. per square inch 51,813 

Variation in^^r centum of highest 9.1 

3S. — TENSIIiE STRENOTH OF AVROITGHT IRON AT VARI- 
OUS TEMPERATURES. 

Mr. Fairbaim has made experiments upon rolled plates of 
iron, and rods of rivet iron, at various temperatures. The for- 
mer were broken in the direction of the fibre and across it. 
The specimen when subjected to experiment was surrounded 
with a vessel into which freezing mixtures were placed to pro- 
duce the lower temperatures, and oil heated by a fire under- 
neath to produce the high temperatures. The experiments 
were made upon StaflFordshire plates, wliich are inferior to 
several other kinds in common use. The following table (A), 
gives a summary of these results. 

The mean values given in the sixth column of this Table 
exhibit a remarkable degree of uniformity in strength for all 
temperatures, from 60 degrees to 395 degrees. The single ex- 
ample at degrees gives a higher value than the mean of the 
others, but not higher than for some of the specimens at higher 
temperatures. At red heat the iron is very much weakened. 
This fact should be noticed in determining the strength of 
boiler-flues, as they are often subjected to intense heat when not 
covered with water. 

The experiments upon rivet iron were made with the same 
machine, and in the same manner, the results of which are 
shown in the following table (B). 
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IbJfo A — SIvavDir^ tlte Remtance of Staffordshire Plates at different Tempera' 

tures. 
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1 


0'* 


0.6868 


33,060 


49,009 


49,009 


With. 


2 


60 


0.7825 


31,980 


40,357 


i 44,498 


Across. 


3 


60 


0.6400 


27,780 


43,406 


Across. 


4 


60 


0.6368 


31,980 


50,219 


i 


With. 


5 


110 


0.6633 


29,460 


44,160 




Across. * 


6 


112 


0.6800 


28,620 


42,088 


i 42,291 


With. 


7 


120 


0.8128 


37,020 


40,625 


) 


With. 


8 


212 


0.8008 


31,980 


39,935 


) 


With. 


9 


213 


0.6633 


30,300 


45,680 


[ 45,005 


Across. 


10 


212 


0.6800 


33,600 


49,500 


\ 


With. 


11 


270 


0.6432 


28,620 


44,020 


44,020 


With. 


12 


340 


0.6400 


31,980 


49,968 


[ 46,018 


With.t 


13 


340 


0.6800 


28,620 


42,088 


Across. 


14 


395 


0.6666 


30,720 


46,086 


46,086 


With. 


15 


Scarcely red 


0.6200 


23,520 


38,032 


i 34,272 i 


1 Across. 


16 


Dull red 


0.6076 


18,540 


30,512 


Across. ^: 



Table B—S/iowing the Besults of Experiments on Rivet Iron at diff'ereru 

T'emperaturcs. 
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■S.S 
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*t 
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Remarks. 




N 


1^ 


t 


n 
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•3 
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17 


—30" 


0.2485 


15,715 


63,239 


63,239 


Too low. 


18 
19 


4-60 
60 


0.2485 


15,400 
15,820 


61,971 
63,661 


I 62,816 


Too low. 
Too low. 


20 


114 




17,605 


70.845 


70,845 




21 


213 




20,545 


82,676 


) 




22 


213 


6.1903 


14,560 


74,153 


[ 79,271 




23 


212 


0.2485 


20,125 


80,985 


) 




24 


250 


0.1963 


16,135 


83,174 


i 82,636 




25 


270 


0.2485 


20,650 


83,098 




26 
27 


310 
325 


0.1963 
0.1963 


15,820 
17,185 


80,570 

87,522 


1 84,046 




28 
29 


415 
435 


0.2485 


20,335 
21,385 


81,830 
86,056 


[ 83,943 




30 


Red heat. 




8,965 


36,076 


35,000 


Too high. 



* Too high ; fracture very uneven. 

f Too low ; tore through the eye. 

X Too high ; the specimen broke with the first strain. 



4:0 THE BESISTANCE OF KATEBIALS. 

From this Table we see that there is a gradual increase of 
strength from 60 degrees to 325, where it appears to attain its 
inaximura. The increase is a very important amoimt, being 
about 30 per cent. 

It appears remarkable that the specimen at —30 degrees 
is stronger than the mean of the two at 60 degrees ; but nume- 
rous experiments which have been made by different pereons 
confirm this result, when the pieces are broken by a steady 
strain. 

Experiments made by M. Baudrimont gave, the following 
results : — * 




in which we observe the same general results as in the j)reced- 
ing Tables. 

But iron and steel will not resist shocks as effectually at very 
low temperatures as at moderate temperatures; as we shall 
have occasion to notice more particularly hereafter. 

Mr. Johnson, when in the employ of the Navy Department, 
in 1844, niade some experiments to determine the effects of 
thermo-tension upon different kinds of iron.f He took two 
bars of the same kind of iron, and of the same size, and broke 
one while cold. lie then subjected the other to the same 
tension when heated 400 degrees, after which the strain was 
relieved, and the bar was allowed to c<k)1, and the permanent 
elongation noted, after which it was broken by an additional 
load. It will thus be seen that the experiments were not con- 
ducted in the same way as those by Fairbairn. Table A, page 
41, gives the results of his experiments. 

Remarks, — From the two former sets of experiments, p. 
39, it appears that the strength of the iron was increased 
by an increase of temperature at the time the bar was 
broken, and by the latter that it was not only increased, but, 
by being subjected to severe tension while at a high temper- 
ature, the increased strength was not lost by cooling. It hardly 

seems probable that this increased strength would be retained 

^ 

♦ Jour. Frank Imt.^ Vol. 20, 3d series, p. 344. 

t Senate Doc.^ No. 1, 28th Cong., 2d Sess., 1844-5, p. 639. 
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indefinitely, and hence it would be important to know how long 

it was after the piece was cooled before it was broken. 

Table A — Results of ExperimenU on TJiemiO'I'ension^ at 400° Temperature. 





fA 


tcr 
ther- 




h im- 
ension 
I eqnal 
rength 


t 




KIND OP IRON. 


1 


ai 

with 
ion. 




engt 
mo-t 
trair 

St 

Id. 


OQ 








us 00 


• 

1 


Gain of 1 
der ther 
with a R 
to the 
when CO 


O 
Per cent. 


Total gai 
to tlie 
section. 
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Tons. 


Inches. 


Per cent. 


Per cent. 


Tredegar, round... 


60 


71.4 


1.91 


6.51 


19.00 


25.51 


Tredegar, round... 


60 


72.0 


1.91 


(6.51) 


20.00 


26.51 


Tredegar, square bar 


60 


67.2 


1.69 


6.77 


12.00 


18.77 


Tredegar, r'nd, No. 3 


58 


68.4 


1.15 


5 . 263 


17.93 


23.19 


Salisbury, round . . 


105.87 


121.0 


3.59 


3.73 


14.64 


18.37 


M€ 


!an 






5.75 


16.64 


22.40 



These results are confirmed by the experiments of the com- 
mittee of the Franklin Institute, as shown by the following 
Table. — See Journal of the Franklin In^titute^ Vol. 20, 3d 
Series, p. 22. 

ABSTRACT OF TABLE 

Of ths comparative mew of the Influence of High Temperatures on the strength of 
Iron^ as exiiihited by 73 experiments on 47 different specimens of that metal at 
46 different temper aturts^ from 212'' ^<? 1317° Fahr.^ compared with the 
strength of each bar when tried at ordinary temperatures^ tlie number of 
expeHments at the latter being 163. 





No. of the experi- 


Temperature observed 


strength at ordinary 


strength at the tem- 




ment. 


at moment of fracture. 


temperature. 


perature observed. 




1 


212° 


56736 


67939 




2 


214 


53176 


61161 




3 


394 


68356 


71896 




9 


440 


49782 


69085 




10 


620 


64934 


58451 




15 


5p4 


54372 


61680 




30 


568 


67211 


76763 




25 


574 


76071 


65387 




40 


722 


57133 


54441 




45 


824 


59219 


55802 




50 


1037 


68992 


37764 




58 


1245 


54758 


20703 




59 


1317 


64758 


18913 
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Hemarh. — ^According to these experi^ients, as shown in the 
fourth cohimn, the strength increases with the temperature to 
394 degrees, when it attains its maximum ; although in some 
cases the strength was increased by increasing the temperature 
to 568 degrees. By comparing the third and fourth cohimns 
we see that the strength is greater for all degrees from 212^ to 
574® than it is at ordiuary temperatures, but above 574^ it 
is weaker. The experiments on Salisbury iron showed that the 
maximum tenacity was 15.17 per cent, greater than their mean 
strength when tried cold. The committee above refer]:ed to 
determined the maximum strength of about half the specimens 
used in the preceding Table by actual experiment, and calculated 
it for the others ; and from the results derived the following 
empirical formula for the diminntion in strength below the 
maximum for high degrees of heat : — 

D' = c{e - 80)^' 

in which D is the diminution after it has passed the maximum, 

6 the temperature Fahrenheit, and 
c a constant. 

The value of the constant in empirical formulas is not strictly a 
constant J but is the mean of several values which are considered 
as constant. The value of the constant is found by substitut- 
ing known values for all the other quantities in the equation. 

This formula appeai-s to be sufficiently exact for all tempera- 
tures between 520® and 1317®. 

33. rrCNSIIiC: STRENGTH OF OTHER METAIiS AT DIF- 
FERENT TEiriPERATiTRES.— Experiments made by M. Bau- 
drimont* showed that for all the following named metals the 
strength diminished as the temperature was increased; the 
results of which are given in Table A, page 43. 

34. EFFECT OF SEVERE STRAINS UPON THE UliTllflATE 

TENACITY OF IRON RODS. — Thomas Loyd, Esq., of England, 
took 20 pieces of If S.C. ^ bar iron, each 10 feet long, which 
were cut from the middle of as many rods. Each piece was cut 
into two parts of 5 feet each, and marked with the same letter. 
Those marked A, B, C, &c., were fii-st broken, so as to get the 
average breaking strain. Those marked A2, B2, &c., were 

* Jour, Frank. Inst^Yol 20, 3d Series, p. 344, 1850. 
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subjected to the constant action of three-fourths the breaking 
weight, previously found, for five minutes. The load was then 
removed, and the rods afterwards broken. The results are 
given in Table (B). 

Table (A) — Of the Mean Values of the Tenacity of the priiicvpal Malleable Metals 
at the temperature <?/32'', 212' and 392° Fahrenheit. 



Name of the Metal. 


Tenacity per square 
Millim. per croRs section. 




0- 


212' 


392° 


Gold 


18.400 
22.025 
25.100 

28.324 
36.481 


15.224 
19.284 
21.873 
23 . 206 

32.484 


12.878 


Platina 


17 277 


Copper 


18 215 


Silver 


18.577 


Palladium 


27 077 







Table B. — Results of the Experiment^,* 



FIRST. 


SECOND. 


Mark on the bars. 


Breaking weight in 
tons (gross). 


Mark. 


Breaking weight in 
tons. 


A 
B 
C 
D 
E 
P 

Or 

H 

I 

J 

L 
M 

N 

P 

Q 

R 

s 

T 


33.75 
30.00 
33 . 25 
32.75 
32.50 
83.25 
32.75 
33.25 
. 33.50 
33.50 
32 25 
32.25 
30.25 
34.25 
31.75 
29.75 
33.50 
83.75 
33.00 
32.25 


A 2 
B 2 
C 2 
D 2 
E 2 
F 2 

Gr 2 

H 2 
I 2 
J 2 
K 2 
L 2 
M 2 
N 2 
2 
P 2 

Q 3 
R 2. 
S 2 
T 2 


33 . 75 
33.00 
33.25 
32.25 
32.50 
33.00 
33.00 
33.50 
32.75 
33 25 
32.50 
31.50 
32.75 
34.00 
32.50 
31.00 
33 . 75 
33.75 
33.25 
81.00 


Mean 


32.57 




32 81 







Fairbairn, Useful Information for Engineers, First Series, p. 313. 
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We here see that a strain of 25 tons, or three-fourths the 
breaking weight, did not weaken the bar. 

These experiments indicate that a frame may be subjected to 
a severe strain of three-fourths of its strength for a very short 
time without endangering its ultimate strength. 

35. EFFBCT OF RBPEATED RUPTIJRB. — The following 

experiments were made at Woolwich Dockyard, England. The 
same bar w^as subjected to three or four successive ruptures by 
tensile strains. They show the remarkable fact that while great 
strains impair the elasticity, as shown by Ilodgkinson, yet they 
do not appear to diminish the ultimate tenacity. 

Table showing the effect of rqyeated Fracture on Iron Bars, 





First breakage. 


Second breakage. 


Third breakage. 


Fourth breakage. 


Reduced 
from 




















sectional 


Hark. 




Stretch 




Stretch 




Stretch 




Stretch 


area of 
1.37 sqr. 




Tons. 


in 54 


Tons. 


ill 86 


Tons. 


in 24 


Tons. 


in 15 


Inches to 






inches. 




inches. 




inches. 




inches. 


the fol- 
lowing. 






In. 




In. 




In. 








A 


83.75 


0.9125 


35.50 


0.300 












B 


as. 75 


0.92r>0 


.^.5.25 


0.225 


87.00 


1.00 


38.75 




1.25 


E 


32.50 


0.9250 


34.75 


0.125 












F 


33.25 


1.0500 


35.50 


0.112 


37.25 


0.62 


40.40 




1.18 


O 


32.75 


0.8500 


35.00 


0.125 


87.50 




40.41 




1.25 


H 


as. 75 


1.0625 


86.25 


0.187 












I 


33.50 


0.8375 


34.50 


0.62 


36.50 


1.50 








J 


aj.60 


0.9250 


36.00 


0.025 


36.75 


1.12 


41.75 




1.25 


L 


32.25 


Defect'e 


S6.50 


0.15U 


37.75 




41.00 


0.31 


1.25 


M 


80.26 


Defecfe 


36.60 


.62 


87.75 


0.60 


38.60 


0.06 


1.25 


Mean 


32.95 




36.57 




37.21 




40.16 




1 24 






If ean per s i. in . 


24.04 




25.93 




27.06 




29.20 




0.90 



We thus see that while the section is reduced 10 per cent,^ the 
strength is apjparently increased over 20 per cent. It is not, 
however, safe to infer that the strength is actually increased, 
for it is probable that it broke the first time at the weakest 
point, and the next time at the next weakest point, and so on. 

We also observe that the total elongations are not propor- 
tional to the tensile strains, which is in accordance with the 
results of other experiments. 
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ANNEALED METAL — STRENGTH OF. 

36* ANNEAiiiNG is a process of treating metals so as to make 
them more ductile. To secure this, the metals are subjected to 
a high heat and then allowed to cool slowly. Steel is softened 
in this way, so that it may be more easily worked. Campin* 
says that steel should not be overheated for this purpose. Some 
bury the heated steel in lime; some in cast-iron borings; and 
some in saw-dust. He (Campin) says the best plan is to put 
the steel into an iron box made for the purpose, and fill it with 
dust-charcoal, and plug the ends up to keep the air from the 
steel ; then put the box and its contents into a fire until it is 
heated thoroughly through, and the steel to a low red heat. It 
is then removed from the fire, and the steel left in the box until 
it is cold. Tools made of annealed steel will, in some cases, 
last nmch longer than those made of unaimealed steel. 

But it appeai*s from the following Table that it weakens iron 
to anneal it. 



TaUeof the Strength of Wrought Iron Annealed at Different Temperatures. ^ 





strength at or- 




strength at 


strength after 


Ratio of di- 


No. of com- 


dinary temper- 


Temperature at which 


the annealing 


annealing and 


minution of 


parisons. 


ature before an- 
nealing. 


annealing took place. 


temperature. 


cooling. 


strength. 


1 


57,133 


1037° 


37,764 


55,678 


0.025 


5 


53,774 


1155 


21,967 


45,597 


0.152 


10 


52,040 


1245 


20,703 


38,843 


• .253 


15 


48,407 


Bright welding heat. 




38,676 


.201 


17 


73,880 


Low welding heat. 




54,578 


.275 


18 


76,986 


Bright welding heat. 




50,074 


.349 


19 


89,162 


Low welding heat. 




48,144 


.460 



37. XKE STRENGTH OF IRON AND STEKIi AliSO DEPENDS 

largely upon the process of their manufacture and their treat- 
ment afterwards. The strength of wrought iron depends upon 
the ore of which it is made ; the manner in which it is smelted 
and puddled ; the temperature at which it is hammered, and the 
amount of hammering which it receives in bringing it into 



* Gampin's MechaniccU Engineering, 

t Jour. Frank, Inst,^ Vol. 20, 2d Series, p. 109, 1837. 
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shape. The same remark applies to cast-steel. If the former 
is hammered when it is comparatively cold, it will weaken it, 
especially if the blows are heavy; but the latter, steel, may be 
greatly damaged, or even rendered worthless by excessive heat, 
and it is greatly improved by hammering when comparatively 
cold. For the effect of tempering on the crushing strength, see 
Article 59. 

Different ores with essentially the same treatment produce 
essentially different iron. Thus, the Lake Superior ores, near 
Marquette, make a soft but very tough iron. Some of the 
strongest specimeus of iron which have been made in this 
country were made from these ores, but it is found that the 
elastic limit is passed with a much less strain compared with its 
ultimate strength than many other irons. Manufacturers, 
therefore, mix it with other ores so as to raise the elastic limit. 
They often mix it with cheaper ores so as to cheapen the pro- 
duct. They also mix it with cheaper ores so as to improve tlie 
quality of the iron which would result if cheap ores only were 
used. The mixing of ores from various mines is constantly 
going on among manufacturers for various reasons. In this 
way is secured irons of various grades of hardness, of elasticity, 
of weldibility^ and of tenacity. 

There is even a greater difference in the quality of steel than 
of wrought-iron. AVe have the well-known classes of blister 
steel, crucible steel, Bessemer steel, and more recently of 
chrome steel. Uniformity of product is more earnestly sought 
in the manufacture of the several grades of steel than of iron, 
but when the same iron is used by the same pei'son, under the 
same conditions, so far as he is able to control them, the expert 
finds that there is a perceptible difference in the products. 
Some steel takes a higher temper than othei-s ; some is softer ; 
some more brittle ; some more tenacious ; some is better to resist 
crushing ; some better for sharp tools ; some better to work into 
masses than others ; and it is often necessary for those who use 
steel to become acquainted with the grade which will best suit 
their purpose. 

Although experts may detect differences in steels of the same 
general gradcy yet manufacturers are able to produce steel 
having given general characteristics so uniform that the com- 
mon workman will not detect any difference in them. 
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38. CHROME STEEii. This is a peculiar product, whicli, 
according to the older definitions of steel (depending upon a 
certain per cent, of carbon), is not steel, but which possesses 
many of the characteristics of steel. The manufacturers of it 
claim that they can produce a steel of more uniform quality 
of any particular grade, especially in large masses, than can be 
produced by carbon steel. 

The tensile strength exceeds considerably that of the best 
crucible steel (excepting the remarkable specimen noted on p. 
25). The experiments which were made upon twelve speci- 
mens of tool steel, which were cut from three bars, at the West 
Point Foundry, gave the following results: — 

Highest strength 198,910 lbs. per square inch. 

Lowest strength 163,760 lbs. per square inch. 

Average of all 179,980 lbs. per square inch. 

The limit of elastic resistance is also high, being more than 
half of its ultimate strength.* 

39. PROL.ONGEB FUSION OF CAST IRON. — Cast irOU is 

also subjected to great modifications of strength on account of 
the manipulations to which it is or may be subjected in its 
manufacture and preparations for use. The strength in some 
cases is greatly increased by keeping the metal in a fused state 
some time before it is cast. Major AVade made experiments 
upon several kinds of iron, all of which were increased in 
strength with prolonged fusion (see Itejp,^ p. 44), one example 
of which is given in the following 



TaUe showing the Effects of Prolonged' Fitsion. 






Tensile Strength in 
lbs. per sq. in. 


Iron in fusion ^ hour 

Iron in fusion 1 hour 

Iron in fusion .^ \^ hour 

Iron in fusion 2 hours 


17.843 
20,137 
24,387 
34,496 



40. EFFECT OF REIflEIiTINO CAST IRON. — But the fi^rcat- 

est efFect was produced by remelting. The density, tenacity, 

^^^— ■ I II ■!■ I ■- ■ , r I , I I M ■■ ■■■ ■■■»■ ■ ■ ■ ■ ■■■■■■■ — ■ ■■ IMM ■ .■.■—■ I 

* Report of Capt. J. B. Eads, 0. E. This steel is used in the construction of 
fche noted St. Louis bridge. 
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and transverse strength were all increased by it, within certain 
limits. For instance, a specimen of No. 1 Greenwood pig iron 
gave the following results. {liep,^ p. 279.) 

Table showing the Effects of RemeUing, 



No. 1 Greenwood Iron. ffravitr Tensile Strength 




Cradepig-iron 7,032 14,000 

Crude remelted once 7,086 22,900 

Crude remelted twice 7,198 30,229 

Crude remelted three times 7,301 35,786 



But there is a point beyond which remel tings will weaken 
the iron. Mr. Fairbairn made an experiment in which the 
strength of the iron was increased for twelve remeltings, and 
then the strength decreased to the eighteenth, where the experi- 
ment terminated. In some cases no improvement is made by 
remelting, but the iron is really weakened by the process ; bo 
that it becomes necessary to determine the character of each 
iron under the various conditions by actual experiment. 

The laws which govern Greenwood iron were so thoroughly- 
determined that the results which will follow from any given 
course of treatment may be predicted with much certainty 
{Rep.^ p. 245). 

By mixing grades Nos. 1, 2, and 3, and subjecting them to a 
third fusion, oiie specimen was obtained whose density was 
7,304, and whose tenacity was 45,970 lbs., which is the strong- 
est specimen of cast iron ever tested. (^<?/?., p. 279.) 

As a general result of these experiments. Major Wade re- 
marks (p. 243), " that the softest kinds of iron will endure a 
greater number of meltings with advantage than the higher 
grades. It appears that when iron is in its best condition for 
casting into proof bare (that is, small bars for testing the metal) 
of small bulk, it is then in a state which requires an additional 
fusion to bring it up to its best condition for casting into the 
massive bulk of cannon." 

41. THE MANNER OF cooiiiNG also aflPccts the Strength. 
It was found that the tensile strength of large masses was 
increased by slow cooling; while that of small pieces was 
increased by rapid cooling. {Rejp.^ p. 45.) 
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4:3. THK MODVIiVS OF STRKNGTH IS MODIFIED, we thuS 

Bee, by b> great variety of circumstances ; and hence it is im- 
possible to assign any arbitrary value to it for any material 
that will be both safe and economical ; but its value must be 
determined, in any particular case, by direct experiment, or 
something in regard to the quality of the material must be 
known before its approximate value can be assumed. 

45. SAFE liiMiT OF i^oADiNG. — Structurcs should not be 
strained so severely as to damage their elasticity. According 
to Article 9, it appears that a weight suddenly applied will 
produce twice the elongation that it will if applied gradually 
or by increments. Hence, structures which are subjected to 
shocks by sudden applications of the load, should be so propor- 
tioned as to resist more than double the load as a constant 
dead-weight without straining it beyond the elastic limit. 

This method of indicating the limits is perfectly rational ; 
but, unfortunately, the elastic limits have not been as closely 
observed and as thoroughly determined by experimenters as 
the limit of rupture. The latter was formerly considered 
more important, and hence furnished the basis for determining 
the safe limit of the load. Observations on good constructions 
have led engineers to adopt the following values as Inean rc- 
Bults for permanent strains in bars : — 

Fol ™ght iron, \ itl \ «* * V""^*^ ^"^'f^ ^"""^^ 
For cast iron, | to | ) l''""'*"^^ '•"P*'^^«- 

Further observations will be made upon this subject in the 
latter part of the volume. 

4 
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CHAPTER IL 
COMPEESSION. 



ELASTIC BE8I8TANCB. 

44. — coMPiiKssioN OF CAST iHoif. — Captain T. J. Eodm an, 
in Ills Report upon metals for cannon, page 163, has given the 
results of experiments upon a piece of cast iron, which was 
taken from the body of the same gun as was the specimen re- 
ferred to on page 11 of this work, the results of which are given 
in the following Table. 

TABLE 

Shoving the Compression^ permanent Set; and eoeffleient of Elasticity "* of a 
solid Cylinder 10 inches long and 1.382 inch diameter. 



Weight per 


Compression per 


Permanent set per 


CoefHcient of 


section in lbs. 


inch of length. 


inch of length. 


elasticity. 


1,000 


0.000090 


0. 


11,111,000 


2,000 


0.000170 


0. 


11,824,000 


3,000 


0.000255 


0.000005 


11,843,100 


4,000 


0.000320 


0.000015 


12,500,000 


5,000 


0.000385 


0.000025 


12,987-,000 


6,000 


0.0004.55 


0.000030 


13,189,000 


7,000 


0.000505 


0.000035 


13,861,800 


8,000 


0.000575 


0.000045 


13,813,000 


9.000 


0.000(545 


0.000055 


13.952,000 


10,000 


0.000705 


0.000070 


14,196,000 


15,000 


0.001035 


0.000170 


14,492,000 


30,000 


0.001395 


0.000300 


14,337,000 


25,000 


0.001825 


0.00049Q 


13,687,900 


30,000 


0.002380 


0.000820 


12,602,300 



We observe that the coefficient of elasticity is much less for 
the first strains than for those that follow. It thus appears that 
this metal resists more strenuously after it has been somewhat 
compressed than at first. The coefficient of elasticity is con- 

• * The author computed the coeflicients of elasticity from the other data of 
the table. 
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siderably less than for the corresponding piece, as given on page 
11. The difference is very much greater than that found by 
Mr. Hodgkinson in the specimens which he used in his experi- 
ments. He took bars 10 feet long, and about an inch square, 
and fitted them nicely in a groove so that they could not bend, 
and occasionally, during the experiment, they were slightly 
tapped to avoid adherence. The metal was the same kind as 
that used in the experiment recorded on page 13. 

TABLE 

m 

GMng tke Results of Experiments by Mr. Hodgkinson on ha/rs of Cast Iron ten 

feet long. 



Pressure per 
square inch of 


Compression per inch of length. 


Coefficient of 
elasticity per 
square inch. 


Error in parts of 
P of the formula 


eection. 
P. 


Total. 


Permanent. 


P=170,76:S^c 
-86,318^; 


lbs. 

2064.74 

4129.49 

6194.24 

8258.98 

10323.73 

12388.48 

14453.22 

16517.97 

ia582.71 

20647.46 

24776.95 

28906.45 

33030.80 

37159,65 


in. 

0.0001561 

0.0003240 

0.0004981 

0.0006565 

0.00082866 

0.00100250 

0.00128025 

0.00136150 

0.00154218 

0.00171866 

0.00208016 

0.00247491 

0.0029450 

0.003429 


0.00000391 
0.00001882 
0.00003331 
0.00005371 
0.00007053 
0.00009053 
0.00011700 
0.00014258 
0.00017085 
0.00020685 
0.00036810 
0.00045815 
0.00050768 


lbs. 

13,231,300 
12,764,910 
12,442,300 
12,585,100 
12,467,100 
12,357,200 
12,253,700 
12,141,200 
12,058,100 
12,021,800 
11,920,000 
11,687.400 
11,222,750 

• 


+ it 
+ raVrr 

+ t47 
+ Til 



In this case the highest coefficient of elasticity results from 
the smallest strain which is recoixied. The difference in this 
respect between this example and the preceding one results 
doubtless from the internal structure of the iron. The coeffi- 
cient in both these cases is much less than that found for other 
kinds of cast iron, as is shown in the Table of Resistances in the 
Appendix. 

Mr. Hodgkinson proposed the empirical .formula, P = 
170,763X.c — 36,318\^, to represent the results of the experi- 
ments ; and although it may represent more nearly the results 
for a greater range of strains than equation (3), yet there is no 
advantage in its use in practice. 
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45. — COMPRBSSION OF DTROVGHT IROlf. 

Mr. Hodgkinson also made experiments upon bars of wrought 
iron in precisely the same manner as upon those of cast iron, 
the results of which are given in the following 

TABLE, 

Giving the BesvlU of EaypeHmenU hy 3/r. E. Hodgkinwm on bars of Wrought Iron, 

each of which was ten feet long* 





Ist Bar. 


2d Bar. 


Weight prodncing 


Section = 1.0^ x 1.026 aq. in. 


Section = 1.016x1.02 sq.in. 


the compreseion. 










aT * 


Amount of 




Amount of 






Compression. 


Value of E. 


Compression. 


Value of E. 


lbs. 


inch. 


lbs. 


inch. 


lbs. 


5008 


0.028 


20,796,500 


0.027 


21,864,000 


9578 


0.052 


21,049,000 


0.047 


23,595,000 


14058 


0.073 


21,979,000 


0.067 


24,273,000 


16298 


0.085 


21,343,000 






18538 


0.096 


22,156,000 


0.089 


24,108,000 


20778 


0.107 


22,160.000 


0.100 


24,038,000 


23018 


0.119 


23,587,000 


0.113 


23,587.000 


25258 


0.130 


22,095,000 


0.128 


23,679,000 


27498 


0.142 


22,111,000 


0.143 


22,259,000 


29738 


0.152 


21,938,000 


0.163 


21,139,000 


31978 


0.174 


20,979,000 


0.190 


19,478,000 


In i hour. 






0.261 




Again after ^ 










honr. 






0.269 




Then repeated. 






0.328 





46. GRAPHioAii REPRBSENTATioN* — Thcsc two cases are 
graphically represented in Fig. 13. It is seen from the tables 
that the compressions are quite uniform for a large range of 
strains, and hence equation (2), page 17, is applicable to com- 
pressive strains when within the elastic limits. In the case of 
the wrought-iron bars, the first one attains its maximum coeffi- 
cient of elasticity for a strain somewhat less than one-half its 
ultimate resistance to crushing, and the second bar at about one- 
third its ultimate resistance. 

47. COlflPARATITS: RBSISTANCE OF CAST AND TTROIIGHT 

IRON. — The coefficient of elasticity is a measure of the com- 
pressibility of metals. Hence, an examination of the two pre- 
ceding Tables shows that of the specimens used in these 

* The coefl&cients of elasticity were computed by the author. 
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experiments, the east iron was compressed nearly twice as much 
as the wrought iron for the same strains. An examination of 
the Table of Eesistances, in the Appendix, shows that for a mean 
value wrought iron is compressed about two-thirds as much as 
cast iron for the same strain. The same ratio evidently holds 
for tension. This is contrary to the popular notion that cast 
iron is stiffer than wrought iron ; for it follows from the above 
that a cast-iron bar may be stretched more, comj^ressed more, 
and bent more, than an equal wrought iron one witli the same 
force under the same circumstance, and in some cases the 
changes will be twice as great. One reason why cast is con- 
sidered stiffer than wrought iron probably is, that wrought iron 
does not fail suddenly as a general thing, but it can be seen to 
bend for a long time after it begins to break ; while cast iron, 
on account of its granular structure, fails suddenly after it be- 
gins, and the bending which has previously taken place is not 
noticed. It is not safe to trust to such general observations for 
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scientific or even practical purposes, but careful observations 
must be made, so that all the circumstances of the case may be 
definitely known. It will hereafter be shown that the ultimate 
resistance to crushing of cast iron is double that of wrought 
iron, and yet Fairbaim and other English engineers have justly 
insisted upon the use of wrought iron for tubular and other 
bridges. For, without considering the comparatively treacherous 
character of cast iron when heavily loaded, it appears that 
within the elastic limits (and the structure should not be loaded 
to exceed that), a wrought iron structure is atiffer than a cast 
iron one of the same dimensions, and will sustain more within 
the elastic limits for a given compression, extension, or deflec- 
tion. 

48. COMPRESSION OF STEEii. — Good cast stccl has a higher 
coefticient of elasticity than any other metal upon which experi- 
ments have been made for the purpose of determining it ; and 
yet it exceeds by only a small amount the coeflicient for the best 
iron. But the liniit of elasticity of steel greatly exceeds that 
of iron, as has already been observed in article 38. In the noted 
St. Louis Bridge the coeflicient of elasticity of the steel was not 
to be less than 26,000,000 lbs., nor exceed 30,000,000 lbs. 

49. coinpRESsiON of other MATERiAiiS. — ^All materials 
are compressible as well as extensible, and it is generally as- 
sumed that their resistance to compression, within the elastic 
limits, is the same as for extension ; but, as has been seen in 
the previous articles, this is not rigorously correct. The mean 
value, however, of the coeflicient of elasticity is suflBciently 
exact for practical cases. 

50« — Example. — 1 . Required the compression of a sphere which rests up- 
on a plane ; the weight of the sphere being the only load. 
This may be readily solved by supposing that aU horizon- 
tal sections before compression remain plane and horizon- 
tal during compression. 

Take o^ the highest poiht of the sphere, as the origin of 
Fig. 14. co-ordinates ; x vertical and y horizontal. 

i = the weight of a unit of volume ; and 
r = the radius of the sphere. 
Then y' = 2 r x—a? ; 




/^ 
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Jr=ir^=:)r(3r2; — 0^) = the area of any horizontal section ; and 

the weight of all the segment above the section. 
Pdx 




E K 



X 

r xdx 



2r-x ^ E 



/x 
^rx^-\irix^ 
ir{2rx- a?) "*- 

/x 
a? dx _ 
2 r — «"" 



*"¥ («' - 2 r a? + 4 r» Nap, log. g"^) 
For a hemisphere this becomes, by making x = r; 

X = -^ (4 JSTap, log, 2 - 1) = 0.39543 -^ 

For the sphere x = 2 r and the Equation gives 

X = 00 

as it should, since theoretically there is only a point where it touches the piano 
to sustam the whole sphere, and Eq. (2) gives A = oo when Aj = 0, and the other 
quantities are finite. But practically we know that this is not true, and it is 
easily accounted for by supposing that the sphere as well as the body upon 
"which it rests is flattened in the vicinity of a; so as to present a surface of finite 
magnitude for supporting the weight above it. 

dl. Required the compression of any portion of a cylindrical annulus when 
it lies upon a horizontal plane, its axis being parallel to the plane, and the 
weight of the annulus being the only load. 

The true distortion in this case, as well as in the preceding one, is peculiar. 
There will be a bulging outward, as well as depression vertically, and there 
will also be a moment of stress. But it may be solved by assuming that the 
only strains are vertical compressions, and that horizontal sections remain 
horizontal during compression. 

If the annulus is very thin compared with the diameter of the circle we 
have, the origin being at the highest point, x vertical and y horizontal; 

t = the thickness ; 

P=ti vers sin — .• 

r 

I = dx = the height of an infinitely short prism ; and 

K = t = the horizontal section at any point for a unit of 

length. 
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o r 

The approziinate valae of which may be found by deyeloping it into a seiiea 
and integrating several terms. If the origin of co-ordinates be taken at the 
centre of the cylinder we have 



X = 




V r* — a?" «w -dz 



From this example we see that if a large cylinder (as for instance a steam 
syluider, or a boiler) be made exactly cylindrical when it stands upon one end, 
it will be oval when it is placed on its side. 

53. THE PARAIiliEIilSIfE OF SECTIONS, which was assumed in the 
two preceding problems, would not be realized in any actual case. The solutioii 
properly belongs to the MatJiematical Theory of EUusiidty^ and involves the 
most refined analysis. An eoMict solution may not be possible. 

53. A GENERAIi STATEMENT OF THE PROBIiEM of the math- 
ematical theory of the equilibrium of a solid body is : 

A solid of any sJiape^ when undisturbed, is acted on in its substance by a force 
distributed through it in any mannei*, and displacements are arbitrarily pro- 
duced. It is required to find the displacement of every point of its surface, 

54. ANAIiYTICAIi EXPRESSION. If X, T, and Z be the 'tesolved 
components of the applied force, and the remaining notation be as given on 
page 217, then for any point {x, y, z) within the solid we have 

dp^x . ^Pxy , dp^^ , ^_ t\ 

"^" ^ ~dy ^-d^^ ^-^ 

dPj^ ^ dPyy dpy^ + T = 

dx dy dz 

dp^x . dp^y dp„ 

55. PARTICUIiAR VAIiVES. In the preceding problems X=0, 
J" = 0, and Z = — g. It will be shown in Chapter IX. that when a pris- 
matic bar is compressed by a longitudinal stress that it will expand laterally, 
^d in a perfectly homogeneous body the expansion per unit will be approxi- 
mately J of the contraction per unit. 
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ULTIMATE STEENGTH. 

56, MODuiiUS FOR CRVSHING. — The modulus of resistance 
to crushing ts the pressure which is necessary to crush a piece 
of any material whose section is unity, and wliose length does 
not exceed from one to five times its diameter. 

The law of resistance to crushing is not simple. Granular 
blocks, like some kinds of stone and cast iron, often separate in 
planes (or surfaces approximating to planes) which are inclined 
to the base. 

Glass in some cases separates in thread-like filaments when it 
is crushed. Wrought iron does not fail suddenly, like the 
bodies just mentioned, but considerable tenacity remains be- 
tween the fibres after it begins to fail. Then, too, in all cases 
the resistance to crushing depends upon the length of the piece. 
If the blocks are very short (from one to five times the diameter 
as mentioned above) we get simply crushing ; but if they are 
long compared with their diameter, the phenomena are very 
complex, there being a combination of bending and crushing, 
and the law which governs it is determined only approximately 
by direct experiment, as indicated in article 62. 

It is found by experiment that the resistance of short pieces 
(blocks) to crushing varies nearly as the transverse section of 
the piece, no matter what the form of the fracture may be. 

Hence, if 

P = the crushing force, and 

K =■ the section under pressure, we have 

P = OK (22) 

MODiJiiUS OF STRAIN. — If the force P is not sufticient to 
crush the piece, we have for the strain on a unit of section 

0. = ^ (23) 
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57. — BBSISTANCB TO CBUSMING OF CAST-IROlf. 

TABLE 

Of the results of Experiments an the TensHs and CrutMng Sesistanees of Oas^ 
Iron oftarious kinds, made by Eaton Hodgkinson* 



Deacription of the Iron. 



Low Moor Iron, No. 1 . 
" " No. 2. 



Clyde Iron, No. 1 . 
" ** No. 2. 



(( u 



No. 3 



Blaenavon Iron, No. 1 . 
" No. 2, 



(( 



(( 



" No. 3 



Galder Iron, No. 1 

Coltness Iron, No. 3.. . 
Brymbo Iron, No. 1 . . . 
" No. 3... 



(( 



Bowling, No. 2 



Ystalyfea, No. 2. 
(Anthracite) 



Ynisoedwyn, No. 1. . 
(Anthracite) 



u 



No. 2. 



Stirling, 2d quality. . 
" 8d quality. . 



Mean 



Tensile 

Strength per 

aquarelnch. 

T. 



Lbs. 
12,694 

15,458 
16,125 
17,807 
23,468 
13,938 
16,724 
14,291 
13,735 
15,278 
14,426 
15,508 
13,511 
14,511 

13,952 

13,348 
25,764 
23,461 



16,303 



Height of 
Specimen. 



inch. 



I 



i 

1* 

i 

i 

i 
1+ 



Crushing 

strength per 

square inch. 

C. 



Lbs. 

64,534 
56,445 
99,525 
92,332 

92,869 

88,741 

109.992 

102,030 

107,197 

104,881 

90,860 

80,561 

117,605 

102,408 

68,559 

68,532 

72,193 

75,983 

100,180 

101,831 

74,815 

75,678 

76,133 

76,958 

76,132 

73,984 

99,926 

95,559 

83,509 
78,659 

77,124 
75,369 
125,333 
119,457 
158,653 
129,876 



88,800 
94,730 



Batio of Tenacity 
to cnvhing. 

c-r-r. 



Mean. 



5.084) 
4.446 [ 
6.438[ 
5.973 f 
5.759) 
5.503 f 
6.177) 
5.729 f 
4.568) 
4.469 C 
6.519) 
5.780 f 
7.032) 
6.123 f 
4.797) 
4.705 f 
5.256) 
5.532 f 
6.557 [ 
6.665 j" 
5.186) 
5.264 f 
4.900/ 
4.963 ) 
5.635) 
5.476 j" 
6.886) 
6.585 f 



5.778) - 
5.646 P 
4.866)- 
4.637 P 
6.762) . 
5.536 P 



4.765 
6.205 
5.631 
5.953 
4.618 
6.149 
6.577 
4.796 
5.394 
6.611 
5.216 
4.936 
5.656 
6.735 



1:5.985) . . gii 
1 : 5.638 P-^-^^^ 



5.712 
4.751 
6.149 



Mean ratio 1 : 5.64 



* Supplement to Bridges^ by Q^eo. 
Weale, London. 



B. Brunell, and Wm. T. Clark. John 
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In this table the ratio of resistances range from about 4J 
(Clyde, No. 3) to more than 7 (Blaenavon, No. 2). The same 
experimenter once obtained the ratio of 8.493 from, a specimen 
of Carron iron, No. 2, hot blast ; * and the mean of several ex- 
periments, made at the same time, gave 6.594. Hence we have, 
as the mean result of a large number of experiments, that the 
crushing resistance of cast iron is about 6 times as great as its 
tenacity ; but the extremes are froui 4J- to 8^ times its tenacity, 

58. RESISTANCE OF l¥ROirGHT IRON TO CRUSHING. 

Comparatively few experiments have been made to determine 
how much wrought iron will sustain at the point of crushing, 
and those that have been made give as great a range of results 
as those for cast iron. 

Hodgkinson gives C = 65000 f 
.Rondulet " C = 70800 % 
Weisbach " C^ = 72000 § 
Eankine " C ^ 30000 to 40000 1 

It is generally assumed that wrought iron will resist about 
two-thirds as much to crushing as to tension, but the experi- 
ments fail to give a very definite ratio. 

59. RESISTANCE OF STEEL TO CRITSIIING. Major Wado 

found the yfoUo wing results from experiments upon tlie several 
samples of cast steel, all of which were cut from the same bar 
and treated as indicated in the table.^ 



Specimen. 

Not Hardened 

Hardened, low temper 

** mean *' 

'' high ** for tools for 
tammg hard steel. . 



Length. 



1.021 
0.995 
1.016 

1.005 



Diameter. 



0.400 
0.402 
0.403 

0.405 



Crashing in 
lbs. per fsq. inch. 



198,944 
354,544 
391,985 

372,598 



* Bemtanoe dea Materiattx, Morin, p. 95. 

f Vote, Handbook of BaUroad Construction, p. 127. (Old Edition.) 



X Mahan's CivU Engineering, p. 97. 

§ Wmbaeh, Mech. and Eng., vol. i., p. 215. 

I liankin^s AppHed Mech. , p. 633. 

^ Report on Metaisfor Cannon^ p. 258. 
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cKRoincE sTEEii resists from 160,000 to 195,000 pounds per 
Bquare inch. Indeed Captain Eads says in his report that the 
crushing resistance of chrome steel may be increased to any de- 
sirable amount by the simple addition of chromium. 

60. RESISTANCE OF DTOOD TO CRUSHING. — ^Thc resistance 
of wood to crushing depends as much upon its state of dryness, 
and conditions of growth and seasoning, as its tenacity does. 
The following are a few examples : — 



Kliid of Wood. 

Ash 

Oak. (English) 

FmeiPUch) 




Very Dry. 



9,360 

10,058 

6,790 



These results, compared with the corresponding numbers in 
article 22, show that these kinds of wood will resist from 1^ to 
nearly 2 times as much to tension as to compression. For other 
examples see the Table in the appendix. 

61. RESISTANCE OF GI^ASS TO CRUSHING. We OWC mOSt 

of our knowledge of the strength of glass to Wm. Fairbaim and 
T. Tate, Esq. According to their experiments we have the 
following results for the crushing resistance of specimens of 
glass whose heights varied from one to three times their 
diameter. 



MEAN CRUSHING RESISTANCE OF CUT-GLASS CUBES ASTD ANNEALED 

GLASS CYLINDERS. 



Descnption of the Glass. 


Weight per Square Inch. 




Cubes. 


Cylinders. 


Flint Glass ■ 


lbs. 

13,130 
20,206 
21,867 


lbs. 

27,582 


Cxreen (rla-ss . .... -• 


81 876 


Crown Glass ■ 


31,003 






Mean 


18,401 


30,153 
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The ratio of the mean of the resistances is as 1 to 1.6 nearly. 

The cylinders were cut from round rods of glass, and hence 
i-etained the outer skin, which is harder than the interior, while 
the cubes were cut from the interior of large specimens. This 
may partially account for the great difference in the two sets of 
experiments. The cubes gave way more gradually than the 
cylinders, but both fractured some time before they entirely 
failed. The cylinders failed very suddenly at last, and were 
divided into very small fragments. The specimens had rabber 
bearings at their ends, so as to produce an uniform pressure 
over the whole section. 

62. STKENGTH .OF piiii^ARs. — The Strength of pillars for 
ind^i^&nt jlexure has been made the subject of analysis by Euler 
and others, but practical men do not like to rely upon their 
results. Mr. Ilodgkinson deduced empirical formulas from ex- 
periments which were made upon pillara of wood, wrought iron, 
and cast iron. The experiments were made at the expense of 
Wm. Fair bairn, and the first report of them was made to tlie 
Koyal Society, by Mr. Ilodgkinson, in 1840; The following 
are some of his conclusions : — 

1st. In all long pillars of the same dimensions, when the 
force is applied in the direction of the axis, the strength of one 
which has flat ends is about three times as great as one with 
rounded ends. 

2d. The strength of a pillar with one end rounded and the 
other flat, is an arithmetical mean between the two given in the 
preceding case of the same dimensions. 

3d. The strength of a pillar having both ends firmly fixed, is 
the same as one of half the length with both ends rounded. 

4th. The strength of a pillar is not increased more than i|-th 
by enlarging it at the middle. 

To determine general formulas, bars of the same length and 
different sections were first used ; then others, having constant 
sections and different lengths ; and formulas were deduced 
from the results. The formulas thus made were compared with 
the results of experiments on bars whose dimensions differed 
from the preceding. The following are the results of some of 
his 
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EXPERIMENTS ON SQUARE PILLARS. 



Lengfth of 
the bars. 


Side of the aqoare. 




Exponent of the 
Bide. 


Feet 

10 
10 

5 
2i 

2i 


Inches. 

0.766 

1.61 

1.00 

1.60 

1.02 

1.63 

0.60 

1.00 

0.50 

1.00 

0.602 

1.00 

0.602 

0.76 


Lbs. 

1.948) 
23,025 C 

4,226) 
23,025 f 
10,236 i 

45,873 C 
683) 

9,873 f 

1,411 ) 
18,038 f 

4,216 ) 
27,212 f 

4,216 ) 
16,946 y 


8.57 
4.17 
8.69 
4.06 
8.67 
2.69 
8.28 


• 




Mean 

• 


8.59 



The fourth column is computed as follows : — 
Suppose that the strengths are as the x power of the diame- 
ters, then for the first bar we have 

/1.51-Y ^ 23025 

VO.766/ " 



or 1.971* = 11-30 



X 



1948 
_ loff. 11.30 _ „ wH, 

The others are computed in the same way. 
An examination of the table shows that when the square 
section is the same, the strength varies inversely as some func- 
tion of the length. Thus, of two bars whose cross section is one 
square inch, the one five feet long is nearly four times as strong 
as the one ten feet long. 

Let I = length of one, 
P = " of other, 
d = diameter of first one, 
d^ = " of the second one, and 
y = the power of the length. 

Then the strength of the first one is, P = constant x 



d 



S.99 



a 



a 



a 



second is, P^ = constant x 



d^ 
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P td\ 



8.1» 



■v- 



• • F'W / - \i) 

in which substitute the values from any two experiments. Thus 
if we take from the table 

V — 10 feet, at' = 1 inch, P' = 4225 lbs., and 
1=5 feet, d = 1 inch, and P = 18038 lbs., we have 

18038 ^ 2. 



loff. 4.2694 ^ ^^ . 
.•. y = -^- — = 2.094 

Proceed in a similar way with each of the others and take 
the mean of the results for the power to be used. In this way 
was formed the following 

TABLE 



in which P 
d 
d, 
I 



For the absolute strength of columns. 

crushiDg weights in gross tons, 

the external diameter, or side of the column in inches, 
the internal diameter of the hollow in inches, and 
the length in feet. 



Kind of Golamn. 



Solid Cylindrical Columns of ) 
cast iron f 

Hollow Cylindrical Columns ) 
of cast iron ) 

Solid Cylindrical Columns of ) 
wrought iron ji 

Solid Square Pillar of Dant- ) 
zic oak ) 

Solid Square Pillar of red dry ) 
deal ) 



Both ends rounded, the 
length of the oohimn ex 
ceeding fifteen times its 
diameter. 



P = 

P = 
P = 



TONS. 

3.76 

14.9$- 



S.78 



13 
42 



d--_di 

^.78 



8.76 



Both ends flat, the length of 
the column exceeding thir^ 
times its diameter. 



44.16 



TONS. 



/'•' 



S<B5 S* ftt 



P 

P = 133.75 
P 



<?■ 



as 



10.95 Y 



P = 



7.81 J 



The above formulas apply only in cases where the length is 
so great that the column breaks by bending and not by simple 
crushing. If the column be shorter than that given in the 
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table, and more than four or five times its diameter, the strength 
is found by the following formula : 

^= F^iCK (24) 

in which P = the value given in the preceding table, 

^ = the transveree section of the column in square 

inches, 
C = the modulus for crushing in tons (gross) per 

square inch, and 
W = the strength of the column in tons (gross).* 
Experiments have been made upon steel pillars which gave 
good results.f 

63. WEIGHT OF PILI.ABS — From the first formula of the 
preceding table we find 



d = 



14.9^Vf 



The area of the cross-section is J at ^', and the volume in 
inches =J^ ir d^ I. 

Cast iron weighs 450 pounds to the cubic foot, hence the 
. , 450 ^ 225 pT.W^-.-JI 

^"^s^* = ml ^ ^ ^ "^ ^ ^ = 288 ^ ^-1*^^ """TT^w" 

14.9 ^-^^ 
If P is given in pounds, this coefficient must be divided by 

2240T-"s^- 

.-. weight in pounds = 0.0121702 {P^- f-y.W (25) ^ 

If the pillar is hollow the section of the iron is J «■ (^p — rf^*), 
and if ^ is the ratio of the diameters, so that d^ '= n d this be- 
comes 

12 
J w 6? (1 — n") ; and its volume in inches = -— ir d^ {1 — nf) If 

450 
and its weight in pounds = tt^qo x 3 x «• <i" (1 — ti") i. 

* James B. Francis, C. E., has published a set of tables which gives the 
strength of cast-iron columns, of given dimensions, by means of equation (24), 
and also by those in the above table. 

f London B'uUder^ No. 1211. 
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If thie value of (7 from the second equation of the first column 
ill the preceding table, be substituted in the preceding equa- 
tion, we find the 

weight injpounds = 

32 (2240 X 13 )t.W(i - nS«)Tiir ^ (^-^V^*^ (26) 

To find the weight for a five-fold security these results must 

be multiplied by STriy. 

Proceeding in this way with each of the cases given above 
and we form the following : 

TABLE 

Of the wdghU in pounds of piWirs in terms of their lengths (l) in feet, when 
loaded to one fifth their crushing strength (P) in pounds. 



Kind of PiUar. 



Solid Cylindrical Col- 
umn of cast iron. 

Hollow Cylindrical Col- 
umns of cast iron, 
di=nd. 



if n=0.98 
if n =0.95 
if w=0.925 
if 71=0.90 



Weight in pounds. 



Both ends ronnded. 
/ > 15 d. 



J._ 



0.028648953 (P. P-^*) ' •«« 
0.034392078 



/^^3.«8\ I. '8 8 



-I _ 



0.003881655 (P.r-«») '•*« 



1.58\ !.«■? 



0.006001775 (P.r-''«) 
0.007285678 (Pr-««) t^« 
0.008396144 (Z^.r»-'^«) "•«« 



if w=0.875 0.009373430 (P.;'-^«) *«'* 



if w=0.85 

if 71=0.80 

w=0.75 

Solid Cylindrical Col^ 
umns of Wrought 
Iron, 

Square Column of Dant- 
zic Oak. 



O.C10261387(P.r»-««) 



L_ 

:) .5 8\ I .8 8 



0.011862713 (P.i*-»«) 



:) . 5 8 \ 1 . 8 



:>73.5 8\ T'.ilS 



0.013297905 (P.;^-«») 



0.014115831 (P.Z=».«?)r:i7 



(Cubic foot weighs 47.24 
pounds.) 



Both ends flat. 
1>S01. 



0.009321706 (P.Z^'*") ^''^ 
0.009300164 '■ -7— 

(l_7l«-M)T-.^73^ 

0.001658133 (P.P*" 
0.002489827 (P.Z»-"' 
0.002987882 (P.?»-'" 
0.003406063 (P.r*^" 
0.003773531 (P.r*« 
0.004106903 (Rl'-*'' 
0.004702651 {RP'*" 
0.005238352 [R.^'*'"' 



0.004993604 (P.^-'' 



T.W 



r.\TS 



rrVrs 



rrVyy 



7Ty 



7:473 



-.4 



7?r 



--} 



7T 



0.001223770 (P*0 
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If the thicknesB of the metal (f) and the external diameter 
aro g^ven, n may be fowid as follows :d — it = internal diame- 
ter, hence n = ^~ = 1 — | , For instance, if the external 
diameter ie 6 inches, and the thiclcness f of an inch, the inter- 
nal diameter is 5^ inches and n = ^ — 0.875, 

The iron used in the preceding experiments was Low Moor 
No. 2, whose strength in columns is about the mean of a gieat 
variety of English cast iron, the range being about 15 per cent. 
above and below the values given above. 

64. — coKomoif OF the casting. — Slight inequalities iu 
the thickness of the castings for pillars does not materially af- 
fect tlie strength, for, as was found by Mr. Hodgkinson, thin 
castings are nmch harder than thicker ones, and resist a greater 
cmeiiing force. In one experiment the sliell of a hollow column 
resisted about GO per cent, more per square inch than a solid 
one.* But the excess or deficiency of thickness should not in 
any case exceed 25 per cent, of the average tliickness-f Thus, 
if the average thickness is one iucli, tlie thickest part should iiol 
exceed IJ inuh, and the thinnest part should not be less tlian | 
of an inch. 

It is also found that in large castings the crushing strength 
of the part near the surface does not much exceed tiiat of the 
internal parts. 

03. COMFBESSIONOF TUBES.— BCOK- 

LiNG. — Wi-onglit imii tubes when sub- 
jected to longitudinal compressive stresses 
may yield by crushing like a block, or by 
bending like ,a beam, or by buckling. 
Tlie first takes place when the tube is 
very short ; the second, when it is long 
compai-ed with the diameter of the tube ; 
and the last, for some length which it is 
difficult to assign, intermediate between 
the others. 

The appearance of a tube after it has 

Tia 15 Fio IS yielded to buckling is shown in Figs. 15 
and 16. 

* PM. Tram., 1857, p. 81)0. f Stoiuy on Strain*, vol. ii., p. 806. 



7he experiments heretofore made 60 not indicate » ^eoific 
law of njeistance to buckling ; but the following general foots 
appear to be establiabed :* — 

1. The resistance to buckling is alwayB less than that to 
crushing ; and is nearly independent of the length. 

3. Cylindrical tubes are strongest; and next in order are 
sqnare tnbes, and then rectangular ones. 

3. Rectangular tubes, | | , are not as strong as tubes of this 
form 03 Tl'® tubes in bridges and siiips are generally rec- 
tangular or squara 

COLLAPSE OF TUBES. 
6A. '■'HB Riri"roRE of tubes 

which are subjected to great external 
normal pressure is called " a collapse.'' 
The flues of a eteam-lwiler are sub- 
jected to such an external pressure, 
and in view of the extensive use of 
steam power, the subject is very im- 
portant. The true laws of resistance 
to <*ollapBing wei* unknown until tlie 
subject was investigated by Wm, Fair- 
baiin. Experiments were carefully 
made, and the results discussed by him 
with that scientific ability for which 
he is so noted. They were published 
in the Transactions of the Royal 
Society, 1858, and republished in his 
" Useful Information for Engineei-s," 
second series, page 1. 

The tubes were closed at each end 
and placed in a strong cylindrical ves- 
sel made for the purpose, into which 
water was forced by a hydraulic press, 
thus enabling him to cause any desir- 
able pressure upon the outside of the 
tube. In order to place the tube as v t7 
nearly as possible in the condition of 

• Civ. Eag. and Arch. Joar., vol. xxviii, p. 28. 
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a flue in a steam-boiler, a pipe which eommunicated with the 
external air was inserted into one end of the tnbe. This pipe 
permitted the air to escape from the tube during collapse. 

The vessel, pipe, tube, and their connections were made 
practically water-tight, and the pressure indicated by gauges. 

Fig. 17 shows the appearance and cross-section at the middle 
of the short tubes after the collapse ; and Fig. 18 of a long 
one. Although no two tubes appeared exactly alike after the 
collapse, yet the examples which I have selected are good types 
of the appearances of thirty tubes used in the experiments. 

The tubes in all cases collapsed suddenly, causing a loud 
report. In the first and second tubes the ends were supported 
by a rigid rod, so as to prevent their approaching each other 
when the sides were compressed. 

The following tables give the results of the experiments : — 
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TABLE I. 







Thickness 






Pressure of 


Product of 


Product of 






of Plate, 


Diameter 


Length in 


Ck>liap8e, lbs. 


Pressure 


the Pressure, 


Mazk. 


No. 


inches. 


in inches. 

a. 


inches. 
X. 


pr. sq. in. of 

Sorfaoe. 

P. 


and Length. 
J». X. 


Length, and 
Diameter. 
P. X. A = p. 


A 


1 


0.043 


4 


19 


170 


3230 




B 


2 


ti 




19 


187 


2603 


10412 


C 


3 


(( 




40 


65 


2600 


10400 


D 


4 


(( 




38 


65 


2470 


9880 


E 


6 


tc 




60 


43 


2580 


10320 


F 


6 


(( 




60 


140* 


2800 






Mean 


2714 


10253 


G 


7 


t( 


6 


80 


48+ 

47- 


1440 




H 


8 


(( 




29 


1263 




J 


9 


(( 




59 . 


32 


1888 


11328 


K 


10 


(( 




80 


52 


1560 


9360 


L 


11 


(( 




30 


65 


1950 


11700 


M 


12 


n 


• 


80 


85:|: 


? 






Mean 


1620 


10796 


N 


18 


u 


8 


30 


39 


1170 


9360 


O 


14 


u 


(< 


89 


32 


1248 


9984 


P 


16 


ii 


(< 


40 

« 


31 


1240 


9920 




Mean 


1219 


9754 


Q 


16 


n 


10 


50 


19 


950 


9500 


B 


17 


u 


*i 


30 


33 


990 


9900 




Mean 


970 


9700 


S 


18 


«( 


12.2 


58i 


11.0 


643.7 


7850 


T 


19 


ti 


12 


60 


12.5 


750 


9000 


V 


20 


(( 


Ll 


30 


22 


662 


7920 




Mean 


685.2 


8256 



* This tube had t«ro solid rings soldered to it, 20 inches apart, thus practically reducing it to 
three tabes, as shown in Fig. 19. 




Fig. 19. 

t The ends of both were fractured, causing collapse, perhaps before the outer shell had ab> 
tained its maximum. 
$ A tin ring had been left in by mistake, thus causing increased resistance to coUapeing. 
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67. DISCI78SION OF BkcsuiiTS. — B J Comparing the tubcs of 
the same diameter and thickness, but of different lengths, we 
see that the long tubes resist iess tiian the short ones ; hence, 
the strength is an inverse function of the length, and an ex- 
amination of the seventh column shows that it is nearly a sim- 
ple inverse function of the length. The first of the 4 in45h 
tubes is so much stronger than the others, it may be neglected 
in determining the Imo of resistances although it differs from a 
mean of all the others by less than ^ of the mean. An exami- 
nation of tlie several cases indicates that we maj safely assume 
that the resistance to collapsing varies inversely a* the lengtlhS 
of the tvhes* 

The mean of the results for the several diameters in the 
last column shows that the resic^tance diminishes somewhat 
more rapidly than the diameter increases ; but this includes the 
error, if any, of the preceding hypothesis. As the power of 
the diameter is but little more than unity, it seems safer to con- 
clude, for all tubes less than 12 inches in diameter, as Fair- 
bairn does, that the resistance of tithes to collapsing varies in- 
versely as their diameters. 

68, i-AT¥ OF Tpi€ii:Ns:§s. — Experiments were also made 
to determine the law of resistance in respect to the thickness. 
Comparatively few experiments were made of this character, 
but these few gave remarkably uniform results. One of the 

* A mcMr© exact law may be found as foUows ; — Let P = the oompreseing 
force per square inch; G = a, constant for an^ particular diameter an$L 
thickness, I = the length, And n the unknown power. Then 

P = -1 — for one case. 
I* 

C 

Px = y^- for another. 

tog. -p 



By means of this equation, and any two experiments in which the thickness 
and diameter are the same, n may he found, and by using several experiments 
a series of values may be found from which the most probable result can be 
obtained. But in this case the inean result is so near unity, there is no piae- 
tical vivanteige secured by finding it. 
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tubes (No. 24), was made with a butt joint, as shown in Fig. 
20, and the others \^ith lap joints, as in Fig. 21, 





Fi(j. 20. 



JFiG. 21. 



The following are the results of the experiments: — 



TABLE n. 







Thickness. 


Diameter. 


Length in 


Pressure per 




Product. 


Mark. 


No. 


t. 


d. 


inches. 


square inch. 


Pi. 


L. P.d, 










L. 


P. 


] 


= P. 


W 


21 


0.25 


9 


37 


(450) 


UnooUapsed. 


X 


22 


0.25 


181 


61 


420 


25620 


480375 


T 


23 


0.14 


9 


37 


2S2 


9604 


89046 


Z 


24 


0.14 


9 


37 


378 


1598<i 


125874 


JJ 


33 


0.125 


14^ 


60 


125 


7500 


108750 



Tubes Nos. 23 and 24 were exactly alike in every respect 
eitcept their joints ; and it appears that the butt joint, No. 24, 
is 1.41 times as strong as the lap joint, a gam of 41 per cent. 
But this is a larger gain than is indicated in other cases ; for 
instance, No. 33, which is also a lap joint, offers a greater re- 
sistance as indicated in the last column, than No. 23, although 
the fonner is not as thick as the latter. Still it seems evident 
that butt joints are stronger than lap joints, for with the 
former the tubes can be made circular, and there is no cross 
strain on the rivets, conditions which are not realized in the 
latter. 

The resistance of the 23d is so small compared with others, 
it is rejected in the analysis. 

We observe that the resistance varies as some power of the 
thickness ; if then C and n be two constants to be determined 
by experiment, and we use the notation given above, we shall 
have for the pressure of collapse of one tube, 
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P^^r.dPL^p = C(r (27) 

aiid for another tube 

P^=JX '•• d' ^. I',=p,== Ct* (28) 

Hence we have 

or,n = ^-=:^^ (29) 

' log. t- log. t^ ^ ' 

««»<i^=| = § (30) 

TO FTND THE CONSTANTS U AND C. 

The mean of the mean of the values of p from Table I. is 
;> = I [10253 + 10796 + 9754 + 9700 + 8256] = 9752 and 
t = 0.043. 

Using these values and others taken from the preceding 
tables, and the following values may be found for n : — 

In equation (29) make^ = 480375, t = 0.25, jp, = 9752, t, 

= 0.043 ; and we get 

loq. 480375 — log, 9752 „ ^^^ 

n = —^ = 2.200. 

log. 0.25 - log. 0.043 

Similarly, taking p = 480375, t = 0.25, p, = 10253, t, = 
0.043 ; and we get 

_ log. 480375 -- log. 10253 _ . - 
^ ■" log. 0.25 - log. 0.043 "" ' * 
The mean value of p for all but the 12-inch tubes in Table 
I. is 

p = i (10253 + 10796 -f 9754 + 9700) = 10125 ; 
hence, using ^ = 125874, t = 0.14,^, = 10125, t, = 0.043; 
and we get 

_ log. 125874 - log. 10125 ^0.04. 
" log. 0.14 - log. 0.043 * ' 

and taking^ = 108750, t = 0.125,^, = 10125 and t, = 0.043; 
we get ^ 

_ hg. 10 8750 - hg. 10125 ^ 

^ "" ^^:i25 - log. 0.043 "" * * 
and the mean of these results is, n = 2.18. 
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Fairbaim made it 2.19 by including some data which I have 
rejected as paradoxical ; I have also given more weight to those 
cases which gave nearly uniform results. The difference, how- 
ever, of 0.01 is too small to seriously affect practical results. 

To determine the constant, C^ substitute the proper values 
taken from the preceding tables in equation (30), and we have 
for four cases the following : — 

975 2 
0.043^ 



G = TT^^hi =9,298,900. 



C = gfS = 9,864,300. 

<; = ^^ = M«,«o«. 

.y 108750 -.nmoj/^n 
^ = 0J25^' = 10,109,400. 

The mean of which is <7 = 9,604,150. Calliag G = 
9,600,000 and equation (27) becomes : 

P = 9,600,000 ™ (31) 

If Z be given in feet, so that Z = 12 Zy, we have 

F = 800,000 1^ (32) 

The coefficient, 9,600,000, applies only to the kind of iron 
used ; but the exponent, 2.18, is supposed to be constant for all 
kinds of iron. 

69. FORMUIiA FOR THI€KN£SS TO RESIST COIiLAPSING. 

— Equation (31) readily gives the following expression yi>r^?icf- 
ing the thickness i/n inches of a tube to resist collapsing : — 

log. 100 t = l2g^ +l^-_(^ _ 1.203 (33) 

TO. KiiiiiPTiCAii TUB£S. — ^Experfments made upon ellipti- 
cal tvhes showed that the preceding formula would give the 
strength, if the diameter of the circle of curvature at the ex- 
ti-emity of tlje minor axis is substituted for d. The diameter 



of curvature is -^, in which a is the major and b the minor 

axis. 

Experiments made upon tubes in which the ends were not 
connected by internal rods, showed that the resistance was in- 
versely as their length. 

71, TBRT liONG TiTBBS. — Somo experiments were made 
upon a tube 35 feet long and one 25 feet long. SuflScient pres- 
sure was applied to distort them, but not to collapse them, and 
it was found that Equation (31) erred by at least 20 per cent., 
giving too small an amount. It was, however, very evident 
that the length was still a very important element in the 
strength. 

73. COMPARISON OF STRBNGTH FROUK EXTERN AI< AND 

iNTERNAii PRESSURE. — Let J) be the internal pressure per 
square inch at which the tube is ruptured, then for tubes of the 
same thickness and diameter we have from Equations (18) and 
(32), by calling T = 30,000 lbs., 

F 13.33 ^^« 

If ^= P, then Z = 13.33 ^•«. 

If ^ = 0.25, then we find L = 2.59 feet, that is, a tube whose 
thickness is \ of an inch, and whose length is 2.59 feet, is 
equally strong whether subjected to internal or external pres- 
sure. 

If the tube is so thick that the unequal stretching of the 
fibres must be considered,. then Equation (20) must be compared 
with Equation (32), in which case we have : — 

T 800,000 (r + t) t^ 

lij) = P, T= 40,000 lbs,, and 2r = <? = 4: inches; 
then ^t^'" + «?•"= I Z/. 
lft = i inch, Z = 5.604 feet. 
lit = l « Z = 15.000 feet. 

73. RESISTANCE OF GIiASS GI^OBES TO OOIil^APSING.-* 

Fairbairn also determined that glass globes and cylinders fol- 



lowed tlie same general law of resistance. For globes of flint 
glass he found : 

P, =28,300,000 ^; (34) 

and for cylinders of flint glass : 

P, = 740,000 i^ (35) 

providing tliiat their length is not less than twice, nor more than 
six times their diameter. Dividing Equation (36) by (31) gives 

JP, _ 0.0770 



.78 



P 

If ^=0.043 in., ~ = 0.896 ; or the glass cylinder is nearly -^ 

as strong as the iron one. If they are equally strong, P =:^ P^ 
.-. t = 0.0373 of an inch. 
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CHAPTER III. 

THEORIEa OP FLEXURE AND RUPTURE PROM TRAK8VERSE 



74. — BBiSABK. — The ancients seem to have been entirulj 
ignorant of the lawB which pertain to the resistance of Bolid 
hodiee. They made some rude experiments to determine the 
absolute strength of some solids, especially of stone. They may 
have recognized some general facts in regard to the strength of 
beams, such as that a beam is stronger with its broad side ver- 
tical than with its narrow side vortical, but we find no trace of 
any law which was recognized by them. This department of 
Bcience belongs wholly to modem times. A very brief sketch 
of the history of its development is given below,* 

The greater part of this chapter will be much better under- 
stood after reading Chapters. IV, Y, and VI. 

7S. — oAi.ii.EO>s THEOBv. — Gralileo was the first writer, of 
whom we have any knowledge, who endeavored to establish the 
mathematical laws which govern the strength of beams, f He 

a^mned — 

1st That none of the fibres were elongated or compressed. 

2d. AVhen a beam is fixed at 
one end, and loaded at the other, 
it breaks by tnming about its 
lower edge, Fig. 22, or if it be 
supported at its ends and loaded 
at the middle of the length, it 
wonld turn about the upper edge ; 
hence every fibre would resist ten- 
sion. 
_ 3. Every fibre acta with eqnal 

Yio. 33. energy. From these he readily 

• For a mow complete history, see introdnotion to " Be«i»tan.« dm Gerpt 
SoUdet," irfuc Sariei:. 3d edition. Paris, 1884. 

t Opere di Qaliteo. Bologna, 1656. 
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deduced, — that, when one end is firmly fixed in a wall or other 
immovable mass, the moment of resistance of the sectixyn is equal 
to the sum of all the fibres, or the transverse section, multiplied 
by the resistance of a unit of section, multiplied by the distance 
of the centre of gravity from the lower edge. Hence, in a rec- 
tangular beam, if 

T = the tenacity of the material, 

& = the breadth, and 

d = the depth of the beam ; 

the moment of resistance is 

Tbd X \^^\Tbd^ (34) 

76. — BOBEKT HooKE's THEORY. — llobcrt Hookc was one 
of the first, and probably the first, to recognize the compressi- 
bility of solids when under pressure. In 1678 he announced 
his famous principle, Ut tensio sic vis / which he gave in an 
anagram in 1676, and stated as the basis of the theory of elasti- 
city that the extensions or contractions were proportional to the 
forces which produce them, and also that when a bar was bent 
ohe material was compressed on the concave side and extended 
on the convex side. 

77. — UKARIOTTE'S AND I^EIBNITZ'S ^HEORY. — MarfottC, 

in 1680, investigated the subject, and finally stated the follow- 
ing principles : — 

1st. The material is extended on the convex side and com- 
pressed on the concave side. 

2d. In solid rectangular sections the line of invariable fibres 
(or neutral axis) is at half the depth of the section. 
• 3d. The elongations or compressions increase as their distance 
from the neutral axis. 

4:th. The resistance is the same whether the neutral axis is at 
the middle of the depth or at any other point. 

5th. The lever arm of the resistance is f of the depth. 

We here find some of the essential principles of the resist. 
ance to flexure, as recognized at the present day ; but the two 
last are erroneous. As hereafter shown, the neutral axis is at 
half the depth, and the lever arm is f of ^ the depth. 

Leibnitz's theory, given in 1684, was the same as Mariotte's. 
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78.— JTAiOBi BBBHOiTii.i.i's rvBOUY waB esBentially the 
same as Mariotte's, except that he Btated that extensions and com- 
pressions were not proportional to the stresses. " For/' said he, 
" if it is true, a bar might be compressed to nothing with a 
finite force." On this point see Article 16. He was the first to 
give a correct expression for the equation of the elastic curve. 

79. PARFNT»8 THBORT. — Parent, a French academician 
of great merit, but of comparatively little renown, published, in 
1Y13, as the result of his labors, the following principles, in 
addition to those of his predecessors : — 

Ist. The total resistance of the compressed fibres equals the 
total resistance of the extended fibi-es. • 

2d. The origin of the moments of resistance should be on 
the neutral axis. 

By the former of these principles the position of the neutral 
axis may be found, when the straining force is normal to the 
axis of the beam ; and by the latter he corrected the error of 
Mariotte and Leibnitz ; showing that the ratio of the absolute to 
the relative strength is as six times the length to the depth 
instead of thi*ee, as will be shovm hereafter. 

80. couiiOmB, IN 1773, puBi<i8HBD the most scientific 
work on the subject, of the stability of structures which had 
appeared up to his time. He deduced his principles from the 
fundamental equations of statics, and generalized the first of 
the principles of Parent, which is given above, by saying that 
the algehraic sum of aU the forces must he zero on the three 
rectangular axes. This establishes the position of the neutral 
axis when the applied forces are oblique to it, as well as when 
fliey are normal. He also remarked, that if the proportionality 
of the compressions and extensions do not remain to the last, or 
to the point of rupture, the final neutral axis will not be at the 
centre of the section. 

8 1 . MODiri^iTS OF KtASTiornr.— In 1807 Thomas Young 
introduced the term modulus of elasticity^ which we have de 
fined as the coeflScient of elasticity in Article 5. After this 
several writers, among them Duhamel, Navier in his early 
writings, and Barlow in his first work, stated the erroneous prin- 
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ciple, that the sum of the moments of the reaistanoes to compres* 
aion e^pmlled those for tension. 

83. IN 1824 NATiBR puBi^isMBD the lectnres which he 
had given to V&ole des Powts et Chauss6es^ in which he estab- 
lished more clearly those principles of elastic resistance, and 
resistance to rupture, which have since his day been accepted 
by nearly all writers. He was the firat to show that when the 
stress is perpendicular to the axis of the beam, the neutral axis 
parses throuffh the centre of gra/Dity of the transverse sections. 
His most important modifications in the analysis was in making 
ds=dx^ or otherwise, considering that for smaU deflections the 
tangent of the angle %ohich the neutral a-gsis makes with the 
original axis of the beam is so small compared with unity that 
it may he negUcted ^ and also, that the lever arm of the force 
remains constant during flexure. These principles we have 
used in Chapter V. He resolved many problems not before 
attempted, and became an eminent author in this department 
of science; 

83. THE comifioN THBORY. — The theories of flexure and 
of rupture which result from these numerous investigations, I 
will call, for convenience, the commion theory. It consists of 
the following hypotheses : — 

1st. The fibres on the convex side are extended, and on the 
concave side are compressed, and there are no strains but com- 
pression and extension. 

2d. Between the extended and compressed fibres (or elements) 
there is a surface which is neither extended nor compressed, but 
retains its original length, and which is called the neutral sur- 
face, or in reference to a plane of fibres it is called the neutral 
axis. 

3d. The strains are proportional to their distance from the 
neutral axis. 

4th. The transverse sections which were normal to the neutral 
axis of the beam l)efore flexure, remain normal to the neutral 
axis during flexure. 

5th. A beam will rupture either by compression or extension 
when the modulus of rupture is reached. 

6th. The modulus of rupture is the strain at the instant of 
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rupture upon a unit of the section which is most remote from 

the neutml axis on the side which first ruptures. This ie 

called R, 

It is found that this theory does not conform well with the 

results of experiment.* For instance, if a cast-iron beam be 

supported at its ends, and broken by a weight placed at the 

middle, it appears from the theory above given that the beam 

would break when the strain {li) on the extreme fibres equals 

the value of the tenacity {T) of the metal — or 16,000 lbs. 

(See page 58.) But the value oiH q& found from the formula, li 

PI 
= J j-j^ which is deduced in accordance with the above theor}', 

and is given in Chapter VI., is about 35,000 lbs. (See the table 
in the Appendix.) This value is less than the crushing strength, 
O, of the metal — or 96,000 lbs. (See page 58). Hence the 
value of jR is nearly 2J times that of T, and more than i that 
of (7. 



Again, we have for Ash 



T = 17,200 pounds ; 
(7= 9,000 " ; 
B = 12,000 « ; 
a =:li Cemdi T nearly. 



* Mosky's Mech, and Arch.^ p. 557. ** The elasticity of the material has 
been supposed to be perfect up to the izustant of rupture, but the extreme fibres 
are strained much beyond their elastic limits before rupture takes place, while 
the fibres near the neutral axis are but slightly strained, and hence the law of 
proportionality is not maintained, and the position of the neutral axis \& 

HI 

changed, and the sum of the moments is not accurately -r- (see equation 170). 

To determine the influence of these modifications we must fall back upon ex- 
periment, and it has been found in the case of rectangular beams that the eiroi 

wiU be corrected if we take — T (= B) instead of T. where m is a, constant 

depending upon the material." 

Weisbach, vol. ii., 4th ed., p. 68, foot-note, says, ** Excepting as exhibiting 
approximately the laws of the phenomena, the theory of the strength of mate- 
rials has many practical defects." 

Maj. Wade, in Ms Report to the Ordnanee Department^ p. 1, says: — "A trial 
was made with cylindrical bars in place of square ones. These generallj 
broke at a point distant from that pressed, and the results were so anomalous 
that the use of them was soon abandoned. The formula by which the strength 
of round bars is computed appears to be not quite correct, for the unit of 
strength in the round bars is uniformly much higher than in the square ban 
cast feom the same iron." 



FLEXUKE AND RUPTURE FROM TRANSVERSE STRESS. 81 

A similar result is found for other materials. Hence gener- 
ally, the value of R for any given material is between those of 
T and C^ but there is no known relation between them which 
would enable us to determine the value of one from the other 
two. The values of R in the tables were deduced from experi- 
nients upon rectangular beams, as will hereafter be shown; 
and hence, if the common theory is correct, It should equal the 
value of the lesser resistance, whether it be for compression or 
extension ; but it does not. This discrepancy between theory 
and the results of experiment, led Mr. Barlow to investigate the 
subject farther, and it resulted in a new theory which he calls 
" Eesistance to Flexure " — an expression which I consider un- 
fortunate, as it does not express his idea. "Longitudinal 
Shearing " would express his idea better, as will appear from 
the following article : — 

84. BABiiOiw>s THEORY. — Accordlug to the common theory 
the resistance at a section is the same as if the fibres acted in- 
dependently of each other, and the transverse section remained 
normal to the neutral axis. But Barlow supposed that in order 
to keep the transverse sections normal to the neutral axis, 
the* consecutive longitudinal planes of fibi'es must slide over 
each other, and to this movement they offer a resistance. (This 
point is discussed in Chapter IX.) 

He presented his view to the Koyal Society (Eng.), in 1855, 
and it has since been published in the Civil Engineer and 
Architecfs Journal^ vol. xix., p. 9, and vol. xxi., p. 111.* The 
subject is there discussed in a very able and thorough nianner, 
and although he may have failed to establish his theory, yet the 
results of his analysis seem to aijrce more nearlv with tlie re- 
suits of experiment than those obtained l)y any other theoiy 
heretofore proposed. 

It is admitted in this theory that a beam will rupture when 
the stress upon any fibre equals its tenacity, or its resistaiu'.e to 
compression, as the case may be. But, on the other hand, when 
the adjacent fibres are unequally strained, as they are iu the 
case of flexure, it requires a greater stress to produce this 

■- i • 

* Civ. Eng. and Arch. Jour.^ vol. xix., p. 9, Barlow says that the strength 
of a cast-iron rectang^ar bar, as found from existing theory, cannot be recon- 

6 
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Btrain than it would if the fibres acted independently, according 
to the previously asBumed law. This, Barlow 
mnkes evident from the following example : — 
I If a weight P, Fig. 23, is Buspended on 

' a prismatic bar, BCEF, all the fibres will 

be equally strained, and heuce equally elon- 
gated. 

But if the bar ABCD be snbstitnted for 
the former, and the weight P acts npon a part 
of the section, as shown in the figure, it ia evi- 
dent that all tlie fibres will not be equally 
strained, and hence will not be equally elon- 
gated ; and if the force P was just sufficient to 
rupture the bar FBCE, it Mill not be sufficient 
to rupture the bar ABCD, although P acta 
directly upon the same section, for the cohe- 
Fro. 33. sion of the particles along i^!&'will not permit 

the fibres next to that line to be elongated as much as if the 
part AFED were removed ; and these fibres will act u]H>n 
those adjacent, and so on, until they produce an effect upon BO. 
From this we Bee that it takes a greater weight than /* acting 
npon the section EC Ut produce a sti-ain Tper unit of section, 
when the part ADEF'is added. It is also evident that if tlie 
section of ABCD is twice as great as FBCE, it will not take 
twic^e P to rupture the fibres on the side BC. 

A phenomenon similar to this takes place in transverse 
Btrain. One side is coinpres8c<l and the other elongated ; and 
the fibres less strained aid those which are more strained by 
virtue of the cohesion which exists between them, and It takes 
a greater load to canse a strain, 7', longitudinally upon the 
fibres on tlie convex side, or of C upon those on the concave 
side, than it wonid if there were no cohesion between the hori 
zontal laminte. 

ciled with the results of esperirnent if the neutral axis be at the centre of the 
Bectlous. He then proiieeded to Hhow by expenmeut that the Deutral axin is 
at the centre, and then remarked that the formula coramoul; osed for a beam 
supported at the ends and loaded in the middle, or P = „ — — did not give 
bolf the actual strength if T is the tennciCy of the iron. He then proceeds 
to point out a new element of strength, which he calls " Resistanoe to 
Fleiure." 
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This may be illustrated by a pile of boards, Fig. 24. Sup- 




Fig. 24. 

pose that the boards are very thin and perfectly smooth. When 
they are bent they will retain their original length, and will 
project past each other as shown in the jBgure. Also if before 
they were deflected straight lines were drawn with a pencil or 
otherwise perpendicularly across the pile, and then the whole 
deflected, it will be found that the lines will not remain contin- 
uous but will be broken. If now there be considerable fi'iction 
between the boards, those on the concave side will be com- 
pressed, and those on the convex side will be elongated ; and 
the cross lines will be more nearly continuous than before. 
Still more, if the successive layers be infinitely thin and held 
together by cohesion, the elements on the concave side will be 
still more compressed and those on the convex more extended 
than they were in the former case, and the cross lines will 
remain straight and normal to the neutral axis, as shown 
in Fig. 25. 




Pig. 25. 

There is, then, at the time of the rupture of a beam, accord- 
ing to this theory, a tensile strain on the extended fibres, and 
a compressive strain on the other fibres, and a longitudinal 
shearing strain between the fibres, due to cohesion. We think, 
however, that too much importance is given to the longitudinal 
sliearing as an element of strength. 

Barlow's Theory consists of the following hypotheses : — 
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1st. The fibres or elements on the convex side are extended, 
and cm the concave side compressed. 

2d. There is a neutral surface, as in the common theory. 

3d, The tensile and compressive strains on the fibres are pro- 
portional to their distances from the neutral axis. 

4th. That in addition to these there is a "Eesistance to 
flexure " or longitudinal shearing strain, which consists of the 
following principles : — 

a. It is a strain in addition to the direct extensive and com- 
pressive forces, and is due to the lateral cohesion of the adjacent 
surfaces of fibres or particles, and to the elastic reaction which 
ensues when they are unequally strained. 

J. It is evenly distributed over the surface, and consequently 
within the limits of its operation its centre of action will be at 
the centre of gravity of the compressed or of the extended 
section. This force for solid beams Barlow calls <^, and for T 
or I sections, or open-built beams, it is easily deduced from the 
following principle : — 

0. It is proportional to and varies with the inequality of 
strain between the fibres nearest the neutral axis and those 
most remote. 

From this it appears that if d! is tlie depth of the horizontal 

flanges of the I section, and d^ the distance of the most remote 

fibre from the neutral axis, then the resistance to flexure of the 

dl 
flanges will be <^ -r and similarly for other forms. 

5. Sections remain normal to the neutral axis during flexure. 

6. Rupture of solid beams takes place when the strain on a 
unit of section is T + <^, or C •{• <f>, whichever is smaller, or 
rather, whichever value is first reached. 

Prof. Barlow made no effort to show the value of the elastic 
resistance of longitudinal shearing in a beam under flexure. 
The effect of this resistance in the flexure of beams will be 
noticed hereafter. 

85. TRAN8VKRSB BiiASTiciTiT. — ^If a beam were destitut.c 
of elasticity it could not be bent. If it had longitudinal elas- 
ticity only, it could be bent by causing the fibres on the convex 
side to be elongated and those on the concave side to be shortened, 
as explained in the previous articles. If it had no longitudinal 
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elasticity, but a transverse elasticity, it could be bent by forcing 
the successive material sections past each other. Let AB^ Fig. 
26, represent a beam which is supported at its ends, and which 



a 



H 



"a 



B 



Fig. 26. 

is supposed to consist of a succession of perfectly nonelastic 
parts, as «, J, c, etc., and that these parts are joined by infinitely 
thin elastic pieces. If a weight P be placed upon the beam, it 
will cause a deflection similar to that shown in the figure, 
excepting that the visible effect is greatly exaggerated ; but the 
successive sections will set past each other a small amount. If 
now we suppose that the transverse elasticity is unifonn and 
continuous from end to end, it seems evident that the deflection 
wiU take the form of that shown in Fig. 2Y, in which the effect 




Fig. 27. 

due to the elongation and compression of the fibres is supposed 
to be entirely eliminated. In this case the upper and lower 
sides are straight from the centre to the ends, but they form an 
angle with each other at the centre. 

It will be shown in Chapter IX, that for amorphous bodies 
(called isotropes), in which the elasticity is the same in all di- 
rections, that the coefiicient of the transverse elasticity is \ of 
the coefficient of longitudinal elasticity, or 6*^ = |^ E, Such 
bodies, however, are more ideal than real. The elasticity is 
generally different in different directions.* 



See pp. 16 fuid 17. 
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86. HBMAjftKS iTPOif TWOS THBORiBs. — ^For Scientific par- 
poses it is desii-able to determine the correct theory of the 
strength of beams, but the phenomena are so complex that it i& 
not probable that a single general theory can be found which 
will be applicable to all the irregular forms of beams used in 
practice. Although Barlow's theory appears plausible, yet ac- 
cording to principle c the resistance to flexure^ <f>y cannot be 
uniform over the surface, as stated in principle J, because the 
proportionality of the elongations and compressions do not con- 
tinue up to the point of rupture. The common theory is faulty 
beyond what has already been said, in the I section ; for in the 
upper and lower portions the strains on all the fibres are 
not proportional to tlieir distances from the neutral axis, to 
realize which the material should be continuous from the neu- 
tral axis to the remotest fibres. And Barlow's theory is defec- 
tive in the same case, on account of the peculiar strains upon 
the fibres at the angles where the parts join. For rupture, 
then, we can use these theories to ascertain general facts, and 
make the results safe in practice by using a proper coeflicient 
of safety ; but for flexure the common theory is approximately 
exact if the elastic limit is not passed, and this is fortunate, for 
the conditions of stability should be founded upon the elastic 
properties rather than on the ultimate strength of the material. 
For the rupture of rectangular beams the common theory will 
be sufficiently exact if the value of Ji is used instead of T or G 
in the formulas. 



POSITION OF THE NEUTRAL AXIS. 

87. POSITION FOUND EXPERimBNTAiiiiir. — Accordiug to 
Galileo's, Mariotte's, and Leibnitz's theories, the neutral axis is 
on the surface opposite the side of rupture. 

Professor Barlow made the following experiments : — He took 
a cast-iron beam and drilled holes in its sides, into which were 
fitted iron pins. He carefully measured the distance between 
the pins, before and after flexure, by means of a micrometer, 
and thus found that in solid cast-iron beams bent by a normal 
jpressure the neutral axis passes through the centre of the sec- 
tions {Civ, Eng. and Arch, Jour,^ vol. xix., p. 10). He also 
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made the same kind of an experiment on a solid rectangular 
wrought-iron beam, and wilh the same result {Civ. Eng. and 
Arch, Jour.y vol. xxi., p. 115). 

Some years previous to the preceding experiments, he took a 
bar of maUeahle vron and cut a transverse groove in one side, 
into which he nicely fitted a rectangular key. When it was 
bent, the fibres on the concave side were compressed, and the 
groove made narrower, so that the key would no longer pass 
through, and thus he showed that the neutral axis was between. 
\ and \ the depth of the beam from the compressed side (Bar- 
low's Strength of Materials, p. 330; Jour. Frank. Inst., voL 
xvi., 2d series, p. IM). 

Experiments made at the Conservatoire des Arts et Metier s^ 
in 1856, on double T sections, show that it passes through the 
centre of the sections (Morin, Resistance des Materiaux, p.. 
137). And experiments made at the same time on rectangular 
wooden beams showed that it passed at or very near the centre 
of gravity of the sections. 

In these experiments .the elasticity of the material was not 
seriously damaged by the' strains. To render them complete, 
the strains should have been carried as near to the point of rup- 
ture as possible. 

Louis Nickerson, C. E., of St. Louis, made some experiments 
upon glass by means of polarized light, from whicli he deduced the 
following as applicable to that and similar amorphous bodies : — 

The neutral axis^ — as exhibited by polarized light, — from the 
cohesion of material or other cause is extended to a breadth, 
and cannot become a true line until, in reference to the cohe- 
sion, the tensile and compressive forces are infinite. Also that 
its longitudinal direction, like the direction of lines of strain, is 
not an arbitrary one, but resultant from the relative qualities 
and quantities of all the forces in the beam — its evident place 
in physics being that of still water between opposing eddies or 
vortices. 

Results obtained showed that the neutral axis is a flexible 
line, or plane, truly parallel to the top and bottom sides of the 
rectangular beam and passing through the centres of gra^'ity of 
its sections only when the load is evenly distributed from end 
to end, or when the beam is infinitely long, and that, when 
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thei'e is a local pressure, the neutral axis is more or less gov- 
erned in its direction and form by the strain passing from the 
point of local pressure towards the points of support. 

88, POSITION DKTERHINED ANALTTICALLT. — ^We knOW 

from statics that the algebraic sum of all the forces on each of 
the rectangular axes must be zero for equilibrium ; hence, if the 
deflecting forces are normal to the axis of the beam, the sum of 
the resistances to compression must eqical those for tension, 

Ist. Suppose that the coeflicient of elasticity for compression 
equals that for tension. Then will the compressions and exten- 
sions be equal at equal distances from the neutral axis. In 
Fig. 28, let Rq be the strain on a unit of fibres most remote 
from the neutral axis on the compressed side, and d^. = the dis- 
tance of the most remote fibre on the same side ; then, 

-/ = « = strain at a unit's distance from the neutral axis. 

Let ^„ A„ ^g, &c., be the sections of fibres on one side of the 

neutral axis, at distances of 
y„ y,, y„ &c., from the axis, and 

\\ U\ lc"\ &c., and y', y", y"\ &c., corresponding quan- 
tities on the other side. 

Then s {h,y, +Jc^, -f%.+&c.) = s QdyT +k'Y +**"y" -f&c.), 
or, %,+^.y,+^.2/. + &c.-(*y+^V+*''y'' + &c.) = 0, 
or, s% = (35) 

or the neutral axis passes through the centre of gravity of the 
sections.* 

If the resistance to compression i3 greater than for tension, 
the neutral axis will be nearer the compressed side than when 
they are equal. 

2. Suppose that the coeflicient of elasticity is not the same 
for tension as for compression. 



* The analytical expression for the ordinate to the centre of gravity is 

•=> lc,yr + k,y^ + &c. k'y' +1(f'y" + &c., -: JJ pdydat, 
•*^" All + A;a + &o. + A?' + *"+ iSba " o'^ -^ - /^ 

ltffydy^ = % r=0. 
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Let Fig. 28 represent the beam. Suppose that the sections 
OJ£ and J^I^ were parallel 

EK c 



before deflection. If through 
iV^5 the point where JEJF' in- 
tersects the neutral axis, JfS" 
is drawn parallel to OM, the 
ordinates between JSI^ and 
^JS'will represent the elon- 
gations on one side, and the 
compressions on the other, 
for those fibres whose origi- 
nal length was ZiV^. 
Let Z = ZJV, 

X z= ke = the elongation of a fibre at & / 
j> = Q, pulling or pushing force which would produce a ; 
2.y = NIc = distance of any fibre from the neutral axis ; 
h = section of any fibre ; 
Et = coeflicient of elasticity for tension ; and 
Ec = " " " compression. 

From equation (3) we have, "p z A. ^ ^ 

P = -y- (3^) 



Fig. 28. 



I 



But A is directly proportional to its distance from the neutral 
axis ; hence, if <? be a constant quantity, whose value is or is not 
known, we shall have a = cy* 



j?» 



£EJcy 



I 



Or, if. we adopt the same notation as in the preceding case, we 
shall have for the total force tending to produce extension, 

sp = ^ (*.y.+*,y.+/^.y.+&c.) (37) 

Similarly for compression 

s/) = ^ (^y +>5;'y'+;fc"y"+&c.) 



I 



(38) 

■ Placing these equal to each other and we have, 

A (/^,y. +%,+%.+ (fee.) = JE; {k'y'+k"y"+k"'y"'+&it.) 

or, in the language of the integral calculus, 

V o 

Et ^^ydydx = E^ s_y ydydx, (39) 

dot 
* Comparing this equation with equation (45) gives o = — 
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in which y is an ordinate and x an abscissa. Equation (39) 
enables us to find the position when the form of section is 
known. In most cases, however, the reduction is not easily 
made. 

JSkBample. — Suppose the sections are zectangolaK. 
A h C 






a 
y 



Let 6 = AC, 
d = AB, 

€i = a. and 



2) y = AE tot the superior limit. 

Fia. 28a. Then equation (39) becomes 



^0 Jo^^^^^J Q J y^y^> ''^^ch red'M'od becomef 



.•.y = 



1 + V « 



.(40) 



a = GO, y = 
a = 0, y = d. 

If y is known in equation (40), the ratio of the coefficients of elasticity may 
easily be found ; for, we have from (40) 








3d. Suppose that the deflecting force is not perpendicular to 
the axis, and Ec = E^ =^ E, 

Let 6 = the angle which P makes with the axis of the beam 
Fig. 29 ; 

P^=: P C08 6=z the com- 
ponent of P in the direc- 
tion of the axis of the 
beam; 

P^ = P sin = the com- 
ponent of P perpendicular 
to the axis of the beam ; 
Fig. 29. h = the distance of the 

neutral axis from the centre of gravity of the section AB^ and 
K = the transverse section. 



i 
^ 

^ 
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The whole force of compression equals the whole force of 
extension, equations (37) and (38). 

.•. P cos + -J- rr y dy dx =z -ySj y dy dan 

But the ordinate to the centre of gravity is (see foot-note on 
page 88), 

^ff ly dy dx ^ff\ydy dx. 
A- X ^ 

PI 
OTh = jj^ COS0 (42) 

If ^ = 90^, A = as before found. 

If 5 = there is no neutral axis, for the force coincides with 
the axis of the beam. The equation will show the same resultj^ 

if the value of <? = - = -, equation (45), is substituted in the 

if ' 

formula, for then f would be infinite, for (? = 0, and h becomes 
infinite. 

4tb. Let the law of resistance be according to Barlow's theory 
of fiexure^ and the deflecting forces normal to the axis of the 
beam. 

Using the same notation as before, also 

d^ = the distance of the most remote fibre from the neutral 
axis, and 

</) = the coefficient of longitudinal shearing stress. 

Then <fi i x dy := the resistance to shearing for tension, 

/o 
xdy =^ the resistance to shearing for compression, 

and, proceeding as we did to obtain equation (39), we have 
TrJJ ^^y^ "•" ^J ^y^Jjj ^^ydx^ ^J xdy.{^S) 

Examples. — ^Let the sections be rectangular, b = the breadth, d = the depth. 
Then £q. (43) becomes 
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i ra, + ^ dx = 2^ (rf - dO* + ^ «« - <«i) 

Td 
.'. di = itfor, d, = — ~ 



iC 



k 



I 



^••••«ba*««*»««»*« • 



'^M 



the former only of which is admiasible. 
If the value of G were less than that of T^ the 

former would be used instead of the latter in 
Eq. (43). 

If the section is a double T) as ii^ Fig- ^0* 
with the notation as in the figure, ^ will be used 
in finding the resis' ance of the vertical rib, and 

according to Article 75, ^— ; — t of the lower 



Vi 



1 ^i£^ 



d-dx 



di 



Fia. 80. 



flange, and f-r-ot the upper flange. 



It appears from these several cases that the neutral axis 
passes near the centre of gravity in most practical cases, and it 
will be assumed that it passes through the centre unless other- 
wise stated. 
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CHAPTER IV. 

SHEARING STRESS. 

• 

89. — GBNBRAii STATEMENT. — Two kinds of shearing stress 
are recognized — ^longitudinal and transverse — both of which 
have been defined in Article 2. Materials under a variety of 
circumstances are subjected to this stress — such as, rivets in 
shears; the rivets in riveted plates; pins and bolts in spliced 
joints ; beams subjected to transverse strains ; bars which are 
twisted ; and, in short, all pieces which are subjected to any 
kind of distorsive stress in which all parts are not equally strain- 
ed. In the first examples above enumerated, all parts of the 
section are supposed to be equally strained, but the straining 
forces act in opposite directions. Shearing may take place in 
detail, as when plates or bars of iron are cut with a pair of 
shears, when only a small section is operated upon at a time ; 
or it mav be so done as to brins: into action the whole section at 
a time, as in the process of punching holes into metal, where 
the whole convex surface of the hole is supposed to resist uni- 
formly. 

90. — MEOBlJIilTS OF SHEARING STRENGTH. The moduluS 

of resistance to shearing is the resistance which the material 
offers per unit of section to being forced apart when subjected 
to a shearing stress. 

This we call S. The total resistance to ultimate shearing 
has been found to vary directly as the section ; so that if 
IT = the area of the section subjected to this stress the total re- 
sistance will be 

^. o. 

The value of S has been found for several substances, the 
principal of which are as follows : — 



01 ths bsbibtancb of ifatebials. 

Metals. 

8 in lbs. per Bqnare 
inch. 

Fine cast steel * 92,400 

Eivet steel t 64,000 

Wrought iron * 50,000 

Wronght-iron plates punched t 51,000 to 61,000 

Wrought iron hammered scrap punched § . . . . 44,000 to 52,000 

Cast iron 30,000 to 40,000 

Copper I • 33,000 

Wood. 
With thejibre%. 

White pine 480 

Spruce 470 

Fir 1 692 

Hemlock** 540 

Oak 780 

Locust 1,200 

AcTOBS the fibres. 

Eed pine 500 to 800 

Spruce 600 

Larch ff 970 to 1,700 

Treenails, English 02k %% 3,000 to 5,000 

Jt will be seen from these results that the shearing strength 
of wrought iron is about the same as its tenacity ; of cast steel 
it is a little less than its tenacity ; of cast iron it is double its 
tenacity, and about f its crushing resistance ; and of copper it 
is about f its tenacity. 

The following table, which gives the results of some experi- 
ments upon punching plate iron, also illustrates the law of re- 
sistance, and gives the value of 8 for that material. 

* Weisbach Mech, and Eng,, vol L, p. 407. 

t Kirkald/s Eicp. Inq., p. 71. 

t Proc. Inst. Mech. Eng. England, 1858, p. 76. 

§ Proc. Inst. Mech. Eng. England, 1858, p. 73. 

I Stoney <m Strains, vol. ii., p. 284. 
TT Barlow on the Strength of Materials, p. 24. 
** Engineering Statics, Gillespie, p. 33. 
f f TredgolcPs Carpentry, p. 42. 
tt Murray on Shtpbuiiding Wood and Iron, p, 94.- 
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TABLE 

Of Experiments on PumeMng Plate Iran.* 



Diameter of the 


Thickneas of the 


Sectional area cat 


Total i)erssuzo on 


Pressure per square 


hole. 


plate. 


through. 


the punch. 


inch of area. 


Inch. 


Inch. 


Sanarelnch. 


Tons. 


Tons. (Qross.) 


0.259 


0.437 


0.344 


8.384 


24.4 


0.500 


0.625 


0.982 


26.678 


27.2 


0.750 


0.625 


1.472 


34768 


23.6 


0.875 


0.875 


2.405 


55.500 


23.1 


1.000 


1.000 


3.142 


77-170 


24.6 



These results give for the value of 8 from 51,000 lbs. to 
61,000 lbs. The total resistance varies nearly as the cylindrical 
surface of the hole. 

APPLICATIONS. 

91, — PROBiiEifi OF A TiE-B£A]xi« — To find the relation he- 
tween the dmtance AB^ Fig, 31, and the depth of a rectangu- 
la/r heam helow the notch^ so that the toted shearing strength 
shall equal the total tenacity ^ 




Fig. 31. 

Let h = AB = the distance of the bottom of the notch from 

the end, 

d = the remaining depth of the beam, 

k = the section of AB^ 

K = the section below A^ 

T = the modulus of tenacity, and 

8 = the modulus of shearing strength : 

* Proceedings Inst Meek. Eng. , 1858, p. 76. 
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Then the condition requires that 

TK= Sh,\)\Ak\K wh'.d 

•'k~ d~ <S 

T 12000 
Bxample.—¥oT Oak ^5- = -i^npr = l^i nearly ; hence AB should be aboat 

15i times the remaining depth. 

93. — RIVETED piiATES. — Giveti the dmmeter of the rivets ; 
it is required to find the distance between them from centre to 
centre^ so that th^ strength of the rivets for a single row shall 
equal the strength of the remaining iron in the jplates. 

Let d = the diameter of the rivets, 

c = the distance between them from centre to centre, 

k = the section of the rivet, 
^ = the remaining section of the plate, and 

t = the thickness of the plate. 
For iron T = S; hence, proceeding as above, we have 
k _ JTrd" ^ 0.78546?* 



z= 1 ,\ C = 



+ d. 



t(G-d) ~ ' " t 

Examples.- -It t — i inch, and d = i inch ; 
then c = 1.2854, inch, 

and = 0.61. 

c 

e — d 

lft=i inch, and <f = I inch ; then e = 0.8168 and = 0.541, which Is 

c 

nearly the value given by Fairbaim for the strength of single riveted plates. 

See Article 27. To insure this strength the rivet should fit tightly in the hole. 

93, — TRANSVERSE SHEARING IN BENT BEAIIIS. In FlgS. 

24 and 25 we considered only the elongations and compressions 
of the fibres, but in transmitting the strains from the middle to 
the supports there may be a vertical force at every vertical section, 




V 

A 



Pi P, P, P4 



Jr 



^ 



Fig. 32 a. Fig. 32 h. 

as is indicated by Fig. 26, and which may be shown in a gen- 
eral way from the equations of statics. 
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In order to simplify the problem, suppose that all' tibe bend- 
ing forces are in a plane, and let . 
P^ P^, Pa, &c., be the bending forces, , 

2^ j?^, jPi, &c., be the internal forced in any section of a beam, 

, each of which is the resultant of all the for- 
. ces concurring at that point, 
o, «j, ffj, <fec,, the angles, which P, P„ &c., make with the axis 

of 05, 

Hy a„ ^a, &c., the angles which P, i^, i^^, <fec., make with the 

axis of 0?, and y an axis perpendicular to a?. 
• Then the principles of Statics give the following equations : ^ 

SP COS a ■\- 2 FC08 « = l 

sP sin « + 2 Fdn a = 1(44) 

2{Py cos a—Px sin a) -}- 2{Fy cosa — Fx si/n a) = 0. J 

.Let x- coincide with the axis of the beam, and let all the forces 
i>e vertical ; or « = 90*=^ or 270° ; then 

(1) .2F0O8a = ) 

(2) 2 ± P + 2Fdn a = \ (44«) 

(3) 2 ± Px-\- 2Fy 008 a — 2Fx dn a = ) 

The firgt of these equations shows that the sum of the resist- 
ing forces parallel to the axis is zero ; or that the total compres- 
sion equals the total tension. This is equation (35) in another 
form. The second shows that the sum of the bending forces 
equals the sum of the vertical components of the resisting forces. 
If we let 8, represent the total strain, this equation becomes 
2P = 2F8in a =8^, which is the result sought. 

That is, w/i.en the bending forces of a beam, act vertically to 
the a^ of the beam, the algebraic sum ofaU the bending forces 
between one end and the section considered equals the vertical 
shearir^g stress in that section. 

The following are some of the more simple cases : 

1. Beam fixed at one end and loaded with a weight P at the 
free end, Fig. 36 8, =P 

2. Beam fixed at one end and loaded uniformly. Fig. 38, 
(load being w per unit of length) S^ =■ lox 

3. Beam supported at its ends and loaded with a weight P at 
the middle. Fig. 40 8, = iP 

4. Beam supported at its ends and uniformly loaded. Fig. 42, 

8, = iwl —wx.. 
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5. If a beam Ib supported at its ends, and loaded with several 
weights Pj, P„ P„ etc, as in Fig. 32 i, we have for the sheof^ 
ing stress. 

between the end and Pj = F ; 
between P, and P, — V - P^] 

betweenP, and P. - V- P^-P^\ 

between P. and P, = F - P, - P. - P. ; etc 

If the weights are equal to each other 3= P, we have P ^ P^ 
= P^z=z P„ etc. ; and if there are n of them, and they are sym?- 
metrically placed in reference to the centre of the beam, we have 

If 71 is even, we have, at the centre of the beam, the 
transverse sJieaHng stress = ^nP — ^nP = ; 
and if n is odd, there will be a weight at the centre, and each 
side of the central weight we have 
transverse shearing stress = ^nP — i (n ± 1) P = ± -JP. 

These values are evidently independent of the form or mag- 
nitude of the beam. The consideration of the latter enters 
when we wish to proportion the beam to resist the former. 

The development of the third equation gives 

Pj ajj 4- P, aJa + (fee., + Fj/^ eos a^ + Fl y, 00s a, + &c. 

^JF^ x' sin a^ — F^ a?" sin a^ 4- &c = 0. 

Since 05,, a?„ <j&<?., a?', x'\ c&a, are linear quantities, the diffejv 
ential of x^ equals the differential of a?, ; hence we have 

dx^ = efoj = dx^ = &c = dx^ = dx" = &c. 

Similarly 

%i = dy^ = &c. 
Hence, by differentiating the above equation, we have 
^P dx — sFsin adx + sFcos a dy = 0, 

or -^ 2FCOS a =1 sFsin a — sP. 
Ax 

But the first of Eqs. (44^) reduces this equation to zero. 
.^. SP = :2Fsina = 8^ 

That ie, tJie vertical shearing stress in a beam when the op- 
pUedforeee a^e vertical is equal to the ji/rst differential coeffi^ 
^•die^ (^f&e fm^nent of the applied forces. 



For example, when a beam is fixed at both eods and loaded 
tiniformly, the moment of the applied forces is 

i wx (4aj — SI) 

as giveii in Eq. (112). Hence, according to the above rule we 
have 

Sg == j^wl — wx. 

When the bending moment has an algebraic maximum, the 
moment is greatest where the shearing stress is zero ; for the 
first differential coefBcient of the moment of applied forces is 
the value of the shearing stress, and this placed equal to zero 
and solved for x will give the point- of greatest stress. 

The sum of the moments may be represented by a resultant 
moment. 

Let PV = :sFx; x" sFdn a = sFx sin a; and F y' ^ 
2Fx€08a. Then the second of Eqs. (42<a^) becomes 

P'x' -x" ZFsinaz^F'y' 
or.P'x' -x" S,:=^F'y' 
OT, r {x' - x'') =. F y 

hence Ihe shearing stress forms a couple with the applied force, 
or resultant of applied forces. 

If the origin of moments be taken in the section considered, 
x" will be zero, and we have 

P'x' = F y\ 
or more geuenally 

i:Px — i:Py 

which is the fundamental equation for flexure and rupture of 
beams under transverse strains. 

04. — BENBINO AUB TO TRANSTERSB SHBARIKO. — In 

order to determine the amount of deflection due to the loading 
and transverse elasticity, it is necessary to know the law of the 
distribution of the shearing strain over the cross section. When 
the body is sheared off without deflection, as in the case of 
rivets, and other cases where the shearing force acts on the 
plane of resistance, the stress is uniformly distributed over the 
cross secticm; but this is not necessarily the case when the 
the shearing stress is accompanied by flexure. 
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- It will be shown in Chapter IX. that the shearing Btress is 
zero at the upper and lower surfaces, and increases from theser 
points towards the neutral axis, at which point it is a maximum. 

It will be found in rectangular beams that the decrease of 
the shearing stress from the neutral axis varies as the square of 
the ordinate — Equation (210) — ^and hence the shearing stress 
maybe represented by the area of a common parabola, the 
diminution being represented by the external part of the same 
parabola. 

Hence, if 

h = the breadth of a beam, 

d = the depth, 

A = the area of a section = hd, 

l=z the length, 
^ = the coefficient of transverse elasticity^ 
jP = the applied weight, and 
J, = the deflection ; we have 

i£!/>d = the total resistance to transverse shearing. 

The deflection will evidently increase directly as the length ; 
hence, if the beam be flxed at one end and tlie weight be ap- 
plied at the free end 

If the beam be supported at its ends and loaded at thd 
middle, we have 

■ If -the beam be supported at its ends and miiformly loaded, 
we have 

r 

J^{\ wl — wxidie ^ SwP _ SWl 
^' "" lA E. 16 JL E. \^A E. ' 

The total deflection depends upon the elongation and conv 
pression of the elements, as well as upon transverse shearing, 
and hence involves both -fi'and E^. By comparing the valuer 
of the deflections above given, vrith those of the corr^ponding 
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cases in the n^xt chapter, it will be seen that the deflection due 
to transverse shearing has but little relative effect for long 
beams, but for very short ones it becomes the more important 
element* 

Example. — Beqidred the deflection of a rectangular beam due to trans- 
verse shearing which is supported at its ends and loaded uniformly over its 
whole lengthy when b = A inches, d = 10 inches, I = S feet ; w (the load per 
foot of length) = 600 pounds, and ^e = 45,000 pounds. 

Weisbach says: "The coeflScient of transverse elasticity is 
■assumed to be J ^ " (Weisbach, Mechanics of Engineering^ 
Vol. I., p. 622). This is nearly f E^ the value found theoreti- 
cally for amorphous bodies, but for fibrous bodies, such as wood, 
the transverse elasticity is not the same in the different directions 
of the layers, so that it has not a specific value. 

There is a longitudinal shearing at» every point of a beaifi 
where there is transverse shearing, but the deflection which 
arises from it is small. The analysis of these cases is reserved 
for Chapter IX., since a portion of it depends upon the analysis 
for flexure. 



95. snsARiNG REsasTANOB TO TORSION. — ^Whcu a solid 
is twisted the consecutive transverse sections of elements slip 
oyer each other, and for small angles of torsion, such as are 
only admitted in practice, the law of strains is comparatively 
simple, as is shown from theoretical considerations, and which 
is confirmed by experiment. This law is : the strains increase 
directly as the distance from the axis of the piece, as stated in 
Chapter YIII., and is applicable to wood and other fibrous and 
granular solids. 

But when the elastic limit is passed the case becomes very 
complex. All the elements which originally were rectilinear 
become helices, except those at the axis. The outer elements 
thus become elongated, and bj' their elastic resistance produce 
compression upon those near the axis. There will also be a 
lateral contraction of those elements which are elongated. The 
transverse sections which were originally plane will become 
warped. As tlie strain is increased the outer elements actually 

•^ 1. • ^^ 
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slip over each other, and thus loee, in a great degree, their 
power of resistance, and throw greater strains upon those nearer 
the axis, until finally the elements are sheared apart. During 
this process, shearing strains may exist in any direction — ^longi- 
tudinally, lateral, and tangential. 

In the more ductile metals rupture may take plaee slowly, 
and the final fracture be nearly a plane which will be perpen- 
dicular to the axis of the piece ; but in brittle metals, such as 
highly tempered steel and most qualities of unmalleableized 
cast-iron, rupture takes place suddenly with a " snap '' when 
under strain, and with only a small amount of torsion. In 
such cases the fi*acture is irregular and oblique to the axis. 
There is little or no appearance of shesiring, for rupture takes 
place with only a small, amount of shearing. 

The conditions of ultimate rupture do not appear to be gov- 
erned by definite mathematical laws ; and hence it might ap- 
pear useless to subject them to hypothetical laws ; but the laws 
which are assumed are sufliciently exact for practical cases when 
the material is not overstrained. 

JRemark. — It is fortunate that for practical purposes it is not necessary to 
know the exact condition of the strains within a piece which is used in a 
structure, for it is impossible to construct an equation which will represent 
every possible case with mathematical exaeteess. Bodies ar« i^ftaltely direr- 
sified. Some may be subjected to internal strains from the ptocess of manii- 
f acture. These may be caused by forging some parts more than others ; but 
especially by unequal cooling. The effect of an external load may be to in- 
eifease the intensity of some of these strains and relieve others. We also see 
that a simple stress may produce various strains : and henoe when the bodies 
are free from internal strains, and are perfectly homogeneous, the analysis 
which considers all the changes becomes exceedingly refined. 

We know by long experience that it is only necessary to keep within certain 
limits, and these limits can easily be determined. 

In the analysis of the more simple cases we consider only one distortion at 
ft time. Thus, in stretching a piece, we consider the more apparent phenom- 
enon — ^that of elongation — but at the same time there is a lateral contraction 
which, in practice, is so small that we disregard it, but which in a thorough 
analysis must be considered. Also in regard to flexure, we usually consider 
only the effect of the elongation of some of the fibres and the compression of 
others, as in the following chapter, but this change is necessarily aecompanied 
by others, which in ordinary cases may be disregarded. The same remarks 
apply to torsion and to transverse shearing. 

The analysis which determines the relation between strains and stresses in 
dastio bodies has given rise to a department of mathematical physics called 



the liif athematical Theory of Elasticity, whick has been developed by M. Lain6 
{Z/e^ons de la The&rie Mathematique de VElasticitedesCorpa^ Solides^ Paris, 1852) ; 
M. Liouiville (Journal LouiviUe, 1863, etc.); M. Kirchoff {Ueber das Qleich- 
gewicht und Bewegung einer unendUch dunnen dastiehes Stabes,* Journal de 
Crelle, tome 56, p. 285); M. JIaxwell (On the Bguilibrmm of Elastic Bodies; 
Transactions of the Royal Society of Edinburgh, vol. xx., 1853, p. 87, etc.); 
li. Cauchy (Bhsercises d? analysis et de Phpdque Matfiematigue ; Comptes Bendus^ 
etc.), and others. 
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CHAPTER V. 
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Fig. 83. 



- 96. BIiASTIC CVBTB. 

When a beam is bent by a transverse strain, equilibrium is 
established between the external and internal forces ; or, to be 
more specific, all the external forces to the right or left of any 

transverse section are held 
in equilibrium by the elastic 
r^istances of the material 
in the section. When in 
this state the curve assumed 
by the neutral axis is called 
the elastic curve. 

We will first find the 
equation of the elastic curve 
according to the conditions 
of the " Common Theory/^ following substantially the method 
originally given by Navier. Let Fig. 33 represent a beam, fixed 
at one end, or supported in any manner, and defiected by a 
weight, P, or by any number of forces. A£ is the neutral 
axis. Take the origin of co-ordinates at JB (or at any other 
point on the neutral axis), and let x be horizontal and coincide 
with the axis of the beam before fiexure, y vertical and u per- 
pendicular to the plane of ajy. The transverse sections CM 
and £^F being consecutive and parallel before fiexure, will 
meet after fiexure, if sufficiently prolonged in some point, as o. 
Through JST draw Kff parallel to CM; then will ke be the 
elongation of a fibre whose original length was elk. We have 
the following notation : — 

dx = Z^ = the distance between consecutive sections, 
y' = iV^ = any ordinate of the surface, 
u = Na or Na'. 

h = N'N'' = the limiting value of Uy 
fiifyV) = equation of the transverse section^ 
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dy'du = the transverse section of a fibre,' 
y (a?5 y) ==^the equation of the neutral axis, 

f = ON = the radius of curvature at iV^ 
jP = the force necessary to elongate any. fibre an amount 
equal to a when applied in the direction of its length, 

A = key 

J = the moment of inertia of the section, 

JE = the coefficient of elasticity of the material, which is 
supposed to be the same for extension and compression, 

s jPx = a general expression for the moment of applied 
forces. 

We suppose that the strain is within the elastic limit, and 
establish the algebraic equation on the condition that the sum 
of the moments.of.tbQ Applied. Qr deflecting forces equals the 
sum of the moments of the resisting forces. We also assume 
that the neutral axis coincides with the centre of the transverse 
sections of the beam. 

By the similarity of the triangles ZOiTand kNe, we have 

OJST: JVe : : ZN :ke,0Tf:y'::dx:^ 

.•.A= tdx ......(45) 

P 

The force necessary to produce this elongation is (see Equa- 
tion (3) ), 

p^ Edy'du^, 

which becomes, by substituting a from (46), 

p = -y'dy'du .(46) 

and the moment of this force is found by multiplying it by y'.; 

E 
r.py^ = —y'^ dy'du. (47) 

The total moirieiit 6f 'all the resisting forces to extension and 
compression is found by integrating Equation (47) so as to in- 
clude the whole transverse section, and this will equal the sum 
of the moments of the iapplied forces : 
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or^ / / '!/*dy'du=.2P» (48) 

The quantity E f fy^dy'du^ which depends upon the fonn of 

the transverse section and nature of the material^ is called the 
moment of jkxwre. 

The quantity f fy'^dy'duj when taken between limits bo as 

to include the whole transverse section, is called the moment of 
inertia of the surface.* Calling this / and Equation (48) 
becomes 

— ^2Px (49) 

P 

which is the equation of the dctstic curve. 

An exact solution of Equation (49) is not easily obtained in 
practice, except in a few very simple cases ; but when the de- 
flection is small an approximate solution, which is generally 
comparatively simple and always sufficiently exact, is easily 
found. 

We have, p = <-^-^> = — -^ 

d^y dx dry 

^=. '^- nearly, since for small deflections 
d*y ^ 

-^ (which is the tangent of the angle which the tangent line to 

the curve makes with the axis of a?) is small compared with 
• unity, and hence may be omitted. Hence equation (49) becomes 

EI^^ZPx (50) 

which is the general approximate Equation of the neutral axis. 

97. TBtB MOJHBNT OF iNBBTiA of all trausvcrse sections 
of a prismatic beam is constant, and hence / is constant for 

prismatic beams. 

— — —— — — ■ — ■ — .__^ — ^ — ^—^ 

* See Appendix. 
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For a rectangle, as Fig. Si, we have 

J= I I y'dydu = .f^fbO' (51) • 

■id 



J? or a rectangle 

Jo J- 




Fig. 34. 



For a circle, the origin of codrdinates being at 
the centre ; 

y =: p &m 
dydu =^ p dp dO 




Fia« 35. 



•/o JO 



SPECIAL OASES OF PRISMATIC BEAMS. 

98. EeQTJIKED THE EQUATION OF THE NEUTRAL AXIS, AMOTTNT 
OF DEFLECTION, AND SLOPE OF THE CURVE OF A PRISMATIC BEAM, 
WHEN SLIGHTLY DEFLECTED, AND SUBJECTED TO CERTAIN CONDITIONS 
AS FOLLOWS : 

99. CASK I. — Suppose a horizontal beam is fixed at one 

EXTREMITY AND A WEIGHT P RESTS UPON THE FREE EXTREMITY ; 
REQUIRED THE EQUATION OF THE NEUTRAL AXIS AND THE TOTAL 
DEFLECTION. 





Fio. 36. 



Fig. 37. 



The beam may be fixed by being embedded firmly in a wall, 
afi in Fig. 36, or by resting on a fulcrum and having a weight 
applied on the extended part, which is just sufficient to make 
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the curve horizontal over the support, as in Fig. 37. The latter 
case more nearly realizes the mathematical, condition of fixed- 
ness. In either case let 

* * • ' 

I = A£ = the length of the part considered, 
i = the inclination of the curve at any point, and 
A^=- BC z=z the total deflection. 

Take the origin of coordinates at the free end, A ; x horizontal, 
y vertical and positive downwards. The moment of P on any 
section distant x from A is jPa?, which is the second member of 
Equation (50) in this case. Hence Eq. (50) becomes 

iJ7g=P» (53) 

Multiply both members by dx and integrate, and we have 

El^ = \P^^ Cy (54) 

When the deflections are small, the length of the beam re- 
mains sensibly constant, hence for the point £jX= I; and at 

the fixed ©i^d^ = ^« Substitute these values in Eq. (54), and 
we find Vi= — i PP, and (64) gives 

| = ^(«?-^=tangi. .....(55) 

The integral of Equation (65) is 

But the problem gives y = for 05 = .•. (7j = ; 

.•.y = 65/(«^-3?«) (56) - 

which is the equation of the neutral axis, according to the com- 
mon theory, and may be discussed like any other algebraic 
curve. 

The greatest slope is at Ay to find which make a? = in Equa- 
tion (55) 

PP 
.'. tang i (at the free end) = — o^T" 
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The greatest distance l^etween the curve and the axis of x is 
at JB, to find which make aj = Z in Equation (56), and we have 

y = '^ = -zm • ^^^ ' 

In this case we have 



8s = EI 



dS, 



= ^^^^ = P.*..' W 



do^ "" dx 

That is, the transverse shearing strain is uniform over the 
whole length and equal to the load at the free end. 
DifFereiiti^ting' agdiri gives ' 

— ^ =r 0* 

that is, the increment of transverse shearing is zero. 

If y were- positive • upward, everything else remaining the 
same, the second member of Eq. (53) would have been negative, 
for it is a prinqiple.in the. Differential Calculus that when the 
curve is concave to the axis of x, the second differential coeffi- 
cient and the ordinate must have contrary signs. This would 
make tang i and' J positive. It will be a good exercise for the 
student to solve this and other problems by taking the origin 
of coordinates at different points, only keeping x horizontal and 
y vertical. For instance, take the origin at jff; at C; at the 
point where the free end of the beam was before deflection ; at 
the middle of the beam ; or at any other point. 

jS&awpfo.— If i = 5 ft., & = 3 in., (f =8 in., j^= 1,600,000 lbs., andP=5,000 
lbs. ; required the slope at the free end and at the middle, and the maximum 
deflection. 

lOO. CASH II. — Suppose that the beam is fixed at one 

END, is free at THE OTHER, AND HAS A LOAD UNIFORMLY DISTRI- 
BUTED OYEk TtA wflOtfi Lt:iT(>'rH.^The beam may be fixed as 
before, as shown in Figs. 38 and 39. 





Fio. 88. 



Fig. 39. 
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Let w = die load on a unit of length. This load may be the 
weight of the beam, or it maj be aa additional load. 
W=wl = the total load. 
Take the origin at A. 

Then lox = the load on a distance x, and 

iiDo? = the moment 'of this load on a section distant 
X from^. 
Hence Equation (50) becomes 

^jg = i««?. (58) 

•'•y=2iE?<**-*^*^ <*^) 

andJ = -g-^^=-g^ .(61) 

In which -^ = for a? = ? .'. C^ = ^ ah'j^ 

y = for a? = .'. (72 = 0, and 
y ^ A for a? = Z. 

If the origin of coordinates were at the fixed end, X Px in tiie 

w 

first case would be P (Z — a?), and in the second -^Q — xf. The 

student may reduce these cases and find the constants of inte- 
gration. This case may be further modified for practice by 
taking the origin of coordinates at different points. 
From Eq. (58) w« have 



Also 



>S1? = jE7 ^ = -wa?. (62a) 

dS8 = £:i^=:wdxi 



that is, the increment of shearing is the load per unit of length 
multiplied by the increment of length. 

lOl, CASE III. — ^Let the beah be fixed at one end asd a 

IX)AD UIOFOSKLT DISTRIBUTED OYEB ITS WHOLE XENaTH^ ASD A 
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WEIGHT ALSO APPLIED AT THE FREE END. — This IS a Combination 
of the two preceding cases, and is represented by Figs. 36 and 
37, in which the weight of the beam is the uniform load. 

B,ndJ = ^^j(P + iW) (62) 

hence the deflection of a beam fixed at one end and free at the 
other, and uniformly loaded, is f as much as for the same weight 
applied at the free end. 

103. CASK IT. — Let the beam be supported at its ends 
AND A WEIGHT APPLIED AT ANY POINT. — ^Figs. 40 and 41 repre- 
sent the case. 





Fig. 40. 



Fia. 41. 



Let the reaction of the supports be V and ¥[, Take the 
origin at A over the support, and let AD = o = the abscissa 
of the point of application of /*. 

Then, F= ^-^ F, and Fi = |- P. 

The case is the same as if a beam rested on a support at jD, 
and Aveights equal to V and Fi were suspended at the ends. 
For the part AD, Equation (50) becomes :— 






" dx 



21EI 



(63) 
.(64) 
.(65) 



aady=-^^^of+CiX+{C»=0) 

in the last of which, y = f or a> = .•. 0^ = as indicated. 



r _ 

■V -- 
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For the part DB, tlie origin of coordinates remaining at A^ 
we have : — 

EI^ =-Yx +P(aj-c) = P"-^= - Fi (/-«).. .(66) 

and y = ^j {a»-Sla?) -i- Cx + C" (68) 

To find the constants, make a; = o in equations (64) and (67) 
and place them equal to each other ; do the same with (65) -and 
(68) ; and also observe that in (68) y = for a? = ^ These 
conditions establish the three following equations : — 

From these we find 

^' = 6^/(^+2?) 



%EI 
Hence, for the part AD we have 

Px, 



ET^=-^-^' 



d3?~ I 



= g^F(^3?+8c)a*+(^+2cP-3c»;"j 



°'*'^ = 



.(69) 



y= g^T(c-Z)a^+(fl^+2?-3cZ)aBl 



(70) 
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To find the maxiraum deflection, if c is greatser than JZ, make 

cLti 

^- = in (69) and find x ; then snbstitnte the value thus found 

in Equation (70). If e? < JZ make-# = in Equation (67) and 

substitute the value thus found in Equation (68). 

If D is at the middle of the length, make c = \lm equations 
(63), (69), and (70) j and we have for the curve AD 

JiJ^=-iPx. (71) 

y=4^/(3?a,-4a!») -. (72) 

pn 

and J = ^j. (if x = ^lm (72) ) (73) 

The gi^atest stress is at the centre, and the maximum mo- 
ment is found by making x = ^l in the second member of 
Equation (71). Hence, the maxirmim ittoment is 

iPl (73a) 

In this case the curve DB is of the same form as AD^ but 
its equation vs^ill not be the same unless the origin of coordi- 
nates be taken at the other extremity of the beam. 

Erom Eq. (71) we have 

Also dSs = 0. 

lOS. CASK T. — Suppose that a beam is supported at or 

NEAR ITS EXTREMITIES, AND THAT A LOAD IS UNIFORMLY DISTRIB- 
rTEI> OVER ITS WHOLE LENGTH. 

No aocouqt is m^de of the small por- 
tion of the beam (if any) which projects 
beyond the supports. The distance be- 
tween the supports is the length of the 
I)cam which is considered. ^ 

Xiet the notation be the same as in the Fia. 42. 

preceding cases. 
8 



c 
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Then V = \v)l = J Tr=: the weight sustained by each support; 

Vx = i^lx = the moment of V on any section, as c ; 

wx is the load on x^ and the lever arm of this load is 
the horizontal distance from its centre to the section c, or ^a;; 
hence its moment is iwa?, and the total moment is the differ- 
ence of the two moments. Hence Equation (50) becomes 

Zrg=M-7« + a?) (74) 



•••| = 2S7(-«^+^+^' 



W 



and if ar = iZ in (75), y = J = 3g|^= ggj^ (76) 

. In these equations ^ = for x = iCy /. 61 = ST^r J 

and y = for aj = 0, /. C2 = 0, 



104. CASK Ti. — Let the beam be suppoeted at ns ends, 

uniformly loaded, and also a LOA.D MIDWAY BETWEEN THB 
SUPPORTS. 

This case is a combination of the two preceding ones, and 
may be represented by Fig. 40 ; for the weight of the beam 
;inay be the uniform load. Hence 

:EI^=:-iPx + iwi^- iwlx (77) 

Experiments on the deflection of beams are generally made 
in accordance with this case. If the beam be rectangular, we 
have if rom Equation (61), 
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jT = — hcP, which in (78) gives 

According to Equation (79) the deflection of rectangular 
beams varies as the cube of the length / and inversely as the 
hreadth and cube of the dejpthy and directly as the weight 
applied. 

In making an experiment to determine E^ the beam is 
weighed, and that portion of it which is l)etween the supports 
and unbalanced will be TT, and all the quantities except IS 
may be directly measured. If -E'be known, we may measui'e 
or assume all but one of the remaining quantities, and solve 
the equation to find the remaining quantity, as the following 
examples will illustrate : — 

Meamples. — 1. If a rectangular beam, 5 feet long, 3 inches wide, and 3 inches 
deep, is deflected iV of an inch by a weight of 3,000 lbs. applied at the middle ; 
required the coefficient of elasticity. B = 20,000,000 lbs. 

2. If ft = 2 inches, d = A inches, and ^ = 6 feet, the weight of the beam 
144 lbs., and a weight P=ilO,000 lb& placed at the middle of the beam deflects 
it i an inch ; required B. B= 14,711,220 lbs. 

3. A joist, whose length is 16 feet, breadth 2 inches, depth 12 inches, and 
coefficient of elasticity 1,600,000 lbs., is deflected ^ inch by a weight in the 
middle; required the weight; the weight of the beam being neglected. 

Ans. P = 1,562 lbs. 

4. An iron rectangular beam, whose length is 12 feet, breadth 1^ inch, co- 
efficient of elasticity 24,000,000 lbs., has a weight of 10,000 lbs. suspended at 
the middle ; required its depth that the deflection may be ^^u of its lengfth. 

Ans* 8.8 in. 

5. A rectangular wooden beam, 6 inches wide and 30 feet long, is supported 
at its ends. The coefficient of elasticity is 1,800,000 Ibn. ; the weight of a 
cubic foot of the beam is 50 lbs. ; required the depth that it may deflect 1 
inch from its own weight. 

How deep must it be to deflect 7^ of its length ? 

6. A cylindrical beam, whose diameter is 2 inches, length 5 feet, weight of 
a cubic inch of the material 0.25 lb., is deflected f of an inch by a weight 
P = 3,000 lbs. suspended at the middle of the beam. Bequired the coefficient 
ol elasticity. 



11 d^ THE BESISTASrCB OF SCATEBIALS. 



To BolTe this sabstitate J=r ^nr* (Equatioii (53)) ih Equation (78). This giyei 

7. Beqcdred' 1^ 'depth of a rectangnlar beam which is sapported at its ends, 
and BO loaded at the middle that the elongation of the lowest fibre shall eqnal 
rhis o^ i^B original length. (Good iron may safely be elongated this amount) 

Equations (49) and (78a) beoome — =iP?. • . />= -p-. In this substitute the 

^«e "of ij Bquation (51), and it beoomes 

Ebd* g ^^ problem find p = 700d 



•••^V 



2100PJ 
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8. Required the radius of onrvature at the middle point of a wooden beam, 
when P= 3,000 lbs.; ^=10 ft; ft = 4 in. ; d = 8 in. ; and ^= 1,000,000 lbs. 

TJ'r.Tii.H^ni. (ASk\ nrsA n^\ ^^* n - ^^ _ M0O^0OOxj^x42L?! - 1 MA 

Equations (40) and (73a) give p = ^^= ix3,000x 1(^x18 = ^'^ 
inches. 

9. Let the beam be iron, supported at its ends. Let & = 1 in., <? = 3 in., 
I = 8 ft , J^ = 25, 000,000 lbs. Required the radius of curratnre at the middle 
when the deflection is i of an inch. Use Eqs. (49) and (73) for P at the middle. 

EI RI r oQAo- V 

from which it appears that it is independent of the breadth and depth. 

10. The centrifugal force caused l)y a load moving over a deflected beam 

may be found from the eiq>re8sion — , in which m is the mass of the meving 

load, 9^ its velocity in feet per second, and p the radius of curvature of the 
'beam. (See Heohanics.) ' 

11. All these problems may be applied to beams fixed at one end, and JP 
applied at the free end, or for a load uniformly distributed over the whold 
length, by using the equations under Cases L, II., and III. 



1#9. CASK WL. — Let the beam be fixed at one extbem- 

ITY, supported at THE OTHER, AND HAVE A WEIGHT, Pj APPLUS) 
AT ANY POINT. 

The beam may be fixed by being encased in a wall, Fig. 43, 
or by extending it over a support and suspending a weight ob 
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the extended part sufficient to make the beam horizontal over 
the support, Pig. 44 ; or by resting a beam whose length is 21 

. r « f ■ 





Fig. 43. 



Fig. 44. 



on three equidistant supports, and having two weights, each 
equal to P, resting upon it at equal distances from the central 




Fig. 45. 

support, Fig. 45. In the latter case each half of the beam 
fulfik the condition of the case. 

Let I = ABj Fig. 43, be the part considered, 
Y= the reaction of* the support, 
fU = AD = the abscissa of jP, and 
y = the deflection of the beam at D. 

Take the origin at Ay the fixed end. We may consider that 
the curve DB is caused by the reaction of V, while all the 
forces at the left of jP hold the beam for Fto produce its 
effect. Similarly the curve AD i& produced by the reaction V 
and the weight jP, while all the forces at the left of them hold 
the beam. In all cases we may consider that the applied forces 
on one side of the transverse section are in equilibrium with 
the resisting forces of tension and compression in the section. 
It is well also to observe that the origin of moments is at the 
centre of the transverse section^ while the origin of coordinates 
may be at any point. 

(Jilt 
For the curve AD we have, observing that -^ = for a? = 0, 

and y = for a? = : — 
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m^=Pi«l-x)-ni-x) (83) 

^4=^(»^-^-'^Kf) '■'^ 

For the point D, we have, by making x = nl, 
^ = tan*=[4n»i*--(«-4n«)F]-^.. (85) 

y=f=iin»P-(W-in')jr\^f (86) 

For the curve D£y observe that -j- = tang i for a? = nZ, and 

y = j^for x= nZy nsing for their values (85) and {86) in deter- 
mining the constants in the following equations, and we have:— 

^/g=-F(Z-<r) (87) 

m^=iPn»P-rilx-'^) (88) 

JS7 y = (io! - inl)PnV - F(y- j) (89) 

To find the reaction F, observe that y = 0, for a? = Zin (89), 
and we obtain : — 

= (3-n)i^7i»?-2F?; 
.-. V= M3 - n)P (90) 

By substituting this value of Fin the preceding equations, 
they become completely determined. For the curve AD we 
have : — 

J7^= P[nZ - x-inXB - n){l - «)] (91) 

§ = ^[4n&-2a?-n»(3-«)(2&-«i^] (92) 
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P 

y = j^^ [QTOof - 2aj8 - n«(3 - n) (Sfar^-aj^)] . . . .(93) 
and for the curve DBz — 

EI^ = ^iPn\Z^n){l-^x) (94) 

%^im^^^^^^'^''^^^^r^'^ (^^) 

The points of greatest strain in these curves are where the 
sum of the moments of applied forces is greatest, and this is 
greatest when the second members of (91) and (94) are greatest. 
Neither of these expressions have an algebraic maximum^ and 
hence we must find by inspection that value ofx which will 
give tlie greatest valtie of the function within the limits of the 
prohlem,. Equation (91) has two such values, one for aj = 0, 
the other for x = nl^ and Equation (94) has one such for .» = /i^, 
which value will reduce (91) and (94) to the same value. 

Making a? = in (91) gives for the moment of maximum 
strain, 

XPx = iPZ [2/2, - 37i« + /^T (97) 

For the moment of strain at P, make x = nl^ in Eq. (91) or Eq. 
(94), and we have 

^Px = i PM [- 3 + 4n - «2] (98) 

To fiiid where P must be applied so that the strain at the point 
of application shall be greater than if applied at any other 
point, we must find the maximum of (98) : — 

.dSPx^^ = - 6n + 1271^ ~4n' (99) 

an ^ 

n = 0.634+ (100) 

or the force must be applied at more than -^^j^ of the length of 
the beam from the fixed end. This value of n in (98) gives, 

2'Pa? = PZ X 0.174 

Equation (99) has two values of n^ but the other is not within 
the limits of the problem. 
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The position of the weight, which will give a maxijnam 
strain at the fixed end, is found by making (97) a maximnnL 
Pi-oceeding in the usual way, we find : — 

n = l±iv^3= 0.422 + (101) 

which in Eq. (97) gives, XPx - PI x 0.181 (102) 

and in Eq. (98) XPx = PI x 0.131 +. 

To find where P must be* applied so that the strain at the 
point of application will equal the strain at the fixed end, make 
Equations (97) and (98) equal to each other, and find n. This 
gives, 

n= \ 3.4141 + (103) 

( 0.5858 +. 

But n = 0.5858 + is the only practical value. 

To find where P must be applied so that the curve at that 

point shall be horizontal, make ~ = 0, and x = nl in (95). 



This gives n 



which are the same as the preceding values of n. To find the 
corresponding deflection, make x^rdy and n = 0.5858 +, in 
(93), and we find 

A =z 0.0098 ^ (104) 

For n < 0.5858, tang i is + | 

n > 0.5858, tang i is — [• (105) 

«,= 0.5858, tang i is ) 

To find the maximum deflection when n = 0.634, make ;^ = ^ 

in Eq. (92) or (95), according as the greater deflection is to the 
right or left of P. But, according to Eq. (105), it belongs to the 
curve AD ; hence use Eq. (92). Making n = 0.634 in Eq. (92), 
placing it equal zero, and solving gives, 

aj = 0.6045Z; 
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wMch in Eq. (93) gives, 

y = J = 0.00957 -gj (106) 

To find where P must be applied so as to give an absolute 
maximum deflection; firat find the abscissa of the point of 
maximum defiection, when P is applied at any point by making 

^ = in Eq. (92), and thus find 

^= (3^.K-2 ^ ^^^^ 

which, substituted in Eq. (93) gives the corresponding maximum 
deflection. Then find that value of n which will make the 
expression a maximum. 

To find the defiection when P is placed at the middle, make 
n i= i in Eq. (93) or Eq. (96), which gives 

7 PP 



S = 



48.16 EF 



The point of contra-fiexure in the curve AD h found by 

making -A^ = in (91) (see Dit Cal.) which gives^ 

• Zn^ - n^ - 2n 
^""l^^Ti^-a^ 

The second member of Eq. (91) is the moment of applied 
forces, and as it is nought at the point of contra-fiexure, it fol- 
lows that at that point there is no bending stress, and heiKje no 
elongation or compression of the fibres, but only a transverse 
shearing stress. The value of the transvei'se shearing is 

S8 = i:i^=:-P + W(^-n)P 

which compared with Eq. (90) shows that the shearing strain 
at any point of the curve AD subtracted from the reaction at 
\B equals the total load P: 

If a beam rests upon three horizontal equidistant supports, 
and two weights, each equal P, are placed upon it, one on each 



122 THB BE8I8TAN0S OF MATEBIALS. 

side of the central support and equidistant from it, it falfik 
the condition of a beam fixed at one end and supported at the 
other, as before stated, and the amount which each support will 
sustain for incipient flexure may easily be found from the pre- 
ceding equations. 

The three supports will sustain 2P, and the end supports 
each sustain F= in\S - n)P. (See Eq. (90).) 

Hence, the central support sustains 

F = 2P - 7i»(3 - n)F. 
If n = i,F=VVi',and F = ff P. 

106. €ASB Till. — Let the beah be fdced at one end, suf- 

POBTED AT THB OTHEB, AND XJNIFOBMLY LOADED OVEE ITS WHOLB 
LENGTH, 





FlO. 46. 

Take the origin at Ay Figs. 45 and 46, and the notation the 
same as in the preceding cases, then Equation (50) becomes 

jEI^ = iiod^^ Vx (108) 

Integrating gives 1^ === gl^. (a? -?)+ ^(? - aO, (109) 

B.n^y=-^[{^-^^x)^-^^{Sl^x^a?) (110) 

du 
in which ^ = for x = 1, and y = for a? = 0. 

If F= 0, these equations become the same as those under 
Case II. 

In Equation (110) y is alsD zero, for x=l; for which values 
wehaveF=f Tr=|wZ (HI) 

This value substituted in Equations (108), (109), and (110) 
gives : — 
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M^ = iwx{4^-3r) (112) 

l=4-57(«'^-»^-*-^ ; (^1^) 

y = ^^jr{2a^-3la?-^Px) (114) 

The point of maximnm deflection is found by placing Equa* 
tion (113) equal zero and 8olvii\g for x. This gives 

x= I, \ 

and, X = -^^ 1 = 0.4215?, 

16 ' 

using the positive value only ; and this in Eq. (114) gives 

WP 
y = A = 0.0054 -^ : (115) 

There are two maxima strains ; one for a? = Z ; the other for 
X = f Z. The former in (112) gives 

SPx = iwP = iWl. (116) 

and the latter gives 

SPx =^^^Wl=-^Wl nearly. 

The point of contra-flexure is found from Equation (112) to 
be at aj = f Z^ at which point the longitudinal strains are zero, 
and there is only transverse shearing. 

From Eq. (112) we have 

For x = ilwe have Ss = fwl (116^^) 

If the beam is supported by three props, which are in the 
same horizontal, Fig. 46, then each part is subjected to the same 
conditions as the single beam in Fig. 45. Hence, if W is the 
load on half the beam, each of the end props will sustain V = 
f W (Eq. (Ill) ), and the middle prop will sustain 2 TT- 1 TT 

From the supported end, Ay to the point of contra-flexUre 
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(f Z) the beam is in the same condition as a beam which is sup- 
ported at its ends and uniformly loaded. Hence the support^ 
end sustains J of iwl = fwly as before foimd. The shearing 
strain at the point of contra-flexnre must be the same as *t the 
supported end, which agrees with Eq. (116fl^). 

Such are the teachings of the " Common theory." But the 
mathematical conditions here imposed are never realized. It is 
impossible to maintain the props exactly in tha same horizontal. 
As they are elastic they will be compressed, and as the central 
one will be most compressed, the tendency will be to relieve the 
strain on it and throw a greater strain upon the end supports. 
If the supports be maintained in the same horizontal, the results 
above deduced will be practically true for very small deflec- 
tions, within the elastic limits. 

1 OT. CASE IX. — Let the beam be fixed at both ends and 

A WEIGHT BEST UPON IT AT ANY POINT. 




Pro. 47. 



To simplify the case, sup- 
pose that the weight rests 
at the middle of the length. 

Let the beam be extend- 
ed over one support and a 
weight, Pj rest at Cy suflBl- 
cient to make the curve hori- 
zontal over the support A. 
We have F= P, + iP. 

Let AC=gl. 

Then for the curve AD we have, 

i:i^, = F,(sl + aj) - rx = F^ql-iFx 

To find Pi observe that ^ = for a? = IZ; 

.-. = iF,gP-^ P?; .-. F^q = iF. 
This reduces the preceding equations to the following:— 



vuaajBM, 



13S 



£I^=kF{l~ix).,.. (117) 



1 = 84? (^-^^ 



.(110) 



and by integrating again, we find : — 



(119) 



For a? = JZ in (119), yz=zA=z ^g^jfjjr (^^^) 

There is no algebraic maximum of the moment of strain ai 
given in the second member of Equation (117), but inspection 
shows that within the limits of the problem the vmoment is 
greatest for a? = or « = il. These in i(117) give the same 
value, with contrary signs; hence the moment of greatest 
strain is 

SPx^±iPl,. (121) 

The moment is zero for x = ^L 



108* CASH X.— Let the beam be fixed at both ends and 

A LOAD XJIOFORMLY DISTRIBUTBD OVER US WHOLE LENGTH. 



1 • 



r=n=r:c=L 



jc: 



t::^ — ^ 






=^SF 




^m. 48. 



e notation being the same as before used, we have 

at ql =^ A O. 
;^he equation of moments is 
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^/^ = ii£W? - VX +Pi(£l + X) 

= iwa? — iwlx + PiqL 

Integrating, and observing that —^ = for a? = ; also y = 
for a? = 0, and we have 

EI^^\wQf - ^h^ + P^lx 

Ely = i^ - A^/a? + \Pxqla?. 

But ^ = for « = i; also y = for a? =Z ; 

•'•^^"■12 J ~12y 
which Bubstitnted in the previous equations give : — 

^^S=S^-«<^-«')] w 

y=257z(^-'')^ (12*) 

1 TF? 
For<» = 4Zm(124),y = J=^-g5^ (125) 

Making ^^= we find for the points of contra-flexure 



-IS: 



7887? 
2113Z 



at which point there is no longitudinal strain, bat a transverse 



shearing strain. We have 



^*= —d^ — "irf^-^ 



which is equal to ^TFat the ends (either ±) and zero at the 
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middle. At the first point of contra-flexnre (x = 0.2113Z) the 
shearing strain is 0.2887 TT, to which add the load on that part, 
= 0.2113 W, giA^es 0.5000 W, or i the total load. 

The maximnm moments are for x = and x = il. 
For x = 0, the second member of Eq. (112) gives -^Wl. (126) 
Fora5 = H " " " -h^l. 

Hence the greatest strain is over the support, at which point 
it is twice as great as at the middle. If Tr= jP, we see that 
the strain over the support is | as great in this case as in the 
former. 
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199. BEMTI^TS COI<I<CCTBJ». 



Ko. or 

THK 


CoNBTnoir OF 

THSBKAM. 


Hovr 

LOASKO. 


1 

Obiocsaz. 
risxuBX. 


• 

Maximttm 

MOMSMT or 


si 

h 

34 

12 

6 

3 

• 
4+ 

8 
8 

2 


Max. devlio* 

TION OB 00- 

JEFFICUMT OV 

/• 

El 


L 


Peced at 

ONE END. 


Load at 

FREE end. 


Px. 

Eq. (53). 


PL 

] 


-K7. (57). 


IL 


Uniform 

LOAD. 


\tDX* 

Eq. (58). 


\WL 


^y. (61). 


rv. 


Supported 

AT THE 
ENDS. 


At the 
middle. 


iPu. 
Eq. (71). 


i/^. 


-t^P' 
Eq. (73). 


V. 


Uniform. 


iw(lx—x*). 
Eq. (74). 


\Wl, 


Eq. (76). 


Vll. 


Fixed at 

ONE END 

AND Sup- 
ported AT 
the other. 


At 0.634Z 

FROM 
FIXED END 

Eq. (100). 


For^D 

Eq. (91). 

ForBB 

Eq. (94). 


K2 f^3^8)PZ. 


■^nearly. 
j^. (104). 


1 
Vlll. 


Uniform 


iw(4aj*-3te). 
Eq. (112). 


Eq. (116). 


XT' 

— nearly 
Eq. (115> 


TX 


Fixed at 
both ends. 


At the 

MIDDLE. 


iP(l-4x). 
Eq. (117). 


iPI. 
j^g. (121). 


P 

192* 

Eq. (120). 


X 


Uniform. 

1 


^^Eq. (122). 


Eq, (126). 


IT 

384 

Eq, (125). 



110. KKMAKKS. — It will be seen that the greatest strains 
in the 1st and 2d cases are as 2 to 1 ; and the same ratio liolds 
in the 4:th and 5th cases ; but in the 9th and 10th the ratio is 
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as 3 to 2. The maximum strains in Cases YII. and VIII. do 
not occur at the points of maximum deflection. 

Although the moment in the first case is to that in the 2d as 
2 to 1, yet the deflections are as 8 to 3 ; and in the 4th and 5th 
cases the deflections are as 8 to 5. 

A comparison of Cases lY. and IX. shows the advantage of 
fixing the ends of the beam. The same remark applies to Cases 
Y. and X. In the former cases the strain is only one-half as 
great when the beam is fixed at the ends as when it is supported, 
and in the latter two-thirds as great. 

Other interesting results may be seen by examining the table. 

The following are the results of some experiments made by 
James B. Francis : 

Meperiment 1. A bar of "common English refined " iron, marked " J crown 
K, best,'^ 12 feet 2f inches long, mean width 1.535 inch, mean depth 0.367 
inch, was laid on the 4 bearings, and loaded at the centre of each span, so 
as to make the deflections the same, the weight at the middle span being 
82. 84 pounds, and at each of the end spans 52.00 pounds. The deflections 
with these weights were as follows ; 

At the centre of the middle span 0.281 inches. 

At the centre of the end spans. . . .0.275 and 0.284 inches, mean, 0.280 " 

The deflections of the 3 spans being, as nearly as practicable, the same, the 
middle span is in the condition of a beam "fixed at both ends ahd loaded in 
the middle," each of the end spans " being fixed at one end and supported at 
the other." A piece 3 feet 11^ inches long was then cut off from each end of 
the bar, leaving a bar 4 feet 4f inches long, which was replaced in its former 
position and loaded with the same weight (82. 84 pounds) as before, when its 
deflection was found to be 1,059 inch, or 3.77 times the deflection when 
" fixed at both ends and loaded in the middle." 

Experiment 2. A bar of iron of the same quality and length as in Experi- 
ment 1, nearly square, its mean width being 0.553 inch, and mean depth 
0.549 inch, was laid on the same bearings, and loaded with the same weights, 
the deflections being as follows : 

At the centre of the middle span 0.342 inch. 

At the centre of the end spans 0.238 and 0.244 inch, mean, 0.241 " 

The bar was then reduced in length as in Experiment 1, leaving 4 feet 3$ 
inches, which was replaced in its former position and loaded with the same 
weight (82.84 pounds) as before, when its deflection was found to be 0.988 
inch, or 4. 06 times the deflection, ** when fixed at both ends and loaded in the 

middle." 
The result of both experiments agreed substantially with the deflection in 

9 



130 



THE BESISTANCE OF MATEBIALS. 



the case of a beam '* fixed at one end, supported at the other, and loaded in 

7 
the middle,** which is— = 0.438 of the deflection in the case, '* supported at 

each end and loaded in the middle." In the foregoing* experiments, the end 
spans correspond to this case, and the observed deflections with a weight of 52 
pounds, were 0.419 and 0.391 respectively, of the deflections in the case, 
^* supported at the end and loaded in the middle," differing somewhat, but not 
very widely, from the proportion given above. 



111. PROBIiEM. — A PRISMATIC BEAM BESTS ON A SUPPOBT 
AT THE MIDDLE OF ITS LENGTH, AND BARELY COMES IN CONTACT 
WITH SUPPORTS WHICH ARE PLACED AT EACH END. SuPPOSE THAT 
AN UNIFORM LOAD IS PLACED ON ONE-HALF OF THE BEAM ; IT IS 
REQUIRED TO FIND THE WEIGHT -P WHICH, IF PLACED AT THE 
END WHICH IS REMOTE FROM THE UNIFORM LOAD, WILL CAUSE 
THE END TO WHICH IT IS APPLIED TO REMAIN IN CONTACT WITH 
THE SUPPORT. 




In Fig. 49, 

Letl = AB = BC; 

w = the load per foot of length on BC; and 
jP == the weight at A which is necessary in order to keep 
the end down to the support. 

Take the origin at A, x horizontal and y. vertical. 

Since no part of I^ is supported by A, it must be balanced 
by a part of the reaction of the support at C. 

The supports B and O each sustain one-half the uniform 
load; hence, 

iwl — P will be the reaction of the support C; 
^l + 2P will be the reaction of the support B. 
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First consider the curve BOy and while so doing suppose that 
the part AJB is rigid ; in other words, that the weight P does 
not cause A£ to bend while the part BOi& elastic. We then 
have for any point a, between B and O. 

Px = the moment of P ; 

(i^Z + 2P) (a? — Z) = the moment of the reaction at B, 

which will have an opposite sign 

to Px\ 
w(x—l) = the load on Ba ; 
^{x—lf = the moment of the load on Ba. 

Hence, 

{a) EI^ = Pa? + ^{x-^tf-{i^wl + 2P) {x-l) 

also, i:iy=iPa?+^^w {x-T)^-^ (wl+iP) (x-l)'+ C^x-V C^ 

But y = f or a = Z ; and 

y = for x=2l; which values in the last equation give 

= :^PP+CJ+O, 

= ^PP+^wl'- ^{wl+4:P) P+2O1I+ Ci= 

P^—!^wl*+2Cil+C\. 

Eliminating successively Ci and Cg from these equations and 
we have, 

C\ = -^PP+^wd>. 

(7, = I Pl?—^wl\ 

These substituted in the preceding equations give 
(5) EI^ =^Pa?+ {\wx - ^wl-P) {x-lf-^PP+^^^ 
(o) Ely = ^Pa?+ {^wx-iwl-iP) (x-lf-^PPx 

These equations will enable us to determine all the properties 
of the curve £C. But the- solution of the problem only makes 
it necessary to find the inclination at £. For this x=l and we 
find 
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(^ %=(-iP+^wl) 



EI 

Now consider AB as flexible, and we hare 



Bat this valne of the tangent when 21 = 2 is the same as the 
preceding value 

.-. Ct = (- 20P+WI) 2^ 

Integrating again gives 

y = {4:Pa? - 20FPx + y^^^y^^^ + ^4 

But by the conditions of the problem 

y = f or » = .% Ci = 

Also, y = for a? = Z 

/. = - 16P? + wl\ 

This problem was suggested by the conditions of the draw- 
bridge. If the end is not held down, the distance which it will 
raise by an uniform load on the other half is found from Eq. 
(d), by making P.= 0, and multiplying by I. This will give 

24^/ 



113. TO FIND TUB REACTION OF THB SUPPOBTS, 

we may first find the bending moments over the supports, according to Clapey- 
ron^s method. 




Fig. 49a. 
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Let A, B and C be any three conseoatiye supporte; 
{, the segment AB^ and V the segment BO ; 
K? the pressure on a unit of length on AB^ and v>' on B0\ 
Xi, X,2 X3 the bending moments at A^ By and (7, respectively; 

Take the orig^ at A. The moment of external forces upon any point in the 
segment AB, will involve the moment of all the reactions at the left of A, 
and the moment of the total load to the left of A, plus the moment of the 
load on x. The moments of the two former may contain the first power of Xj 
and possibly they may also contain a constant. Let A and B be constants ; 
then the equation for the moment of flexure will be 

(a) m^^^A+Bx-iwx* 

If « = 0, the second member becomes 

A = X,, 
and if « = /, we have A+Bl — itol^ = X, 

.',B=-^wl + ?^^ 

(b) . \ BiQ = Xi + ^' Y ^^ a;+itoto-img« 
nnularly, if the origin be taken at B we have 

dv 
Integrating Eq. (6), observing that •—■ = tang t ' for a; = 0, and tang t" for x = 

I and ^ = for x=zO and for x=l Between the equations thus formed eli- 
minate tang •", and find the value of tang i" from Eq. (c), and substitute 
its value in the preceding. This done and the result may be reduced to the 
following form : — 

{d) Xi /H-2X, (n-r ) + Xar H-i(«rf' H-toT'O = o 

which expresses the relation between the bending moments at any three con- 
secutive, points of support. 

By applying this equation successively to the successive points, the bending 
moments at all the points of support may be found, after which the bending 
moments of any point of any of 'the segments by Eq. (a) or {b). The reactions 
may also be easily found by the aid of the results. 

H i = r = &c., and w =w' = &c., Eq. (d) becomes 

(e) X,H-4X£+X3+iirf*=0, 
and for the second, third, and fourth supports we have 

X2+4X3+X4+ittJ«« = 0, 

and so on. By taking the difference between these, we find the relation be* 
tween the bending moments for four consecutive points of support indepen- 
dent of the uniform load. 
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Example. — Suppose that there are five points of support, equidistttit; and 
the load uniform. 

The bending^ moment at the first support, A^ Fig. 49a, is sero ; that at B 
equals that at Dy — supposing that there is a fifth point, E^ beyond J). Henoe 
£or the first two segments, Eq. («), gives 

and for the second and third segments ; 

X,+4X3+X,-hiwJ* = 0, 

or Xj + SXj+it/ji* = 0; 

and by elimination 

Xg = — Aw?*) 9sxA. Xz = —ftu^*. 

Let Pj^j P{, <&c., be the reactions of the supports at A, B, &a, thenths 
moments at B are 

where W= the load on each segment. 
For the moments at G we have 

.\P»=iiwl 
The total load is 

2Pi+2Pt+P.,=AiDl 

.-^Pi-Uwl, 

which are the same as those given in the table on page 135. 
Whatever be the number of props, we have for the first segment 

EI^=^iViX*+iwx^+0, 

Ely^-iViX^+^itDX^^CiX + Ct 
For x=Oy y=0 ; also for aj=Z, y=0 

.-. (72=0, and (7,=iFii«-i»jw2». 
Hence over the first support we have 



dx ° '^ '24A7 

and for the deflection at the middle of the first segment 

which is always somewhat less than the maximTim deflection, except when the 
beam is supported at its ends onlj. 
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ADDITIONAIi PROBIiBlUS IFHICH ARE PURPOSEIilT LEFT 

lJNSOIiVEI». 

1. Suppose that a beam is supported at its extremities, and has two forces 
at any point between. . In this case the curve between the support and the 
nearest force will have one equation ; the curve between the forces another ; 
and the remaining part a third. 

2. In the preceding case, if the forces are equal and equidistant from the 
supports, the curve between the forces will be the arc of a circle. 

8. Suppose that the beam is uniformly loaded and rests on four supports. 

4. Suppose that the beam is supported at its extremities and has a load uni- 
formly increasing from one support to the other. 

5. Suppose that the beam is uniformly loaded over any portion of its 
fength. 

6. Suppose that it has forces applied at various points. 
These problems will suggest many others. 

7. Suppose that a beam is supported at several points, and loaded uniformly 
over its whole length. 

Let Tr= the weight between each pair of supports, 

VifVt^Vz^ &o.^ be the reactions of the supports, counting from one 
end, 
and let the distances between the supports be equaL 
Then we have : — 



No. o* 
Sup- 
ports. 


Vr 


F, 


F, 


F. 


F. 


F. 


F, 


F. 


V, 


F,. 
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\w 
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■fh 
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vw 
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m- 
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m 
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m 




10 


m 


m 


m 


m 


m 


m 


m 


m 


m 


m 



If the beams and props were perfectly rigid, all but the end ones would sus- 
tain W, and the end ones each i W. 
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« 
113. BBAintS OF TARIABIiB SBOTION8. 

For these /is variable, and its value must be substituted in 

Equation (50) before the integration can be performed. As an 

example, let the beam be 

fixed at one extremity, and 

a weight jP, be suspended at 

the free extremity, Fig. 60. 

Let the breadth be constant, 

and the longitudinal vertical 

section be a parabola. Then 

all the transverse sections 

„ ^^ will be rectangles. 

Fio. 50. ^ 

Let I = the length, 

h = the breadth, and 
d = the depth at the fixed extremity. 
If y is the whole variable depth at any point, we have, from 
the equation of the parabola, 

(iyf z=zpx^ or id^ =j>ly .\p = It' ^^ which J? is the parameter 
of the parabola. 

.'.f = ^ (127) 

From Equation (51) we have 

1= -^Jyf^ in which substitute y, from Equation (127), and we 

havo7=xV?«* (128) 

The equation of moments is, see Equation (50), 

EI -^ = Pa?, in which substitute ij from Equation (128), 
and we have 

da?- Eld?^ 

dv 

Multiply by dx and integrate, observing that -^ = f or a; = Z 
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Integrating again gives 

y is zero for x = (i. 
y= A foric = ^; 

■■•^-~ JW 



..(129) 



If, in Equation (5T), we substitute 1= -}^^ (Eq. (51) ), it be- 
cornea 

4/'? 

^ = -is? 

■which 19 onB-half that of Eq. (129) ; hence the deflection of a pris- 
matic beam IB one-half that of a parabolic beam of the Banie 
length, breadth, and greatest depth, when fixed at One end and 
free at the other, and has the same weight suspended at the 
free end. 

In a similar manner the equation of the curve may be found 
for any other form of beam, if the law of increase or decrease 
of section is known. Several examples may be made of beams 
of uniform strength, which will be given in Chapter VIL 

1 14. BBAIHS SIIBJECTED TO OBLI(|1IG STRAINS. 

Let the beam be prismatie, fined atone end, 
and mipport a weight, P, at the free eiid ; 
the beam being to indined that the direction 
of the force thaJl make an obtuie angle with 
i/ie aaw of the beam, at in Fig. 51, 

Let P| = f Bin 8 = component of P per- 
pendioulai to the axis of the beam, 

P, = P COB = oompoaent parallel to 

tha axis of the beam. /h^ 

Take the origin at the free end, the wdi i/ r^ 

tyt X being parallel to the axis of t^e beam, p^ 1 

and y perpendicular to it. " 

Then EquaUon (50) becomes Fio. 61. 
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JHg = -P.*+P.y 






(130) 



P P 

in which !>* = ^; »nd q*= -=|. The oomplete integral of (130) is (see Ap 

pendix). 



The conditions of the problem give 
: for a; = 2; and 
y = for X =0\ and these combined with the preceding eqnatioc 



dx 



give: — 






= (7i + C; 

From which Ci and (/j may be fonnd, and the equation becomes completely 
known. 
We also have y = /j for a? = ?; 

ql —ql p* 

iVdv^, suppose that the force makes an acute angle with the axis of the beam, 
as in Fi^. 52. 

For the sake of variety, take the orig^ at A, the fixed end, x^ still coin- 
ciding with the axis of the beam before flexnre. Using the same notation as 
in the preceding and other cases, we have 



,(131) 



The complete integral is 



J-.y=:A^q{x + B)-^{I^x) (132) 

in which A and B are arbitrary constants. 
From the problem we have 

y = f or a? = ; 

dv ^ ^ 

•^ = f or 0? = ; and 

y = ^ f or aj = ? ; 

by means of which the equation becomes 
Fig. 52. completely known. 

One difficulty in applying these cases in practice is in determining the value 
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of I, Before it can be determined, the position of the axis must be known. 
According to Article 78, 3d case, it appears that the neutral axis does not co- 
incide with the axis of the beam. Indeed, according to the same article, it is 
not parallel to the axis, and hence /is variable, and the equations above are 
only a secondary approximation ; the first approximation being made in estab- 
lishing Equation (50), and the next one in assuming / constant. In practice 
we assume that /is constant for prismatic beams, and, that the neutral axis 
coincides with the axis of the beam. 



115. FliEXURE OF COIiUMNS. 

If a weight rests upon the axis 
of a perfectly symmetrical and 
homogeneous column, we see no 
reason why it should bend ; but 
in practice we know that it will 
bend, however symmetrical and 
homogeneous it may be, and how- 
ever carefully the weight may 
be placed upon it. If the weight 
be small, the deflection may not be 
visible to the unaided eye. If the 
weight is not so heavy as to crush 
the column, an equilibrium will 
be established between the weight 

and the elastic resistance within the beam. Let the column rest 
upon a horizontal plane, and the weight P on the upper end be 
vertically over the lower end. Take the origin of coordinates 
at the lower end of the column. Fig. 53, x being vertical, and y 
horizontal. They must be so taken here, because x was as- 
sumed to coincide with the axis of the beam when Equation 
(50) was established. Then y being the ordinate to any point 
of the axis of the column after flexure, the moment of P is Py, 
which is negative in reference to the moment of resisting forces, 
because the curve is concave to the axis of », in which case the 
ordinate and second differential coeflScient must have contrary 
Bigns (Dif . Cal.). Hence we have, 




Fig. 54. 



^^s=-^. 



(133) 



140 THS KE8IBTANCS OT MATEKIALA. 

Mnltiplj by dy and integrate (observing that dx is constant), 
and find 

But ^ = for y = J = the maximum deflection* These 

values in the preceding equation give Cx = -pn'j which bemg 
substituted in the same equation and reduced gives 



.:x=yj 






.^— OX.LB ^ I ^^S* 

p A ^ 

But y = for a? = .-. 6^ = 0. Hence the preceding givea 



y = Jsin^^a, , (134) 

But y = f or a? = Z. Therefore, if n is an integer, these 
values reduce (134) to 



\/]^xZ = n,r; 



..P = EI^ (135) 

This value of P reduces (134) to 

y = J sin nir J 

which is the equation of the curve. It is dependent only upon 
the length of the column and the maximum deflection. If 
n = 1, the curve is represented by a, Fig. 54; if n = 2, by J; 
if 71 = 3, by c. 

If n = I, Equation (135) becomes 

P=~EI (136) 
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which is the formula to be used in practice. We see that the 
resistance is independent of the deflection. If the column is 
cylindrical, / = i ;r t** (see Equation (52) ) ; 

•••^ = ^x-p (137) 

hence the resistance varies as the fourth power of the radius 
(or diameter), and inversely as the square of the length. If the 
column is square, I=.^b^ (Equation (51)), 

'''^=l2"'< ? (^^^^ 

These formula^, according to Navier* and Weisbach,f should 
be used only when the length is 20 times the diameter for 
cylindrical columns, or 20 times the least thickness for rectan- 
gular columns ; and Navier says that for safety only -^ of the 
calculated weight should be used in case of wood, and J to -J^ in 
case of iron ; but Weisbach says they should have a twenty-fold 
security. 

JSxamples. — 1. What must be the diameter of a cast-iron column, whose 
length is 12 feet, to sustain a weight of 30 tons (of 2,000 lbs. each) ; JE = 16,- 
000,000 lbs. ; and factor of safety ^j. Ans. d = 7.52 in, 

2. If the column be square and the data the same as in the preceding ex- 
ample, Equation (138) gives 

4 / 12 X 60,000 X (12 X 12)^^ x 20 ^. . . ^ 

* = V ~"(3X4i6)^i"6;ooo;ooo— = ^'^ '^^^'• 

In the analysis of this problem I have followed the method 
of N avier ; but practical men generally prefer the empyrical 
formulas of Article 62. But it wdll be observed that the law 

• 

of strength, as given in the formulas in that article, are the 
same as those given in equations (137) and (138) for wooden 
columns, and nearly the same as for iron ones. The chief dif- 
ference is in the coefficients, or constant factors. In the analy- 
sis it was assumed that the neutral axis coincides with the axis 
of the beam, but it is possible for the whole column to be com- 
pressed, although much more on the concave than on the con- 

* Navier, Besumi des Lemons, 1838, p, 204. 

t Weisbach^B MecTumics and Engineering, YoL 1, p. 219. 1st Am. ed. 
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vex side, in which case the neutral axis would be ideal, having 
its position entirely outside the beam on the convex side.. In 
this case, if the ideal axis is parallel to the axis of the beam, 
the value of /will be constant; and equations (137) and (138) 
retain the same form. The problem of the fiexfiire of columns 
is then more interesting as an analytical one than profitable as 
a practical one. 

GBAPHIOAL METHOD. 

110. THB GRAPHIC A li imBTSOD cousists in representing 
quantities by geometrical naagnitudes, and reasoning upon them, 
with or without the aid of algebraic symbols. This method has 
some advantage over purely analytical processes; for by it 
many problems which involve the spirit of the Differential and 
Integral Calculus may be solved without a knowledge of the 
processes used in those branches of mathematics ; and in some 
of the more elementary problems, in which the spirit of the 
Calculus is not involved, the quantities may be directly pre- 
sented to the eye, and hence the solutions may be more easily 
retained. It is distinguished, in this connection, from pure 
geometry by being applied to problems which involve mechan- 
ical principles, and to use it profitably in such cases requires a 
knowledge of the elementary principles of mechanics as well 
as of geometry. 

But graphical methods are generally special, and often re- 
quire peculiar treatment and nmch skill in their management. 
It is not so powerful a mode of analysis as the analytical one, 
and those who have suflicient knowledge of mathematics to use 
the latter will rarely resort to the former, unless it be to illus- 
trate a principle or demonstrate a problem for those who cannot 
use the higher mathematics. A few examples will be given 
to illustrate this method. 

117, GBNBRAIi PROBI^Bin OF THB BEFIiBCTION OF 

BEAms. — To find the total defisction of a jypismatic hearth 
which is bent iy afbrce acting normal to the axis of the leam 
without the aid of the Calculus* 

Let a beam AB^ Fig. 55, be bent by a force, P, in which 
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case the fibres on the convex side will be elongated, and those 
on the concave side will be compressed. Let AB be the neu- 
tral axis. Take two sections normal to the neutral axis at L 




Fig. 55. 



and N^ which are indefinitely near each other. These, if pro- 
longed, will meet at some point as O. Draw ^iV parallel to 
LO. Then will Tee, = X, be the distance between ^iV^and JEJV 
at A, and is the elongation of the fibre at k. Let e]}f= y, then 
from the similar triangles kJVe and ZOJVwe have 



C^iT: JVe:: ZJST: kez=\ = 



We. LN LN 



ON 



^ ON^ 



If, now, we conceive that a force j9, acting in the direction of 
the fibres, or, which is the same thing, acting parallel to the 
axis of the beam, is applied at Ic to elongate a single fibre, we 
have, from Equation (3) and the preceding one, 

— ^^ E — 
p^EAaj^=.-^y^yAa, 

in which Aa is the transveree section of the fibre. As the sec- 
tion JV^ turns about iTon the neutral axis, the moment of this 
force is 



mi 



E 



which is found by multiplying the force by the perpendicular y. 
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Tills 18 the moment of a force which is snfiicient to elongate 
or compress any fibre whose original length was LN^ an amount 
equal to the distance between the planes KlfBJi^ ^iTmeasured 
on the fibre or fibre prolonged. Hence, the sum of all the mo- 
ments of the resisting forces is 

in which X denotes summation ; and in the first member means 
that the sum of the moments* of all the forces which elongate 
and compress the fibres is to be taken ; and in the second mem- 
ber it means that the sum of all the quantities j/* Aa included 
in the transverse section is to be taken. The quantity, Xi^ Aa 
is called the moment of inertia^ which call I, 

But the sum of the moments of the resisting forces equals 
the sum of the moments of the applied forces. Calling the 
latter XPX^ in which X is the ai-m of the force P, and we have 

EI 
.-. 0]!f= Ypx <^^^^ 

In the figure draw Lb tangent to the neutral axis at Z, and 
Na tangent at N, The distance ah^ intercepted by those tan- 
gents on the vertical through A^ is the deflection at A due to 
the curvature between L and N, As LN is indefinitely short, 
it may be considered a straight line, and equal x\ and Lb^=LG 
very nearly for small deflections ; and LC ^=^ X. {L stands for 
two points.) 

By the triangles (^ZiT and aZS, considered similar, we have 

Olf: X wLh : ah = Ypjsr 

in which substitute OJVtrom Equation (139) and we have 

, XxSFX 
ab = — j^j^— • • (14:0) 






which is sufficiently exact for small deflections. If, now, tan- 
gents be drawn at every point of the curve AB^ they will divide 
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the line A C into an infinite number of small parts, the sum of 
which will equal the line A (7, the total deflection. But the 
expression for the value of each of these small spaces will be of 
the same form as that given above for a J, in which P, E^ and 1 
are constant. 

This is as far as we can proceed with the general solution. 
We will now consider 

PABTICTJLAE CASES. 

118. CASB 1. liET THB BEA.1II BB FIXBD AT ONB BNB, 
ANB A I.OAB, P, BB APPIiIBB AT THB FBEB BNB— .This 
ia a part of Case L, page 100, and Fig. 37 is applicable. The moment of P, 
in reference to any point on the axis, is PX. Hence DPX is simply PX, 
which, substitnted in Equation (140), gives 

r.AC^^^lX'x (141) 

This equation has been deduced directly from the fig^ire. It now remains 
to find the sum of all the values of X^x, which result from giving to Xall pos- 
sible values from X = to X = t * To do this, construct a figure some prop- 
erty of which represents the oxpression, but which has not necessarily any 
other relation to the problem which is being solved. If X be used as a linear 
quantity, X* may be an area and X^x will be a smaU volume. These condi- 
tions are represented by a pyramid, Fig. 56, in which 

AB = Z = the altitude, and the base BCDE is a square, whose sides, BC 
and C2>, each = I. Let bcde be a section^ parallel 
to the base, and make another section infinitely 
near it, and caU the distance between the two sec- 
tions X. 

Then Ab = X — he — cd, 

X^ =■ area bcde^ and 
X^x = the volume of the lamina 
bcde, 
which is the expression sought. The sum of all 
the laminae of the pyramid which are parallel to 
the base is limited by the volume of the pyramid, 
and this equals the value of the expression IX^x 
between the limits and L The volume of the 

pyramid is the area of the base (= I') multiplied by one-third the altitude 
(ii), or iPj which is the value sought. 

■ ■■■■■ ■■■ II.. • m< . — I II III ■! IM^hMM ■■■M.M.I ■■1^—^. I.M ■!■■■■■■■ -> ■« 

* Tbis by tbe Galoola's becomes / x'dx' = \P. 
10 
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Henoe, AQ = ^^ 

which is the same iw Equation (57). 

The value of X*x may also be found by statical moments as follows : — Let 
ABG^ Fig. 57, be a triangle, whose thickness is nnitj, and 
which is acted upon by gravity (or any other system of paral- 
lel forces which is the same on each unit of the body). Take 
an infinitely thin sthp, hc^ perpendicular to the base, and 

let ABzz^l^ BG, 

Ah = X = be, and 
p = the weight of a unit of volume. 
Then Xx = the area of the infinitely thin strip be, and 
pXx = the weight of the strip be, and 
pX^x = the moment of the strip, when A is taken as 
the origin of moments. If the weight of a unit of volume be taken as a unit, 
the moment becomes X-x, which is the quantity sought, and the value of 
2)X=^ir from to ^ is the moment of the whole triangle ABC. Its area is il'y 
and its centre of gravity II to the right of A. Hence the moment is \l* as 
before found. * 

119. CASB II.— liET TUK BEAHI BE FIXED AT ONE END, 
AND VNIFORMIiT liOADED OVER ITS ITSOIifi liENGTH.- 

This is the same as a part of Case II., page 101, and Fig. 89 is applicable. 

Let X be measured from the free end, and 
to =■ the load on a unit of length ; then 
toX = the load on a length X, and 

iX = the distance of the centre of gravity of the load from the section 
which is considered. 
Hence the moment is ^wX\ which equals 2PX, and Equation (140) becomes 

"* = ih ^'*' '^ 

w «=' 
AG •= nWl ^X^x = the total deflection. 

To find the value of SX'ar, observe, in Fig. 58, that X^x is the volume of 
the lamina bcde, and this multiplied by the altitude of ^ — bcde, which is X, 
gives X'aj, the expression sought. Hence the sum sought is the volume ot the 
pyramid A — BGDE, multiplied by the distance of the centre of gravity of 
the pyramid from the apex ; or, 

' '^^-sE7i-mr (^^^ 

where TFis the total load on the beam. 

^^^___^__,_^ . _— ^ 

* This may be written 2 X^x = il'\ 

x=0 
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ISO. CJlSB III.— liET THB BEAlfl BH SITPPORTED AT 
ITS KNDS AND liOADED AT THB MIDDIiB B¥ A l^BIGHT P, 

as in Fig. 40. The reaction of each support is ^P, and the moment is iPX, 
and Equation (140) becomes 

But in this case the greatest deflection is at the middle, and the limits of 
XX'-x are and il. Hence, in Fig. 56, let the altitude of the pyramid be J2, 
and each side of the base also ^7, and the volume will be 

ilxilxioiil = -hP 
which is the same as Equation (73). 



131. CASBIV. liBT THB BBATV BB SVPPOBTBD AT ITS 
BNBS AND UNIFORMIiT liOADBD, AS IN FIG. 4ft. 

w being the load on a unit of length, the reaction of each support is iwl, 
and its moment at anj point of the beam is itolX. On the lengfth X there is 
a load wX^ the centre of which is at ^X from the point considered ; hence its 
moment is iwX'^, and the total moment is the difference of these moments; 

,\'S:PX=iwlX-iwX^, 

and Equation (140) becomes 

« 

and the total deflection at the middle is, 

The values of the terms within the parentheses have already been foui^d, 
and by substraoting them we have 

^^ - 384 ~Err 



1S3. BBMABKS ABOUT OTHBR CASES.— This method, which 
appears so simple in these cases, unfortunately becomes very complex in many 
other cases, and in some it is quite powerless. To solve the 9th and 10th 
cases, pages 124 and 125, necessitates an expression for the inclination of the 
curve, so that the condition of its being horizontal over the support may be 
imposed upon the anfilyeiis. But th6 9th case may be easily solved if we find 
by any process that the weight which must be suspended at the outer end of 
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the beam to make it hozi«mtal oxer the sapport is iPl divided by AC, Fig. 
47. For the xeaotioii of the sapport is iP+ Pi ; 

^zP^AC-^^PX 
=iiPl-.iPX 
PlXx - 4PX*» 



Odrri 



E,I 



and the deflection at the centre = \ -=-^ ifLXx — 4t'ZX^ taken between the 

limits and {I. 

The part ^Xx is the area of a triangle whose base and altitude are eadi \lj 
.• . "LXx = i(% and 'LX*x between the limits and \l, is ifjL* . -. AC (Fig. 55), 

P I* 



" 192 E.I' 

All these expressions contain /, the value of which remains to be fouid bj 
the graphical metM>d. 



133* MOMBNT OF IlfBRTIA OF A RB€TAN«I.B. 

Regvired the moment of inertia of a rectangle about one end as an axu. 

Let ABCD, Fig. 58, be a rectangle. Make BO perpendicnlar to and equal 
AB, and complete the wedge O — ABGD. 

Let La = the area of a veiy small surface at E, 
and y = AE = EF, then 

yAa •= the Yolume of a very small prism EF, 
and this multiplied by y gives 

^'Aa=the moment of inertia of the elemen- 
tary area at E, which is also the 
statical moment of the prism EF, 
and 



2^'Aa=/=the moment of inertia of the rec- 
tangle ABCB, 
Hence the moment of inertia of the rectangle is 
represented by the statical moment of the wedge 
G-ABCB. If 

AB =z d =: BG, BJid 

ADz=b, 
then the volume of the wedge is 

bdx id=zibd* 
and the moment = ^bd^ x §(2 = ^bd* 




Fig. 58. 



.)143) 



If the aads of moments passes through the centre of the rectangle, and 
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parallel to one end, we have BE=. GB= id in Fig. 59. Henoe the moment 
of ineiiia of the rectangle :=: 

2xbxidxidxiofid = igbd^ 

which is the same as Equation (51). 



1S4. THE mOMENT OF INERTIA OF A TRIANGI.E aboat 
an axis parallel to the base and passing through the vertex is, in a similal 
way, the statical moment of the pyramid ABGDE^ Fig. 60. 

Let b — CB =. base of the triangle, and 

d = AB = BD = GE = altitude of the triangle and pyramid and sides 
of the base of the pyramid. 

The volume of the pyramid = Ibd', 

The centre of gravity is id from the apex, consequently the statical moment 
Uibd'x'id=zibd\ 

But in a triangular beam the neutral axis passes through the centre of grav- 
ity of the triangle, and it is desirable to find the moment of inertia about an 
axis which passes through the centre and parallel to the base. 

This may be done as in the preceding Article ; but it may be more easily 





done by using the formvla of reduction^ which is as follows : — TJie moment of 
Inertia of a figure about an aais passing through its centre equals the moment 
of inertia about om axis parallel to it^ minus the area of the figure multiplied by 
the square of the distance between the axes, (See Appendix.) 

This gives for the moment of inertia of a triangle about an axis passing 
through its centre and parallel to the base 



ibd^-ibdx (|(f)*=-^W». 



.(143) 



19S. THE MOMENT OF INERTIA OF A CIRCI^E may be 

represented in the same way, but it is not easy to find the volume of the 
wedge, or the position of its centre of gravity, except by an analysis which is 
more tedious than that required to find the moment directly, as was done in 
Equation (51). But it may be found practically, by those who can only per^ 
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form mtiltiplioation, as follows : — Make a wedge-shaped piece <mt of wood, 
or plaster-of -Paris, or other convenient material, the base of which is the sem- 
icircle required, and whose altitude equals the radius of the circle, as shown 
in Fig. 60a ; then find its volume by immersing it in a liquid and measuring 
the amount of water displaced. Then determine the horizontal distance to 
the centre of gravity of the wedge from the centre of the circle by balancing 
it on a knife edge, holding the edge of the knife under the base of the wedge, 
and parallel to the edge, od, of the wedge, keeping the side vertical, and meas- 
uring the distance between the edge ab and the line of support. Then the 
statical moment of the wedge, which equals the moment of inertia of the 
semicircle, is the product of the volume' multiplied by the horizontal distance 
of the centre from the edge, and twice this amount is the moment of inertia 
of the whole circle. Its value for the whole circle, or for both wedges, is 

There are, however, many methods of calculating the moment of inertia of 
a circle without using the Calculus. The following appears as simple as any 
of the known methods : — 

The moment of inertia of a circle is the same about all its diameters. Hence 
the moment about X in the figure, flua the moment about Y^ equals ttoiGe the 
moment about X. The distance to any point ^ is p, and equals Vx^ "^V* \ 
01 p^ =x* + y^ ; and if Aa be an elementary area, as before, we have 

22Ao X* = SAo X* + 2Aay* = 2Aap«, 




a 
Fig. 60a 





Fig. 60c. 



Fig. 60J. 



the latter of which is called the polar moment of inertia, in reference to an 
axis perpendicular to the plane of the circle, and passing through its centre G. 
To find the value of SAa /o^, take a triangle whose base and altitude are each 
equal to r, the radius of the circle, and revolve it about the axis through (7, 
and construct an infinitely small prism on the element Aa as a base. 

We have p=zCA=: AB, Fig. 60<?. 

Aap=z volume of the small prism AB, 

Aap CA = Aap^ = the statical moment of AB, 

which expression is of the form of the quantity sought. 

Hence SAa />* is the product of the volume of the solid generated by thq. trian- 
gle, multiplied by the abscissa of its centre of gravity from 0. The solid is 
what remains of a cylinder after a cone has been taken out of it, the base of 
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the oone being the upper base of the cylinder, and the apex of which is at the 
centre of the base of the cylinder. Hence the volume of the solid is the yoI- 
ume of the cylinder, less the volume of the cone ; 

or Trr* x r— Trr* x ^r =:|7rr'. 

If now the solid be divided into an infinite number of pieces, by planes 
which pass through its axis, each small solid will be a pyramid, having its 
vertex at (7, and the abscissa to the centre of gravity of each will be ir £n>iii 
C* Hence we finally have 

2Aa p* = J Trr' X }r = i^iT*, 
which equals 21Aa x*, 

.'. 2A5aj*=i7rr* (144) 



136. moniENT of inertia of otkejb surfaces. — 

The general method indicated in the preceding articles is applicable to sur- 
faces of any character, and with careful manipulation approximations may be 
made which wUl be veiy nearly correct, and, as we have seen above, in some 
cases exact formulas may be found. ' 

1S7. VIBRATIONS OF BEAMS.—If a load be placed suddenly 
upon a beam, and be left to the action of the elastic forces, it will vibrate. 
Or if a load is upon the beam and the dedection be increased or decreased by 
an external force, and then left to the action of the elastic forces, it will 
vibrate the same as before. Take the case shown in Fig. 86, and suppose 
that the weight is applied suddenly. 

Let z be the variable deflection ; then from Eq. (57) we find that the pres- 
sure, JP, which will produce this deflection is 

and hence the pressure which is still available for producing the maximum 
deflection is 

-jT (^- «) 

From Mechanics we have -rr^ = the acceleration and — -577= the moving pres- 

dt* g dt* —a*- 



V 



■nre=:-— - {J-z). 



Integrating once gives 






.dt^lA/ 



SgEI V2^«-f« 
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%gEI 
For « = ^/, we haye 



ver am j 



•=»'»/&=fi/i^ 



^gEl y g 

hence they are isoehronoiu. The weight of the beam has been neglected. 
We would find a similar expression if the beam were nnxf ozmly loaded, or if 
supported at its ends. 
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CHAPTER VI. 

TRANSVERSE STRENGTH. 

138. STRENGTH OF RECTANGUI^AR BEAMS. The the- 
ories which have been advanced from time to time to explain 
the mechanical action of the fibres, have been already given in 
Chapter IV. 

First, consider the common theory, according to which the 
neutral axis passes through the centre of gravity of the trans- 
verse sections, and the strain upon the fibres is directly propor- 
tional to their distance from the neutral axis. 

Continuing the use of the geometrical method, let Fig. 61 
represent a rectangular beam 
which is strained by a force P 
applied at any point. Let de be 
on the neutral axis, and ah repre- 
sent the strain upon the lowest 
fibre. Pass a plane, de-cb^ and 
the wedge so cut off represents 
the strains on the lower side, and 
the similar wedge on the other 
side represents the strains on the 
upper side. 

Let It = the ultimate strain 
upon a unit of fibres most re- 
mote from the neutral axis on the side which first ruptures, on 
the hypothesis that all the fibres of the unit are equally 
strained, and h = the breadth and d = the depth of the beam. 

Let ah = R\ then, the total resistance to compression =: ^Eb 

X ifi? = ^libdj = the volume of the lower wedge ; and the mo- 

inent of resistance is this value multiplied by the ordinate to 

the centre of gravity of the wedge from de^ which is f of ^ti = 

\d\ consequently the moment is 




Fig. 61. 
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and as the moment of resistance to tension is the same, the total 
moment oj^ resistance is 

^BbcP. (145) 

which equals the moment of the applied or bending forces. 

If the beam be fixed at one end and loaded by a weight, P, 
at the free end, we have for the dangerous section^ or that most 
liable to break, 

PI = \Rhd^. 

In rectangular beams the dangerous section will be where the 
sum of the moments of stresses is greatest, the maximum values 
of which for a few cases are given in a table on page 128. 
Using those values, and placing them equal to ^RhcP^ and we 
have for solid rectangular beams at the dangerous section, the 
following formulas : — 

For a beam fixed at one end and a load, P, at the free 
end; 

PI = \RhcP (146) 

And foe an uniform load; 

iFZ = \RhcP (147) 

Foe a beam supported at ns ends and a load, JP, at the 
middle; 

iPl = \Rh(P (148) 

And for an uniform load; 

^Wl^^RhdJ" (149) 

And for a load at the middle, and also an uniform load ; 

i(2P + W)l =^Rb(P (150) 

For a beam fixed at both ends and a load, P, at the 
middle; 

iPl = ^RhdP (151) 

And for an uniform load, end section ; 

^ Wl = ^RbdJ" (152) 

Middle section ; 

itWl= \Rh^ (153) 
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These expressions show that in solid rectangular beams the 
strength varies as the breadth and square of the depth, and 
hence breadth should be sacrificed for depth. In all the cases, 
except for a beam fixed at the ends, it appears that a beam will 
support twice as much if the load be uniformly distributed over 
the whole length as if it be concentrated at the middle of the 
length. The case in which a beam is fixed at both ends and 
loaded at the middle has given rise to considerable discussion, 
for it is found by experiment that a beam whose ends are fixed 
in walls of masonry will not sustain as nmch as is indicated by^ 
the formula, and also that it requires considerably more load to 
break it at the ends than at the middle, but the analysis shows 
that it is equally liable to break at the ends or at the middle. 
But it should be observed that there is considerable difference 
between the condition of mathematical fixedness, in which case 
the beam is horizontal over the supports, and that of embedding 
a beam in a wall. For in the latter case the 'deflection will 
extend some distance into the wall. 

Mr. Barlow concludes from his experiments that Equation 
(151) should be 

^Pl = iHhd' (154) 

and this relation is doubtless more nearly realized in practice 
than the ideal one given above. In either case, it appears that 
writers and experimenters have entirely overlooked the effect 
due to the change of position of the neutral axis, which must 
take place. It has been assumed that the neutral axis coincides 
with the axis of the beam, and that its length remains unchanged 
during flexure ; but if the ends of the beam are fixed, the axis 
must be elongated by flexure, or else approach much nearer the 
concave than the convex side, or both take place at the same 
time, in which case the Truyment of resistance YfW\ not be \RhcP. 
The phenomena are of too complex a character to admit of a 
thorough and exact analysis, and it is pi-obably safer to accept 
the results of Mr. Barlow in practice than depend upon theo- 
retical results. 
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139. MODI7I.I7S OF RI7PT17KB. — ^Whcii a beam is snp 
ported at its ends, and loaded uniformly over its whole length, 
and also loaded at the middle, we find from Equation (150) 

i^=*2^'^ m 

in which W may be the weight of the beam. Beams of known 
dimensions, thus supported, have been broken by weights placed 
at the middle of the length, and the corresponding value of H 
has been found for various materials, the results of which have 
been entered in the table in Appendix III. This is called the 
Modulus of Rupture, and is defined to be the strain at the 
instant ofrwpture upon a square inch of fibres most remote 
from the neutral axis on the side which first ruptures. It 
would seem from this definition that R should equal either the 
tenacity or crushing resistance of the material, depending upon 
whether it broke by crushing or tearing, but an examination of 
the table shows the paradoxical result that it never equals 
either, but is always greater than the smaller and less than the 
greater. 

The tabulated values of R being found from experiments 
upon solid rectangular beams, they are especially applicable 
to all beams of that form, and they answer for all others that do 
not depart largely from that form ; but if they depart largely 
from that form, as in the case of the X (double T) section, or 
hollow beams, or other irregular forms, the formulas will give 
results somewhat in excess of the true strength ; and in such 
cases Barlow's theory gives results more nearly correct. 

But if, instead of 7?, we use T or C^ whichever is snialler, in 
the formulas which we have deduced, and suppose that the 
neutral axis remains at the centre of the beam, we shall always 
he on the safe side / but there would often be an excess of 
strength, as, for instance, in the case of cast-iron the actual 
strength of the beam would be about twice as strong as that 
found by such a computation. 

The diflSculty is avoided, practically, by using such a small 
fractional part of J? as that it will be considered perfectly safe. 
This fraction is called the coejicient of safety. The values 
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GOinjnotily tised for beams are the same as for bara, and ar« 
given in Article 43. 

Experiments should be made npon the material to be used in 
a structure, in order to determine its strength ; but in the ab- 
sence of such experiments the following mean values of li are 
used: — 

850 to 1,200 lbs. for wood, 
10,000 to 15,000 lbs. for wrought-iron, and 
6,000 to 8,000 lbs. for cast-iron. 

130. PRACTICAI. FOJBMUIiAS. 

liB= 1,000 for wood, and 
, 12,000 for wrought-iron, 

we have for a rectangular heam, supported at its ends and 
loaded at the middle of its lengthy 

P = — J — for wooden beams ; and 

p 8000^^ 

Jr = j tor wrought-iron beams. 

The length of the beam, and the load it is to sustain, are 
generally known quantities, and the breadth and depth are 
required ; but it is necessary to assume one of the latter, or 
assign a relation between them. For instance, if the depth 
be n times the breadth, the preceding formulas give 

^ =\/ ^^^ o ? andrf=\/---— - for wood (156) 

V 666/1^' V 666 ^ ^ 

8/ PI Vpin 

^^ *=V ^0-0^'^''^'^== VgOOO^'^'*'^"''^^*'^^^ ^^^^ 

131. THB RBIiATIVB STRBIfGTH OP A WRAM uudcr 

the various conditions that it is supported or held is as the mo- 
ment of the applied forces ; hence, all the cases which have 
been considered may, relatively, be reduced to one, by finding 
how much a beam will carry which is fixed at one end and 
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loaded at the free end, Equation (146), and multiplying tho 
results by the following factors : — 

Beam fixed at one end and loaded at the other 1 

" « " " uniformly loaded 2 

Beam supported at its ends and loaded at the middle 4 

" " " " uniformly loaded 8 

Beam fixed at one end and supported at the other, and 

. uniformly loaded 8 

Beam fixed at both ends and loaded at the middle 8 

" " '^ " uniformly loaded 12 

If it is required to know the breadth of a beam which will 
sustain a given load, find J, from Equation (44:6) ; and for a 
beam in any other condition, divide by the factors given above 
for the corresponding case. 

If the depth is required, find d, from Equation (146), and 
divide the result for the particular case desired by the square 
root of the above factors. 

133. EXAMPIiES. 

1. A beam, whose depth is 8 inches, and length 8 feet, is supported at its 
ends, and lequired to sustain 500 pounds per foot of its length ; required its 
breadth so that it will have a factor of safety of i^, M being 14,000 pounds. 

From Equation (146) we have, 

. ePl 6x500x8x8x12 _. . ^ 
^ = W^ = nOO-x-g^ = 2ofmches; 

and by examining the above table of factors we see that this must be divided 
by 8 ; . •. Ann. 3i^ inches. 

2. Ifl= 10 feet, Pat the middle = 2,000 lbs., 5 = 4 inches, i?= 1,000 lbs., 
required d. Ans. 9.48 inches. 

3. if a beam, whose length is 8 feet, breadth is 3 inches, and depth 6 inches, 
is supported at its ends, and is broken by a weight of 10,000 pounds placed at 
the middle, and the weight of a cubic foot of the beam is 50 pounds ; required 
the value of JR. Use Equation (150). 

4. If ^ = 80,000 lbs., I = 12 feet, b = 2 inches, d=5 inches, how much 
will the beam sustain if supported at its ends and loaded uniformly over its 
whole length, coeflacient of safety J ? Ans. W = 9,259 lbs. 

5. A wooden beam, whose length is 12 feet, is supported at its ends ; re- 
quired its breadth and depth so that it shall snstaiu one ton, uniformly distri- 
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bated over its whole length. Let B = 15,000 Iba. , coefficient of safety iV, and 
depth = 4 times the breadth. Ann. ^ = 2.08 inches 

d =: 8.32 inches. 

6. A beam is 2 inches wide and 8 inches deep, how mnch more will it sustain 
with its broad side vertical, than with it horizontal ? 

7. A wrought-iron beam 12 feet long, 2 inches wide, 4 inches deep, is snp- 
ported at its ends. The material weighs i lb. per cubic inch ; how much load 
will it sustain uniformly distributed over its whole length, R = 54,000 lbs. ? 

Ans. Without the weight of the beam, 15,712 lbs. 

8. A beam is fixed at one end ; 1= 20 feet, J = 1 J inch, B = 40,000 lbs. ; 
weight of a cubic inch of the beam i lb. Required the depth that it may sus- 
tain its own weight and 500 lbs. at the free end. Ans. 4.05 inches. 

9. The breadth of a beam is 3 inches, depth 8 inches, weight of a cubic foot 
of the beam 50 pounds, JR = 12,000 ; required the length so that the beam 
shall break from its own weight when supported at its ends. 

Ans. I = 175.27 feet 

133. REI^ATION BETHTBBPr STRAIN AND DEFIiSOTION. 

— ^When the strain is within the elastic limit we may easily find 
the greatest strain on the fibres corresponding to a given de- 
flection. For instance, take a rectangular beam, supported at 
its ends and loaded at the middle of its length, and we have 
from Equation (148) 

and from Equations (73) and (51) 

A = i "Wm^^ which becomes, by substituting P from the pre- 
ceding, 

.•.7?=^J ■ (158) 

Examples, — 1. If Z = 6 feet, h z=l\ inch, d = 4: inches, coefficient of elas- 
ticity = 25,000,000 lbs. is supported at its ends and loaded at the middle so as 
to produce a deflection at the middle of // = J inch ; required the greatest 
ertrain on the fibres. Also required the load. 

2. On the same beam, if the greatest strain is JS = 12,000 lbs., required the 
greatest deflection. 

3. If the 'beam is uniformly loaded, required the relation between the 
greatest strain and the greatest deflection. 
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134. 'bloiaIaO'w RECTANGuiiAR BEAMS. — If a rectaiigTilai 
beam has a rectangular hollow, both symmetrically placed in 
reference to the neutral axis, as in Fig. 62, we may 
find its strength by deducting from the strength of 
a solid rectangular beam the strength of a solid 
beam of the same size as the hollow. But in this 
case, when the beam ruptures at J, the strain at b^ 
will be less than li. As the strains increase di- 
rectly as the distance of the fibres from the neutral 
axis, we have, if d and d^ are the depth of the outside and 
hollow parts respectively, 

d' 




Fig. 62. 



id: id^ :: H : strain at J' = H 



d' 



If J' = the breadth of the hollow, the stress on that part, if it 
were solid, would be, according to Equation (146), 



t( 



B 



d. 



) Vd!^ = \R 



d ' 



which, taken from Equation (145), gives for the resistance of a 
hollow rectangular beam, 

iB^^^ ,m) 



If the hollow be on the outside, as in Fig. 63, 
forming an H section, the result is the same. 



b 

Fig. 63. 



135. IF THE VPPBR AND 1.0 WBR PI«ANGBS ARE VN- 

EavAii it former a double T, as in Fig. 64. Let the notation 
be as in the figure, and also d^ equal the distance from the neu- 
tral axis to the upper element, and x the distance from the 
neutral axis to the lower element. 

To find the position of the neutral axis, make the statical 
moments of the surface abovB it equal to those below it. This 
gives 
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(x^d'J 

We also have d^ = d - x = d' '\- d" -\- d''' 
These equations will give x and d^. 



....(160) 



»..(161) 




Fig. 64. 

Constructing the wedges as before, and the resistance to com- 
pression is represented by the wedge whose base is h' d^ and 
altitude i?, minus the wedge whose base is (5' — 5"') {di — d') 

d ^ d' 
and altitude -~^ — It. Hence the resistance to compression is 

\Ryd^ - \^~~n [b' - *"o (d, - d') ' 

The centre of gravity is at f the altitude, or |/?i for the for- 
mer wedge, and ^{d^ — d^) for the latter, and if the volumes be 
multiplied by these quantities respectively, it will give for t/ve 
moment of resistance to compression 



\Rh'd^ _ ^ I (5' _ V") {<k - d') 



11 



• 
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Next consider the resistance to tension. Since the strains on 
the elements are proportional to their distances from the neu- 
tral axis, therefore 

dii X :: H: strain at the lower side of the section = -r- a?, 
and similarly, 

dii (x -— d"^ :: a : strain at the opposite side of the lower 

H 

flange = --t-(x — d^y 

Hence the tensive strains will be represented by a wedge whose 
base is J''a? and altitude -r- a^j minus a wedge whose base is 

(J" _ J''') (x - d'') and altitude -? (a? - d''). Hence the mo- 
ment of resistance is 

i ^ 5" a? - i |- (J" - }'") {X - d'y 
Tlie total moment of resistance is the sum of the two moments, or 

* ■? P' ^^' "■ ^*' "" *'''^ ^^' " '^'^^ -^V'^- {V' - r') 
{x - d'Jl (162) 

For a single T make J" and 6?" = in the above expression. 

The method which has here been applied to rectangular 
beams may be applied to beams of any form ; but it often re- 
quires a knowledge of higher mathematics to find the volume 
. of the wedge, and the position of its centre of gravity; or resort 
must be Tiad to ingenious methods in connection with actual 
wedges of similar dimensions. 



136. TRUE VAIiUK OF d^ AND AN EXAlflPliE. ^lu tWs 

and similar expressions 

di = the distance from the neutral axis to the fibre most re- 
mote from it ON THE SIDE WHICH FIRST RUPTURES. 

del is usually taken as the distance to the most remote fibre, 
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without considering whether rupture will take place on that 
Bide or not ; but this oversight may lead to large eiTors. 

For example, let the dimensions of a cast-iron double T-beam 
be as in Fig. 65, and 228 inches between the 
supports. Required the load at the middle 
necessary to break it. 

The position of the neutral axis is found from 
Equations (160) and (161) to be 7.96 inches from 
the lower side, and 11.54 inches from the upper. 
As cast-iron will resist from four to six times as 
much to compression as to tension — this beam 
will rupture on the lower side first ; hence d^ in 
the equation = 7.96 inches. As the \alue of R 
is not known, take a mean value = 36,000 lbs. The moment 
of the rupturing force — neglecting the weight of the beam — is 
\ Pl^ which placed equal to Expression (162) and reduced gives 



•^^ 



^;^s= 



3 

-> 






Fig. 65. 



P = 



4 



228 



36,000 
"7J6 



X 1,672 = 132,000 lbs. = 58.9 tons gross. 



Had we used d^ = 11.54, it would have given P = 40.0 tons. 
Such beams actually broke with from 50 to 54 tons ; or, in- 
cluding the weight of the beam, with a mean value of 52^ tons. 

By reversing the problem, and using 52^ tons for P, we find 
that jH is a little more than 32,000 pounds. Had this value of 
P been used in the first solution, and di made equal 11.54, it 
would have given for P a little more than 36 tons, which would 
be the strength if the beam were inverted. If the upper flange 
were smaller or the lower larger, the discrepancy would have 
been greater. 

The strain upon a fibre in the upper surface is to the strain 
upon one in the lower surface as dito x; hence, if the material 
resists more to compression -than to tension (as cast-iron), it 
ehould be so placed that the small flange shall resist the former, 
and the large one the latter. If a cast-iron beam be sup- 
ported at its ends, the smaller flange should be uppermost, and 
as it resists from four to six times as much compression as ten- 
sion, the neutral axis should be from four to six times as far 
from the upper surface as from the lower, for economy. Using 
the same notation as in Fig. 64, and we have, 
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di __ greatest compressive strain 
w ~ greatest tensive strain ' 

and for economy we should have, 

di __ ultimate compressive strength 
X ~ ultimate tensile strength 

The ultimate resistance of wrought-iron is greater for tension 
than for compresaion ; hence, if a wrought-iron beam is sup. 
ported at its ends, the heavier flange should be uppermost. 

The proper thickness of the vertical web can be determined 
only by experiment, and this has been done, in a measure, by 
Baron von Weber, in his experimcDts ou permanent way. 

137. BXPBBiMSNTS OF BARON TON HTBBBB for deter- 
mining the thickness required for the central web of rails. 

Baron von Weber desired to ascertain what was the mmi- 
mum thickness which could be given to the web of a rail, in 
order that the latter might still possess a greater power of re- 
sistance to lateral forces than the fastenings by which it was 




Pig. 65a. 

secured to the sleepers. For this purpose a piece of rail 6 feet 
in length, rolled^ of the best iron at the Laurahutte, in Silesia, 
was supported at distances of 85.43 in., and loaded nearly to 
the limit of elasticity (which had been determined previously by 
experiments on other pieces of the same rail), and the deflec- 
tions were then measured with great care by an instrument 
capable of registering ^^^^ in. with accuracy. This having 
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been done, the web of the piece of rail was planed down, and 
each time that the thickness had been reduced 3 milliraetres 
the vertical deflection of the rail under the above load was 
again tested, and the rail was subjected to the following rough 
but practical experiments. The piece of rail was fastened to 
twice as many iir sleepera by double the number of spikes 
which would be employed in pi-actice, and a lateral pressure 
was then applied to the head of the rail by means of a lifting- 
jack, until the mil began to cant and the spikes were drawn. 
The same thing was then done by a sudden pull, the apparatus 
used being a long lever fastened to the top of the rail, as shown 
iu Fig, 65a. The lifting-jaek and the lever were applied to 
the ends of the rail, and the web of the latter had, in each case. 



to resist the whole strain required for drawing out the spikes. 
The results of the experiments made to ascertain the resistance 
of the rail ta vertical flexure with different thicknesses of web, 
and under a load of 5,000 Iba., were as follows: — 
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ThlcbuHotwA. Tarticil defleixbm. 

15 milliraetreB = 0.59 0.016 

12 " 0.47 0.016 

9 " 0.35 0.019 

6 " 0.24 0.0194 

3 " 0.12 0.022 

These results showed ample stiffness, even when the web waa 
rednced in thiekuetss to 0.12 in. To determine the power of 
reaiBtance of tlie rail to lateral flexure, an impression of the sec- 
tion was taken in lead each time that the spikes were drawn. 

The forces applied in these experiments were very far greater 
than those occurring in p»-actice,yei it was found that with the 
web 12, 9, and even 6 millimetres thick, no distortion took place, 
and only when the thiekness of the web was reduced to 3 milli- 
metres (0.12 in.) was a slight permanent lateral deflection of the 



head caused just ae the spikes gave way. The section shown in 
Fig. 65J had then been reduced to that shown in Fig. 65c. 
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Next, a rail, with the web reduced to 3 mill. (0.12 in.) in 
thickness, was placed in the line leading to a turn-table on the 
Western Railway of Saxony, where it has remained until the 
present time, 1870, receiving the shocks due to engines passing 
to and from the turn-table more than one hundred times daily. 

It follows from these experiments that the least thickness 
ever given to the webs of rails in practice is more than suffi- 
cient, and that if it were possible to roll webs i in. thick, such 
webs would be amply tiroug, if it were not that there would 
be a chance of their being torn at the points where they are 
travereed by the fish-plate bolts. Baron von Weber concludes 
that webs f in. or ^ in. thick are amply strong enough for rails 
of any ordinary height, and that, in fact, the wel)S should be 
made as thin as the process of rolling and as the provision of 
sufficient bearing for the fish-plate bolts will permit. 



138. ANOTHER GRAPHICAL METHOD. — If elementary 
processes are to be used for determining the strength, the fol- 
lowing method possesses many advantages over the former. 

Since the strains vary directly as their dis- 
tance from the neutral axis, the triangle 
ABC (Fig. 66), in the rectangle BCDE, 
represents the compressive strains if each 
element of the shaded part has a strain 
equal to It ; and its moment is R times the 
area multiplied by the distance of the cen- 
tre of gravity of the triangle from the neu- 
tral axis ; or, 

^X (J xi of i^ X t of \d^^^Rld?, 

and the moment of tensile resistance is the same, hence the 
total moment is double this, or ^Iib(P, as found by the preceding 
process. 
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139. IF A S<it7ARB RBAM HATB ONB OF ITS RIAGONAIiS 

VBRTicAL (Fig. 67), the neutral axis will coincide with the 
ether diagonal. Take any element, as aJ, and project it on a 
line cd, which passes through A and is parallel to BO, and draw 



168 



THE RESISTANCE OF MATERIALS. 



the lines Oc and Od^ and note the points /"and g where they 
intei'sect the line ah. If the element were at od^ the strain upon 
it would be R^ multiplied by the area of cd^ or simply R.cd\ 
but because the strains are directly proportional to the distances 
of the elements from the neutral axis, the strain on oi is R.fg. 
Proceed in this way with all the elements and construct the 
shaded figure. The strains on the upper part of the figure 
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ABG^ which begin with zero at BC^ and increase gradually to 
It^ at A^ will be equivalent to the strains on the shaded figure 
A O^ if the strain is equal to J? on each unit of its surface. 
Hence the total strain on each half is the area of the shaded 
part AO^ multiplied by R^ and the moment of the strain of 
each part is this pro(iuct multiplied by the distance of the 
centre of the shaded part from the axis BG. 
By similar triangles we have 

Aa \ah\\ AB : BC^ and 

ed=:. oib \ fg \\ AO \ X \\ AB : Ba or AB — Aa ; 

X being the distance oijfg from 0. 

From these eliminate ah, and find 

BG 



af= i{ab —fg) = i 



(AB) 



2 



{Aay 



hence the curve which bounds the shaded figure is a parabola 
which is tangent to AB, and whose axis is parallel to BG. 
Let d = one side of the square, then 



.^J 



TBAKBVEBBE STBENGTH. 169 

i |/2rf = A0^ and 

J |/2^ = the widest part of the shaded figure. 

The area of a parabola is two-thirds the area of a circumscribed 
rectangle. 

Hence the area oi AO \^ 

and the moment is 

d^ 
id^xiV^d=j^^, 

and the moment of both sides, multiplied by Ji, is 

If 5 = ^ in Equation (145) and the result compared with the 
above, we find : — 

The strength of a square beam with its side vertical : strength 
of the same beam with one of its diagonals vertical I : |/2 : 1 
or as 7 : 5 nearly. 

So that increased depth merely is not a sufficient guarantee 
of increased strength. The reason why the strength is dimin- 
ished when the diagonal is vertical, is because there is a very 
small area at the vertex where the strain is greatest, but when 
a side is horizontal the whole width resists the maximum strain. 



1 40. iKREouiiAR SECTIONS. — This method is applicable 
to irregular sections, as shown by the following example. 

Let Fig. 68 be a cross section of a beam. In a practical case 
it may be well to make an exact pattern of the cross section, of 
stiff paper or of a thin board of uniform thickness. To find 
the position of the neutral axis, draw a line on the pattern 
which shall .be perpendicular to the direction of the forces 
which act upon the beam, that is, if the forces are vertical the 
line will be horizontal. In a form like Fig. 68, this line will 
naturally be parallel te the base of the figure. Then balance 
the pattern on a knife-edge, keeping the base of the figure (or 
the line previously drawn) parallel to the knife-edge, and when 
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it is balanced the line of support will be the nentral axis. Pro- 
ceed to construct the shaded part as shown in the figure, by pro- 



jecting any element, as ab on the line cd, and drawing cO and 
dO, and noting the intersections,/ and g, the same as in Fig. 67. 
The elements on the lower side must, be projected on a line mn, 
which is at the same distance from the neutral axis as the most 
remote element on the upper side. The area of the shaded 
part above the neutral axis should equal that below, because 
the resistance to extension equals that for compression. The 
area of the shaded part may be found approximately by di- 
viding it into small rectangles of known size, and adding 
together the full rectangles and estimating the sura of the frac- 
tional parts. Or, the shaded part may be cut out and carefully 
weighed and balanced by a rectangle of the same material, after 
which the sides of the rectangle may be carefully measured 
and contents computed. The area of the rectangle would evi- 
dently equal the area of the irregular figure. 

The ordinate to the centre of gravity of each part may be 
determined by cutting out the shaded parts and balancing each 
of them separately on a knife-edge, as before explained, keep- 
ing the knife-edge parallel to the neutral axis. The distance 
between the line of support and the neutral axis will be the 
ordinate to the centre of gravity. The moment of resisia?iea 
ia then found hy mult->2)lying the area of each shaded part hy 
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m 



the distance of its centre of gravity from the neutral axisj aiid 
multiplying the sum of tlie products hy H, 

These mechanical methods may be managed by persons who 
have only a very limited knowledge of mathematics, and if 
skilfully and carefully done will give satisfactory results. It 
does not, however, furnish such an uniform^ direct, and exa^t 
mode of solution as the analytical method which is hereafter 
explained. 



14:1. FORinEULA OF STRENGTH ACCORDING TO BAR- 
Ii01¥>S THEORIT. — Either of the above methods may be used. One part 
of the expression for the strength ip of the same form as that found by the com- 
mon theory ; but instead of R we must use jT, or C — the former if it ruptures 
by tension, the latter if by crushing. The other resistance, 0, for soUd beams 
is evenly distributed over the surface. For example, take a rectangular beam, 
Fig. 61, and the resistance to longitudinal shearing on the upper side is ^p bx 
id=i bd^ and its moment ia^ ij> bdx^ ot ^d = ^ M^, and for both sides, 
i bd'^ . Hence, according to Barlow's theory, the expression for the strength 
of a rectangular beam is 

[i + iT] bd^ for cast-iron, and 



[i ^ + i ^] ^^* for wrought-iron and wood , 



(164) 



If the beam is supported at its ends and loaded at the middle, we have 
^Pl = [i + iT] bd- for cast-iron (165) 

The volume which represents the resistance due to ^ is always a prism, hav- 
ing for its base the surface of the figure and 0, or some fraction of 0, for its 
altitude. If the second method of illustration be used, it will take two figures 
to fully illustrate the strains. For instance, if the section be as in Fig. 68, the 
moment of the shaded part will be multiplied by T or 6', as the case may be. 
To find the remaining part of the moment, 
find the area of each part of the transverse 
section, also the distance of the centre of 
gravity of each part from the neutral axis. 
Then, to find the moment of resistance due to 
longitudinal shearing, multiply the area of each 
part by the distance of its centre of gramty 
from the neutral axis, add the products and 
multiply tlie sum by <p. This is true for solid 
sections ; but for hollow beams, 7' and ^sec- 
tions, where there is an abrupt angular change' 
from the flange to the vertical part of the 
beam, the factor (b requires a modification. 
For instance, take the simple case of a single T, Fig. 69, in which the breadth 
of the jif'is b' and its depth d\ and the other notation as in the figure. 

The resistance of the upper part is represented by the prism whose base is 



1 

I 

I 

I 
I 

} 

di 

I 
I 
I 
I 
I 

J 




Pig. 69. 
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bx, and whofle altitade is ^ pliu the prism whose base is <f {b'^h)j m9»d tokou 
atUttide is — i^. The lesistance of the lower part is hd^. The total moment 
of this resistance i 



■1/ • 

To this add the moment of resistance for direct extension and compression, 
the expression for which is of the same form as for common theory, and we 
have for the total moment : — 

i^ftaj* + i!!^j'_6) {x-\d') + J^ M,« + ^ [Mi» + h'x^ - {h' - h) 

(a;-d')-»] (166) 

From nomeroos experiments made npon cast-iron beams haying a Yariety 
of cross seclaons, Barlow found that ^ varied nearly as T^ that practically it 
was a fraction of T, the mean value of which was 0.9 T. 

For wrought-iron he found f = 0.537* 

= 0.6(7 nearly. 

Peter Barlow, F.R.S., father of W. H. Barlow, F.R.S., the latter of whom 
proposed the *^ theory of flexure," in an article in the Ciu. Bng, Jcur,^ Yd. 
xxi., p. 113, assumes that ^ = 71 

From the above it is inferred that the practical mean values of ^ are : — 

16,000 lbs. for cast-iron. 
30,000 lbs. for wrought-iron. 
8,000 lbs. for wood. 

Example. — How much will a beam whose length is 12 feet, breadth 2 inches, 
depth 5 inches, sustain, if supported at its ends, and uniformly loaded over its 
whole length, and (7 = 50,000 lbs. , ^ = 30,000 lbs. , and coefficient of safety i? 

Ans.— 11,000 lbs. nearly. 

143. BBAMS liOADED AT ANT NfJlXIBBR OF POINTS.— 

If the beam is loaded otherwise than has heretofore been sup- 
posed, it is only necessary to find the moment of all the forces 
in reference to the centre of a section and place the algebraic 
sum equal to the moments of resistance. Those which act in 
opposite directions will have contrary signs. 

For instance, if a beam, AB^ Fig. 70, rests npon two sup- 
ports, and has weights P^ Pg, Pg, etc., resting upon it at dis- 
tances respectively of n^^ n^, n^^ etc., from one support, and 
7^^l, ??22, "nis, etc., from the other, the sum of the moments of the 
forces on any section O whose distance is x from the support 
Ay is 

ViX — Pi{x — ni) — Pi{x — n%) — etc., 
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to include all the terras of P in which n is less than x, 
equals \ RbcP for rectangular beams. 

y. V2 



This 




Fig. 70. 

Fi, the reaction of one support^ is readily found by taking 
the moments of all the external forces about J?, and solving for 
Fi, thus : — 

Vxl = Pi^i + A^ + P%m^ + etc., = X Pm 

2Pm 



/. V, = 



Similarly T^ = 



I 

2Pn 
I 




I 



.......4 



TL 



* 



F 

Fig. 71. 




s 



also, Fi + Fa =r Pi + Pa + A + etc., = S'P. 

143. A PABTiAii UNIFORM i<oA]>. — Let the beam be 
'oaded uniformly over any portion 

of its length, as in Fig. 71. f Vi 

Let I = AB = length of beam ; 
2« = DE = length of the 

uniform load ; ^ 

X =r AF^ the distance to 

any section ; 
w = the load on a unit of length ; 
F= the reaction of the support A ; 
C the centre of the load ; 

Then AD =1^-^ a^ iand 2)i?'= x — l^ + a. 
Load on DF= w {x—li-{ a)j 
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By the principle of moments 

c 

The moment of stress at ^^is 

or ^^ x^iw{x^k + aY (167) 

• 

That value of x which will make Equation (167) a maximum, 
gives the position of the dangerous section. Differentiate, 
place equal zero, and make Z^ + 4 = ^j and solve for a?, and find 



X 



= a(l-^)+Z, (168) 



If Zi = ^Z, oj = Zi ; 
li< il,x >li; 
li> iljX < III 

so that the maximum strain is at the centre of the loading only 
when the centre of the loading is over the centre of the beam ; 
and in all other cases it is nearer the centre of the heara than 
the centre of the loading is. 

The maximum strain is found by substituting the value of x 
Equation (168) in Equation (167). 

The following interesting facts are also proved. 

Let AD = y.:a = li—^y which in Equation (168) reduces 
it to 



X 



-ZT=(^-y)(i-x) :-^^^^*> 



which is a maximum for y = ; hence so far as AD is con- 
cerned, Equation (168a) is a maximum when one end of the 
load is over the support, and for this case the equation becomes 



X 



-^=^-1^) 



which is a maximum for l^ =^l or 2li =il, or the load must 
extend to the middle of the beam. Making a = Z^ = i ?, and 
Equation (168) becomes 

x = %ly 
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and these values of li aiid x in Equation (167) give for the max- 
imum moment of stress, 

yh^P=-^Wl .....(169) 

in which W is tlie load on half the beam. 

Equation (167) gives the stress at the middle of the load, by 
making a = Zi = J ^ and a? = J Z. This gives i Wl for the stress 
at the middle of tlie loading ; hence, the maximum stress is 1^ 
times the stress at the middle of the loading when the load 
extends from the one support to the middle of the beam. 

1 44. OENERAL FORmuiiA. — The preceding methods are 
easily understood, and are perhaps suflScient for the more sim- 
ple cases ; but for the purposes of analysis a general formula is 
better, by means of which a direct analytical solution may be 
made for special cases. 

Let li = the modulus of rupture, as explained in Article 120 ; 

X and u horizontal coordinate axes, the former coinciding 
with the axis of the beam, and y a vertical axis ; 

Then H dudy = the resistance of a fibre which is most re- 
mote from the neutral axis ; 

Let di = distance between the neutral axis and the most re- 
mote fibre ; then, according to the common theory, 
since the strains vary as the distance from the neu- 
tral axis 

diiy:: Rdudy : resistance of anj'^ fibre = -j ydydu 

.*. - - j/^ dydxi = the moment of resistance of any fibre, 
and the sum of all the moments of resistance of any section is 

y^dy du — -— / 

which is called the inoment ofr^ipture, and must equal the 
Biam oi the moments of the straining forces ; 

,,SPx=^.L (170) 
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The second member of this equation involves the character of 
the material {H) and the form of the transverse sections (-7-) ; the 

latter of which may be determined by analysis, and the former 
by experiment. The second member shows that for economy 
the material should be removed as much as possible from the 
neutral axis. 

Let B' = the strain on a unit of fibres at a distance di from 
the neutral axis, then 

SFx = -7. (170a). 

di 

By comparing Equations {170a) and (49) we see that 

f =|: (171) 

which is true so long as the strain ^does not exceed the elastic 
limit. 

145. I'ET THB BBAM BB BBCTANCMJI4AB, i the breadth, 
and d the depth, as in Fig. 61, 

+ id 
Then 7= 4 / / fdydu = -^bd^ 



Jo Jo 



di = id 
B 



7= ^lihd/^ which is the same as expression (145). 



146. IF TH£ SIDBS OF THE BEAM ARE 1N0I<1NED tO the 

direction of the force, as in Fig. 72, let i be the inclination of 
the side to the horizontal ; then 

7= -^^hd {d/^miH -f Pcos^i)* 
di = idmii + iJcos i 

,. B 1= jBid ry ^ + f *^n (172). 

I d^ ^ dsim + ftoos* J ^ ^ 

* See Appendix II. 
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This expression has an algebraic minimum,* but not an alge-^ 
hraic maximum. By inspection, however, we find that the 
practical maximum is found by making i = 90°, if d exceeds h. 
Hence, a rectangular beam is strongest when its broad side is 
parallel to the direction of the applied forces. 

Hence, the braces between joists in flooring, as in Fig. 73, 
not only serve to transmit the stresses from one to another, but 
also to strengthen tliem by keeping the sides vertical. 





Fig. 72. Fig. 73. 

If i = 90°, Equation (172) becomes ^RhP (173). 

If J = 6? and i = 45°, Equation (172) reduces to 

EcP 



64/2 



.(174) 



(which is the same as Expression (163) ), 
and if i = tjf, and i = 0° or 90°, it becomes 

Hence, the strength of a square beam having a side vertical 
is to the strength of the same beam having its diagonal verti- 
cal, as 

1 : Vh 
or |/2 to 1 or as 7 to 5 nearly. 

In establishing Equation (172) it was assumed that the neu- 
tral surface w^as perpendicular to the direction of the applio<l 
forces, which is not strictlv true unless the forces coincide witli 
the diagonal ; for in other cases there is a stronger tendency to 

* See an article by the author in the Journal of FrankUn Institute^ Vol. 
LXXV., p. 260. 
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deflect sidewise than in the direction of the depth. In this case, 
as soon as the beam is bent there is a tendency to torsion. Both 
these conditions make the beam weaker than when the sides 
are vertical. If the tendency to toreion be neglected, the case 
may be easily solved ; but the result shows the advantage of 
keeping the sides vertical. 



STBONGK9T BKCTANGUIiAR BBAUK which CaU 

be cut from a cylindrical one has the breadth 
to the depth as 1 to |/2, or nearly as 5 to 7. 

Let X = AB = the breadth, 
y = AC = the depth, and 
D = AD = the diameter. 




Fig. 74. 



Then, 

and Expression (173) becomes 

which by the Differential Calculus is found to be a maximum 
for 

x = Di/i.\y=^D^i 

.\x : y :: 1 : 4/2 or nearly as 5 to 7. 

Examples. — How mncli stronger is a cylindrical beam than the strongest reo- 
tangnlar one which can be cut from it ? 

(For the strength of a cylindrical beam, see Equation (180) . ) 

Ans. — About 53 per cent. 

How much stronger is the strongest rectangular beam that can be cut from 
a cylindrical one, than the £p*eatest square beam which can be cut from it ? 



148# TBIANOUI.AK BEAMS. — If the basc is perpendicular 
to the neutral axis, as in Fig. 75 ; 

Let d = AD = the altitude, and 
h = DC= the base. 

Take the origin of coordinates at the centre of gravity of the 
triangle, y vertical and u horizontal. 
Then, by similar triangles. 
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"We also have 






\db + ^u J 2d j 
.•.y= ' — 5"^ — .\du= -^dy 



^du = i^. 




.(175) 



in which A is the area of the triangle. 





Fia. 75. 

If the base is parallel to the neutral axis, as in Fig. 76, then, 
by similar triangles, 

d\\h:\^d — y:u 



.-. I- 2//j^dych, = 2 





+\d 

(M - y) T^dy = i^ (*) 



"We also have 
d^-=\i 



* This te moie eamly solTed by taking the moment about an axis thiongh 
the vertex and parallel to the base, and using the formula of redootion. See 
Appendix. 
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(176). 



Expressions (173) and (175) show that a triangular beam 
which has the same area and depth as a rectangular one, is only 
half as strong as the rectangular one. 

Some authors have said that a triangular beam is twice as 
strong with its apex up as with it down, but this is not always 
the case. If the ultimate resistance of the material is the same 
for tension as for compression, the beam will be equally strong 
with the apex up or down. 

If the beam is made of cast-iron, and supported at its ends, it 
will be about 6 times as strong with the apex up as down ; but 
if the beam be fixed at one end, and loaded at the free end, it 
will be about 6 times as strong with the apex down as with it up. 



149. TRAPEZOIDAL BEAiH. — Required the strongest trap- 
ezoidal heain which can, he cut from a given triangular one* 

c Let ABC be the given triangle, 

ABED the required trapezoid, 
d = CG = the longest altitude, 
l^AB, di^FH, w=zCF, 
z = CH ■=id^-\' w^ and v — DK 

IJis the neutral axis of the trapezoid, 
which passes through its centre of gravity 
H. We may then fiiid : — 




e^ = i^x 



I 



"^FL 






h-\-v 



] 

•] (177) 



which is to be a maximum. By the Calculns we find, after re- 
duction, tliat 



* See an article by the author in the Jmtmal of FrarMia Tiutttute, VoL 
XLL, tbiid series, p. 198. 
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t;8 ^ 5 J^ ^ 7J2^ - J8 = 0, 

for a maximum, which solved gives 

V = 0.13093J or 0.13J nearly, and hence 
w = 0.13093rf or 0.13d (178) 

which substituted in (177) gives 

Iii- = 0.545625 ^ (179). 

di 12 

Dividing Equation (179) by Equation (176) gives 1.09125 ; hence 
from (178) and (179) we infer that if the angle of the jyrism he 
taken qff^O.lS of its depth^ the remai7ii7ig trapezoidal heam will 

be 1.091 times as strong as the triangular one, which is a gain 
of over 9 per cent. 

In order to explain this paradox it must be granted that the 
condition does not require that the beam shall be broken in 
two, but that a fibre shall not be broken — in other words, the 
beam shall not be fractured. The greatest strain is at the edge, 
where there is but a single fibre to resist it ; but, after a small 
portion of the edge is removed, there are many fibres along the 
line DS, each of which will sustain an equal part of the 
greatest strain. 

If the triangular beam were loaded so as to just commence 
fracturing at the edge, the load might be increased 9 per cent, 
and increase the fracture to only thirteen-hundredths of the 
depth ; but if the load be increased 10 per cent, it will break 
the beam in two. 

These results are independent of the material of which the 
beam is made. If the beam be cut off i the depth, its strength 
is found from Equation (177) to be 

Bbd^ 



0.465608 



12 



which is 0.93101 of Equation (176). 

Mr. Couch found* for the mean of seven experiments on tri- 
angular oak beams of equal length, that they broke with 306 
pounds. The mean of two experiments on trapezoidal oak 

* See Barlow^s Strength ofMcUeriala, 



18£ THE KS8I8TAK0B OF HATEBIAL8. 

beams, made from triangular beams of the same size as in the 
preceding experiments, by cutting oflF the edge one-third the 
depth when the narrow base was upward, was 284.5 pounds. 
This differs by less than half a pound of 0.931 times 306 
pounds. 

ijlO. CTLiNDRicAii BBABEs. — The moment of inertia of a 
circular section in which t is the radius, is 



7=2, 



± 



^ = r; 

:.^^\Itin^ (180) 

If polar coordinates are used, we have 

dudy = pdpd<f>, 
where /> is a variable radius and (f> a variable angle. 

Also y = p Bin <l> 




Fig. 78. 

2* 



/7 

Jo Jo 



= ^^f¥^ — cos 2^) d^ = iwT^, as before. 
For a cii'cular annulus we have 

^i=^cc^ -'■*>■ 

By comparing Equations (180) and (145) we see that the 
strength of a cylindrical beam is to that of a circumscribed 

rectangular one as ^ : ^, or as 0.589 + : 1. 

Also the strength of a cylindrical beam is to that of a square 
one of the same area as \RAd^ to \RAd {d^ being the diameter 
of the circle), 
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or as 1 : \i-jf = i V'"') or as 1 : 1.18 nearly. 

It may be shown in the same sense as explained in the pre- 
ceding article, that if a thin segment be removed from the 
upper and lower sides of the beam it will be stronger. 



Ijll. BLIilPXTCAI^ B^SAIHS. 

Let b z= the conjugate axis, and 
d = the transverse a3d8 ; then 
if <Z is vertical (Fig. 79), we have 
1=-^ nbd'^ and di = id. 

If 5 is vertical (Fig. 80), we have 

1= -^iizb^d and di = ib. 





1S9. PARABOLIC BEAMS. 




Fig. 81. 




Fig. 82. 



If b z= the base, and 

d = the height of the parabola, and 
if (i is vertical (Fig. 81), we have 

I = jhbd'^j and (^^ = id. 

Jtbia vertical (Fig. 82), then 

I = ^b^df and di = ib. 
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1 JS3* ACCORDING TO BARIi01¥'S THBORT we have 

^J^fy'dydii^^tt^ffydydu^ZPx (181) 

which mnst he integrated hetween the proper limits to indude the whole 
flection. 

If the neutral axis is at the centre of the sections, and the beam is rectan- 
gular, we have 

which reduced gives 

hence, if ^ has any ratio to 7", the law of resistance in solid rectangular beams 
is the same as for the common theory only. 

If ^ = T, this becomes 

ifTbdK 



154. OBLiaiTK STRAINS. — If the force be inclined to the 
axis, as in Fig. 83, let = tlie angle which P makes with the 
axis of the beam. 




Fig. 83. 

Then P^=z P Qoe, 6 =^ longitudinal component, 
Pi=^ P sin = normal component. 

If Jf = the transverse section, then 

== — = the tension or compression upon a unit of 

section due to the direct pull or push. This tends directly to 
diminish the tabular value of P in the formula. If the beam 
be fixed at one end and P be applied at the free end, as in 
Fig. 83, the equation of moments becomes 



Px sin 0=lP 



=( 



P cos \ I 

K )d^ 



which for rectangular beams becomes 
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PxBm0= In 



= (if_^)?|! (182) 



in which is always acute. 

This solution does not recognize any deflection. If the di- 
rection of P2 d<^^8 ^ot intersect the neutral axis at the fixed end 
it will have a moment. 

If flexure is considered, we flnd the strain upon the most 
remote fibre from the neutral axis at the fixed end, to which 
add the strain due to a direct pull (or push), which sum should 
not exceed the tabular value of i?. 

From Equation (171) we have 

P 

which is the strain on a unit of the extreme fibres. 
From Equation (130) we have 

at the fixed end where the strain is evidently a maximum. 
From the Equations following (130) we find 

which substituted above gives 

_ ^ P sin g {^^ — g-g^) 

In the solution thus far we have supposed that rupture takes 
place on the side of tension, but if it should take place on the 
compressed side, we would have 
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^^ ' "X"\ + Er) W'lr^i) 



The total load, P^ which the beam can sustain in these cases 
can be found only by a series of approximations, since P^ and 
q both involve P. 

The solution of the c^ise shown in Fig. 83a, when flexure is not 





Fia. 83a. 



Fig. 836. 



considered, is given in " Bridges and Hoofs," p. 20. If flexure 
is considered, the reaction at the ends will be treated as the 
oblique forces, and the solution made substantially as in the 
preceding case. 

155. POSITION OF THB NBUTRAI« AXIS FOR BIINOIIJJII 
STRENGTH. 

Let 7i = the moment of inertia of the section when the axis 
passes through the centre of gravity of the sec- 
tion, 
/ = the moment of inertia of the same section about an 

axis parallel to the former, 
D = the distance between the axes, 
A = the area of the section, and 

Oi = the ordinate to the most remote fibre from the 
centre, 
Then -Z? + Oi = the ordinate to the most remote fibre from the 
second axis, and 



^ 7 _ 7o + AB" 

which is a minimum for 



.(181c) 



i>=^[-i±/i+^j 
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One of the roots is positive and less than <^, and the other 
is negative and greater than £^, but both give an algebraic 
minimum. 

For a rectangle ^ = Jrf, 7i = -^id\ and ai = id, 

.-. D = 0.07732rf or - 1.07732e?. 

Using the positive value, we have 

which is only 0.9282 of the strength when the axis passes through 
the centre. 

If the sections are circular 

D = 0.11807r 
and 

d, 

which is 0.9441 of the strength when the axis passes through the 
centre. 

Has this analysis any physical signification ? Being entirely 
independent of the character of the material, it does not 
explain the difference between the values of H and T or C. 
So far as the analysis is concerned there is nothing to detennine 
which way the neutral axis will move from the centre. 

In some cases, jyrcbcticaUy^ we might have c^ = a^ — 2? ; in 
which case we have for a minimum 



[' -^> ^M 



■wliich for rectangular beams gives 

D - 1.0Tld or — O.md. 
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CHAPTEK VII. 

BEAMS OF UNIFORM RESISTANCE. 

150. GENERAL EXPRESSION. — If beatus are so formed 
that they are equally liable to break at every transverse section, 
they are heams of uniform resistance^ and are generally called 
heams of uniform strength. The former term is preferable, 
because it applies with equal force to all strains less than that 
which will produce rupture. In such a beam the strain on the 
fibre most remote from the neutral axis is uniform throughout 
the whole length of the beam. The analytical condition, ac- 
cording to the common theory, is : The sum of the moments of 
the resisting forces must vary directly as the sum of the m^oments 
of the aj[yplied forces / hence Equation (171) is applicable ; Or 

SPx = ^ (182) 

which must be true for all values of x. In addition to this 
the transverse shearing strain must be provided for. To obtain 

practical results it is necessary to consider 

PARTICULAR CASES. 
1S7. BEAMS FIXED AT ONE END AND liOADED AT TKE 

FREE END. — Required the form of a heam of uniform resist- 
ance when it is fixed at one end and loaded at the free end, 
1st. Let the sections be rectangular, and 

y = the variable depth, and 
u = the variable width. 

Then /= -^ur^ (see Equation (51) ), 
di = ^y, and 
^Px = Px = the variable load.* 

, -_^ ■ , , I ■■ r — * 

* For ^Px use the general moments as given in the table in Article 109, so 
far as thej are applicable. 
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Hence Equation (182) becomes 

Tx = \Ruf (183) 

a. Let the breadth be constant ; or t* = J ; then (183) be- 
comes 

Px = \Rhf (184) 

which is the equation of a parabola, whose axis is horizontal 
and parameter is -^r-. See Fig. 84. 





•••'2^= 32/; 



Fig. 84. Fio. 85. 

h. Suppose that the depth is constant, or y = d. Then (183) 
becomes 

Px = ilid^u (185) 

which is the equation of a straight line ; hence the beam is a 
wedge, as.in Fig. 85. 
c. If the sections are rectangular and similar, tlien 

u : y : : b : d 
b 
d' 
and Equation (183)- becomes 

which is the equation of a cubical parabola. 

2d. Let the sections be circular. Then ' 
/= -^Try* Equation (52), in which y is the 
diameter of the circle), and di=iy; hence 
(182) becomes 

which is also the equation of a cubical para- 
bola, as shown in Fig. 86. 
3d. Let the transverse sections be rectangular, and /constant, 

the breadth and depth both being variable, then Equation (182) 

becomes 




Fig. 86. 
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P«, = i?(j^ = ^i. (186) 

in which c is & conetant, = bd*, h and {2 being the breadth and 
depth at the fixed end. Equation (186) ie tlie equation of the 
vertical longitudinal sectionB, and ie the eqnation of an hyper- 



Fig. 87. 

bola referred to its asymptotes. See Fig. 87. If the valne of 
y from this equation be substituted in the Equation u^ = 0, it 
gives 

216/*W 



/j*J*rf« 



.(187) 



which is the equation of the horizontal longitudinal sectionB; 
hence they are cubical parabolas, as in Fig. 88. For os and u = 
^ * 7 t 216/»^» , 6Pl 

4th. If the breadth is the nth power of the depth, and the 
eectioHB are rectangular, then « = y", and Equation (1S3) 
becomes 

which is the general equation of parabolas. 

1S8. BBAMS FIXBD AT OICB END AKD TTKIFOBIIILT 

■.oabbd. — Sequired the form of a beam of uniform regiatanee 
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when it is fixed at one end and uniformly loaded over its whole 
length ^ the weight of the heam being neglected. 

The origin of coordinates being still at the free end, we have 

wx = the load on a length a?, and 

^a? = the moment of the load (Equation (53) ). 

Hence, for rectangular sections, Equation (182) becomes 

iwa? = ^Huf (188) 

a. If the breadth is constant, or u=h in (188), it becomes 

iwa? = iJibt/^y 

which is the equation of a straight line , and hence the beam 
will be a wedge, as in Fig. 89. 




Fig. 89. 



5. Let the depth be constant ; or y=:d in (188) 

.*. iw3S^ = \Rd^u ;— 

a parabola whose axis is perpendicular to the axis of the beam, 
as in Fig. 90. 





Fig. 90. 



Fig. 91. 



c. Let the sections be similar ;— 



then d:h\\y : u^ -^y, 
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.". Equation (188) becomes iioa? = ^H -^ ; — 

a semi-cubical parabola, as in Fig. 91. 

d. Let / be constant, or ■^^'^it = iV^'* Then Equation (182) 
becomes 

\wQ? = \R ; — ^an hyperbola of the second order. 

159. PRETious CASES coifTBiNED. — Required the form 
of the beam of unifyrm resistance when it is fixed at one end 
and loaded uniformly^ and also loaded at the free end. 

The moment of applied forces is Px+iwa?] hence Equation 
(182) becomes, for rectangular beams, 

Px -j- iwa? = ^liuj/^. 

Hence, if the depth is constant, Px + iwa? = ^liiui^ ;—b, 
parabola. 

Hence, if the breadth is constant, Px + ^a? = \Ph^ ;— a 
hyperbola. 

Hence, if the sections are similar, Px + ^wa? = ^R -^y* ;— a 
eemi- cubical parabola. 

160. DTfiiGHT OF THE BEAM CONSIDERED. — Required 
the form of the heam of uniform resistance when the weight 
of the heam is the only load ; the heam heing fixed at one end 
and free at the other, 

a. Let the sections be rectangular and the breadth constant 
Let X = AB ; Fig. 92, 

h — the breadth, and 

8 = the weight of a unit of volume. 

Then fydx = the area ADC^ and 

hhfydx = the weight of ADO; 

the limits of integration being and x. 
If Pis the centre of gravity of ADO; we have, 

fydx 
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Fig. 92. 



Fig. 93. 



The moment of the apph'ed forces is tlie weight of ADC 
multiplied by the distance BF= x — AF. Hence, Equation 
(18!^) becomes 



«*/>*[« -^=***^' 



which reduced gives 






(189) 



which is the equation of the common parabola, the axis being 
vertical. 



J. Let the depth he constant. In a similar way we find 
This solved gives 



X 



-^ 



-^ Nap. log. I ^J-gg- C^-u^-u I + C, 



] 



in which Cand Care constants of integration, and involve 
the position of the origin of coordinates and direction of the 
curve at a known point. 

c. Let the beam he a conoid of revolution^ as in Fig. 93. 
We have, as before {y being the radius of the circle). 



SfTn/^dxl X — 



firx^Qudx 
fwi^dx 



] 



= ^Rf, 



which reduced gives 
13 
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<^ = ^jy (191) 

which is the equation of the common parabola. 

d. SupposBj in the preceding cases, that an additioncd load, 
-P, is applied at the free end. 

Some of the equations which result from this condition can- 
not bo integi^ated in finite terms, and hence the curves cannot 
be classified. 

161. BBAnS SUPPORTBD AT THBIR BNIMU 

A. Let the ieam he supported at its ends and loaded at the 
middle point. 

For this case, Equation (182) becomes, for rectangular sec- 
tions, 

iPx = \Kuf (192) 

a. If the breadth is constant, we have 
which is the equation of the common parabola. 





Fig. 94. Fia. 96. 

The beam consists of two parabolas, having their vertices, 
one at each support, as in Fig. 94. 
h. If the depth is constant, we have 

\Px = ^Ed^u (193) 

a wedge, as in Fig. 95. 





Fig. 96. Fig. 97. 

B. If the heam is uniformly loaded, we have from Equations 
(74) and (182), 
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■Jw? (& — a?) = ^Rwi^ — ^if rectangular, and if the breadth is 

constant, '^ (lx-a?) = \Rhf (194) 

an ellipse. Fig. 96. 

If the deptfi is constant, ^ Qx — o^-=. \Rd^u^ a parabola, 
Fig. 97. 

C. Let the hea/m have an uniform load and also an unir 
formly increasing load froam one end to the other ^ as in Fig. 
98. 





Fig. 98. Fig. 99. 

Let Tr= the weight of the uniform load, 

Wx = the weight of the uniformly increasing load, and 
F= the reaction of the support at the end which has the 
least load. 
Then yz=\W^-\Wx. 
Let X be reckoned from A. then the load on x is 

4 

T + ^ ' 

and the moment of this reaction and load on a section which is 
at a distance x from A is 



(iTr+iFi>B- 



W<j? Wtp^ 



2; 



3? 



(195) 



which equals \Rhx^ for rectangular beams of uniform breadth. 
To find the point of greatest strain, make the first differential 
coefficient of (195), equal to zero. We thus find 

If TT = 0, this gives 

When Tr= 0, this becomes the case of a fluid pressing against 
a vertical surface. 
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163. BEAMS FixBD AT THBiR BNDs. — ^If the beam is 
fixed at its ends and loaded at the middle with a weight, P^ we 
have, from Equations (117) and (182), when the breadth is 
uniform, 

iP(^ - 4aj) = \Eby' (196) 

which is the equation of a parabola. The beam really consists 
of four double parabolas Math their vertices tangent to each 
other, as in Fig. 99. The vertices are JZ from the end. 

If the load were uniform we would obtain, in a similar way, 
a beam composed of four wedges. These are direct deductions 
from the common theory. 

This shows in a very marked degree the absurdity of not 
providing for the transverse shearing strain. All of the pre- 
ceding cases show the same absurdity. The section being 
reduced to naught leaves no ability to resist the shearing strain. 
In a case like Fig. 99, it even prevents the equation of moments 
from \yQ\Vi^ 'jpractically realized ; for the resisting forces cannot 
be transmitted past the points A and B, 

163. BFFBCT OF TRANSTBRSB SHEARING STRESS OU 

modifying the forma of the heama of uniform resistance. 

Take, for example, the case of a beam supported at its ends 
and uniformly loaded. The transverse shearing strain is 

Ss = iwl — wx = iw{l — 2a?), 

which is the equation of a straight line. Fig. 100. 





Fig. 100. Fig. 101. 

The double ordinate at the end is 

^wl -T- (J X modulus of shearing, S,) 

in which I is the breadth of the beam. 

If the resistance to transverse shearing varies directly as the 
transverse section, then will the triangle ^ C'LB represent the 
vertical section of one-half of a beam of uniform strength when 
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Bheanng alone is considered. This result is as absurd as the 
preceding. 

PracticaUy^ the two cases may be combined by adding the 
ordinates of the line ^ 6^ to those of the ellipse, the result being 
shown in Fig. 101. 

Theoretically y I do not see how they can be combined, since 
the conditions upon which the equations are established are not 
only independent, but are not simultaneous.* Each condition 
furnishes a determinate equation. One is an equation of mo- 
ments, and the other of forces. The practical solution above 
suggested, doubtless gives an excess of strength at all points, 
except at the ends and middle ; for by increasing the depth we 
increase the moments of resistance, and probably add more 
than is necessary to resist the transverse shearing, since that is 
greatest near the neutral axis where the strain from moments 
is least. 



164. iTNSoiiVBDPROBiiBOTS.— Many practical problems in 
regard to the resistance of materials cannot be solved according 
to any known laws of resistance. Some of these have been 
solved experimentally, and empirical formulas have been de- 
duced from the results of the experiments, which are sufficiently 
exact for practical purposes, within the range of the experi- 
ments. The resistance of tubes to collapsing, the strength of 
columns, and the proper thickness of the vertical web of rails, 
are such problems which have been solved experimentally. 
The following problems are of this class, and have not been 
solved. The first four are taken from the Mathematical 
Monthly^ Vol. 1., page 148. 

1. Required a formula for the strength of a circular flat iron 
plate of uniform thickness, supported throughout its circumfer- 
ence and loaded uniformly. 



* To illustrate, suppose it is required to find the radius of a sphere whose 
Toluxne equals (numerically) the area of the surface ; and whose diameter 
equals (numerically) the area of the hemisphere. The former gives r = 3, 

and the latter, r = 



TT 
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2. Eeqnired the strength of the same plate if the edges are 
bolted down. 

3. Required the equation of the curve for each of the pre- 
ceding cases, that they may have the greatest strength with a 
given amount of material. 

4. In the preceding problems, suppose that the plate is 
square. 

5. Required the form of a beam of uniform strength which 
is supported at its ends, the weight of the beam being the only 
load. Suppose, also, that it is loaded at the middle. 

The latter part of this problem has received an approximate 
solution under certain conditions, as will be seen from the fol- 
lowing experiments. 



165« BEST FORM OF CAST-IRON BEAITK AS FOUND BX- 

PBRiMENTAiiiiiT. — Cast-irou beams were first successfully used 
for building purposes by Messrs. Boulton & Watt. The form 

J of the cross-section of the beams which 



'X 



Fig. 102. 



;t 



% 



^ they used is shown in Fig. 102. More 
recent experiments show that this is a 
good form, but not the best. 

About 1822 Mr. Tredgold made an 
experiment upon a cast-iron beam of the 
form shown in Fig. 103, to determine its 
deflection. He recommended this form 
for beams. 

Mr. Fairbaim has justly the credit of 
^ making the first series of experiments for 
determining the best form of the heam. 



^^* ' These experiments were prosecuted by 
himself for a few years, beginning about 1822, and continued 
still later by Mr. Hodgkinson. 

The experiments quickly indicated that the lower flange 
should be considerably the largest. 
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The following experiments were made by Mr. Hodgkinson 
(Fairbaini on Cast and Wrought-Iron^ p. 11). 

Fig. 104 shows the elevation and cross-section of a beam 
whose dimensions are as follows : — 




B 



Fig. 104. 



a 



u 



Area of top rib = 1.75 x 0.42 = 0.736 inches. 
Area of bottom rib = 1.77 x 0.39 = 0.690 « 

Thickness of vertical rib 0.29 

Depth of the beam 5.125 

Distance between the supports 54.00 " 

Area of the whole section 2.82 square inches. 

"Weight of the beam 36^ pounds. 

Breaking weight 6,678 pounds. 

The form of the fracture is shown at J n /*. It broke by 
tension. 



Experiment IV. 

Dimermons, IncJies, 

Thickness at J. = 0.32 
« " ^ = 0.44 
« " (7 = 0.47 
« u pE = 2.27 
« « I>Ji'= 0.52 
Depth of the beam = 5.125 Fig. 105. 

Area of the section = 3.2 square inches. 
Distance between the supports = 54 inches. 
Weight of casting = 40^ pounds. 
Deflection with 5,758 pounds = 0.25 inches, 

" " 7,138 " = 0.37 

Breaking weight 8,270 pounds. 




iC 
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Experiment 19. 




I — ^ 



Fio. 106. 

Dimensions in inches : — 

Area of top rib = 2.33 x 0.31 = 0.72. 

Area of bottom rib = 6.67 x 0.66 = 4.4. 

Batio of the area of the ribs = 6 to 1. 

Thickness of vertical part = 0.266. 

Area of section, 6.4. 

Depth of beam, 6 j-. 

Distance between the supports, 54 inches. 

Weight of beam, 71 pounds. 

This beam broke by compression at the middle of the length 
with 26,084 pounds. 

It is probable that the neutral axis was very near the vertex 
fly or about f the depth. 

Experiment 21. 




w< 





I 



If 



Bottom Fianeh 
lop Flanch 



Fig. 107. 

This was an elliptical beam, Fig. 107. 

Dimensions in inches : — 

Area of top rib = 1.54 x 0.32 = 0.493. 

Area of bottom rib = 6.50 x 0.51 = 3.315. 

Batio of ribs, 6^ to 1. 

Thickness of vertical part = 0.34. 

Depth of beam, 5j-. 

Area of the section, 5.41. 
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Distance between supports, 54 inches. 

Weight of beam, 70f pounds. 

Broke at the middle by tension with 21.009 pounds. 

Form of fracture h nr; b n = l.S inches. 

As these beams have all the same depth and rested on the 
same supports, 4 feet 6 inches apart, their relative strengths 
will be approximately as the breaking weight divided by the 
area of the cross section. 

In Experiment 1, 6,678 -r- 2.82 = 2,368 lbs. per square inch. 
" " 14, 8,270 -T- 3.2 =2,584 " " 

" " 19, 26,084 -r- 6.4 =4,075 " " 

" " 21, 21,009 -T- 5.41 = 3,883 " " 

It is evident from these experiments, that when the vertical 
rib is thin, the area of the lower rib sliould be about 6 times 
that of the upper. In the 19th experiment it has already been 
observed that the beam broke at the top, and in the 2l8t it 
broke at the bottom, although the lower flange was larger in 
proportion to the upper than in the preceding case, and the 
comparison shows that they were about equally well propor- 
tioned. They should be so proportioned that they are equally 
liable to break at the top and bottom. 

A beam proportioned so as to be similar to either of the two 
last forms above mentioned may be called a " type fokm." 

166. HOBOKiNsoN's FOROTuiiAS yj>r the Strength of cast- 
iron beams of the type form. 

Let W = the breaking weight in tons (gross). 

a = the area of bottom rib at the middle of the beam. 

d = the depth of the beam at the middle, 
and I = the distance between the supports. 
Then according to Mr. Hodgkinson's experiments we have 

n/J 

Tr= 26 — when the beam is cast with the bottom 



rib up, and 



W= 24c -^when the beam is cast on its side. 

V 
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167. BXPBRIMENT8 ON f RAII.SI. — ^Experiinenta on T 
bars, supported at their ends and loaded at the middle, gave 
the following results : — * 

Hot blast bar, rib upward, X broke with 1,120 pounds. 

" " " downward, T broke with 364 " 

Cold blast bar, rib upward, X broke with 2,352 " 

u a u downward, T broke with 980 « 

The ratio of the strengths is nearly as 3 to 1, but according 
to the table in Article 47, we might reasonably expect a higher 
ratio. If a greater number of experiments would not have 
given a higher ratio, we would account for the discrepancy by 
supposing that the neutral axis moved before rupture took 
place, or that the ratio of the crushing strength to the tenacity is 
less for comparatively thin castings than for thick ones. It is 
known that the crushing strength of thiu castings is proportion- 
ately stronger than thick ones. Ilodgkinson found that for 
castings 2, 2^, and 3 inches thick, the crvshing strengths were 
as 1 to 0.780 to 0.756 ; and Colonel James found a greater in- 
crease — being as 1 to 0.794 to 0.624. See also Article 41. 

168. UTROuoHT-iRON BBAiHS. — Tlic treachcTOus character 
of cast-iron beams has led to the introduction of solid wrought- 
iron ones. Special machinery and special processes of manu- 
facture have been brought into use, by means of which they 
are quickly and cheaply made. They are usually of the double 
T (I) section. 

169. A NOVBIi AND PE€17IiIARIi¥ CONSTRUCTED FI<OOR 

is here given as an illustration of the use of a plate (see Arti- 
cle 164, No. 4).i* It was executed in Amsterdam, for a floor 
60 feet square. The flooring consists of three thicknesses of 
l^-inch boards. The first thickness is laid diagonally across 
the opening. The ends resting on the rebates of the wall-plates, 



* Mohan^s Gvo. Eng., Wood^s Ed., pp. 185 and 136 ; Barlow on the Strength 
of MateriaU^ p. 183^ 
t Tredgold's Principles of Carpentry^ 1870, p. 91. 
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and rising about 2^ inches higher in the middle of the room 
than at the sides. The second thickness is also laid diagonally, 
but square across the first, and the two well nailed together. 
The third thickness is laid parallel to the sides of the room, 
and the whole well nailed together. All the boards are grooved 
and tongued together, forming a floor 4-J inches thick. The 
strength of plates vary as the square of their thickness, and 
are equally strong to support a weight in the middle, whatever 
the extent of the bearing may be ; but when the load is uni- 
formly distributed, the strength varies inversely as the area of 
the space it covers.* 

** EmeiBon^s MechanioSy seo. yiii., prop. 73, cor. 5. 
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other end, and acting in the direction of a tangent to the arc of 
the path described by the free end. 

As a unit of fibres cannot be placed so that all of them will 
be at a unit's distance from the axis, we must suppose that the 
resistance of a very thin annulus, which is at a unit's distance, 
is proportional to that of a unit of section. The area of an 
element is 

The resistance of an element which is at a unit's distance 
from the axis is G multiplied by its area ; which expressed 
analytically is 

Gpdpd<l>j 
and according to the first law 

Gp^dpd^ = the resistance of any fibre 
whose length is unity, to being twisted through an angle unity; 
and the moment of resistance = Gp^dpd^ for an angle unity ; 
and for any angle the moment is, according to the second law, 

GOp^dpd^ 

and the total moment equals the moment of the applied forcp, 
or moments of the applied forces ; hence 



Pa = GeffpHpd^ =^J^p^ 



where Tp is the polar moment of inertia of the section. 

27r 
For circular sections Ip= I I p^dpd^ = ^r^ (199) 




••.6' = ?g = ^ (200) 

irvt* trm* 

a 2Pa 
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173. THB TAiiUS OF THS cosFFiciBNT G may be found 
from Equation (200). M. Caucliy found analytically on the 
condition that the elasticity of the material was the same in all 
directions, that G^ = f EJ^ M. Dnleau found experimentally 
that G is less than f E^ and nearly equal i E^\ and M. Wert- 
heim found 6r = f jF nearly4 M. Duleau's experiments gave 
the following mean values for G : X 

Value of O, 
Founds 

Soft iron 8,533,680 

Iron bars 9,480,917 

English steel 8,533,680 

Forged steel {very fine) 14,222,800 

Castiron 2,§45,600 

Copper 6,209,670 

Bronze 1,516,150 

Oak 568,912 

Pine 616,472 

.Example, — If an iron shaft whose length is 5 feet, and diameter 2 inches, 
is twisted through an angle of 7 degrees by a force P = 5,000 lbs., acting on a 
lever, « = 6 inches, required G. The 7 degrees is first reduced to arc by mul- 

tiplying it by r-^, which gives a = — , and Eq. (200) gives, 

^ 2x5000x6x60x180 ^ «^„ ^^^ ,^ 
^ = (3.1416)^x7 — = ^'^^^'^^ ^^«- 



173. TORSION PBNIHJI.UOT._lf a prism is suspended from its 
nppcr end, and supports an arm at its lower end, and two weights each equal 
\ W are fixed on the arm at equal distances from the prism, and the prism be 
twisted and then left free to move, the torsional force will cause an angular 
movement of the arm until the fibres are brought to their normal position, 
after which they will be carried forward into a new position by the inertia of 
the moving mass in the weights ^ W until the torsional resistance of the prism 
arrests their movements,, after which they will reverse their movement, and 
an oscillation will result. 



Equation (200) readily gives : 

2la 






♦ See Chapter IX. 

f assistance des KaUHaux^ Morin, p. 461. 

X V Engineer, 1858, p. 52. 
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from which it appears that the toznooDal force P varies as the space {ad) orer 
which it moves. 

It is a principle of mechanics that the moving force yaries directly as the 
product of the moving mass multiplied by the acceleration. Hence, if a; = (oa), 
the variable space, t = the variable time, Jf = the mass moved, and observing 
that t and x are inverse functions of each other, and the above principle of 
mechanics gives the following equation (neglecting the mass of the prism) :— 

Multiplying both members by the dx^ gives 

W^ dxd^x _ __ ^rgr* 

where TT is the weight of the mass moved, and g is the acceleration due to 
gravity. The oscillations commence at the extremity of an arc whose length 
is «, at which point the velocity is zero. The integral of the last equation 
between the limits 8 and x is 

A second integral gives 






Wla* 



Iq-V 20gT' 
which is the time of half an oscillation. For a whole oscillation : 



2f = r=4|/^^^^^- 



2w_ 

Og 



This is essentially the theory of Coulomb^s torsion pendulum. A torsion 
pendulum was used by Cavendish in 1778 to determine the density of the 
earth.. (See Boyal PhilosophicaZ Transactions: London, Vol. 18, p. 388.) He 
found the mean density of the earth by this method to be 5.48 times that of 
water, or according to Button's revision, 5.42. 

Beich, by aid of a mirror apparatus, afterwards found it to be 5.43. Bailej 
found by experiments on a larger scale 5.675. Reich repeated his experiments 
and found 5.583. Other methods gave a value somewhat larger than these, 
but the mean result shows that the mean density of the earth is about 51 times 
that of wator. — See Bailey's EosperimenU^ London, 1843. 



1 74. HiTFTiJRB BIT TORSION. — The resistance which a bar 
offers to a twisting force is a torsional shearing resistance, and 
in regard to rupture, the equation of equilibrium is founded 
upon the following principles : — 

1st. The strain upon any fibre varies directly as its distance 
from the axis of torsion ; and 
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2d. The sum of the rnoraentsof resistance of the fibres equals 
the sum of the moments of the twisting forces. 

Let e/= the modulus of torsion, that is, the ultimate resist- 
ance to torsion of a unit of the transverse section which is most 
remote from the axis of torsion. It is the ultimate shearing 
resistance to torsion, but may be used for any shearing strain 
which is less than the ultimate, 

d^ = the distance of the most remote fibre from the axis of 
torsion, 
y (p, (p) =z the equation of the section, 
-P = the twisting force, and 
a = the lever arm of P. 
Ijp = the polar moment of inertia of a section. 
Then pdpd<f> = dA = the area of an element of the section ; 
Jpdpd<f> = the shearing strain of the most remote 
element ; and, by the first principle given 
- above, 

— pdpd^ =. the shearing strain of any element, which 

1 is at a unit's distance from the axis of 

torsion, and from the same principles we 

have 

—p^dpd<f> = the shearing strain of any element, and 

^ this, multiplied by the distance of the 

element, p, from the axis, gives 

-7- p^dpd^ = the moment of resistance to torsion. 
Hence, according to the second principle we have 

^« = J/M'^* = ifp'''''-= i ^^ (2^1) 

For circular sections, we have already found, Eq. (199), 

For square sections, whose sides are 5, we may find * 

7^ = -J^J*, and^^i=:S|/|; 



We hAYeJp'dA = /Ta?« +y ^ ^^4 =Jx''dA ^J y^dA, that is, the pol 



ar mo- 



ment equals the sum of the rectangular momente, the origin being the same 

14 
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its. FK ACTIO Aii FORMViiAs. — Equations (199) and (201) 
give for cylindrical pieces, observing that di = r, 

Fa = iTTcTr^ .-. J=: ^^ (202) 

If cylindrical pieces are twisted off by forces which form a 
coiiple, and P, a, and r measured, the value of «/'raay be found 
from Equation (202). Cauchv found J = ^ H* which is con- 
sidered sufficiently exact when a proper coefficient of safety is 
used. Calling J=z 25,000 pounds for iron, and using about a 
five-fold security; and J=^ 8,000 pounds for wood, and using 
about a ten-fold security, and we may use for 

Round iron shafts (wrought 

or cast), diameter = -j^^- ^Pa 

Square iron shafts (wrought f (9,()^\ 

or cast), side of the square = ^^ ^Pa^ 
Square wooden shafts, 

side of the square = \ \/Pa 

The dimensions given by these formulas are unnecessarily 
large for a steady strain, but shafts are frequently subjected to 
sudden strains, amounting sometimes to a shock, and in these 
cases the results are none too large. 

Practical formulas may also be established on the condition 
that the total angle of torsion shall not exceed a certain amount. 
Making G =^% E^ and solving (200) in reference to /*, and we 
have for cylindrical shafts. 



/• = ^ 



ae Pal 



ZirEm 
and similarly for square shafts. 



=i/i^ 



Pal 



Eit 



<in both cases. In this case the origin being at the centre of the square, we 
^have fx^dA=fy^dA . \Ip =2jy^dA -2x ^b^ (see Eq. (51) ). 
♦ JUawine des LeQona^ Navier. Paris, 1856, pp. 193-203, and p. 507. 
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In these expressions P should not be so great as to impair 
the elasticity, — say for a steady strain P should not exceed the 
values given by Equation (203). 

If a° is given in degrees, it is reduced to arc by multiplying 

it by -— so that « = t^«° ; hence the preceding equations be- 
come : for cylindrical iron shafts, 

r = S.U^^. : (204) 

and for square iron shafts, 

rf= 5.51.*/— (205). 



Examples. — 1. A ronnd iron shaft 15 feet long, is acted upon by a weight 
P =r 2,000 lbs. applied at the circumference of a wheel which is on the shaft, 
the diameter of the wheel being 2 feet ; what must be the diameter of the 
shaft so that the total angle of torsion shall be 2 degrees ? 

If the shaft is cast-iron E = 16,000,000, and 



^ « oo V^nOO X 12 X 15 X 12 - „ . , 
2r^d.= 6.28f g,,e,000.000 = ^'^^ "^^^^ 

2. A round wooden shaft, whose length is 8 feet, is attached to a wheel 
whose diameter is 8 feet. A force of 200 lbs. is applied at the circumference 
of the wheel, what must be the diameter of the shaft so that the total angle 
of tocsion shaU not exceed 2 degrees ? 



2r = <f = 6.284/ "^1 ^2 Z:Z7Z. '^ ^ =■ 4.35 mohes. 



2 00x4xl2x8x 12 
2 X 2,000,000 



17 Sa, RB81JI<T9 OF ^TBRTfilBOI'S BXiPERimClSNTS. — A feW 

years since M, G. Wertheim presented to the French Academie 
des Scienees an exhaustive paper upon the subject of torsion, 
the substance of which was published in the Annates de Chimie 
et de Physique^ Vol. XXIIL, 1st Series, and Vols. XL. and L., 
3d Series. These articles would make a volume by themselves, 
and hence we will content ourselves at this time with present- 
ing his 
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CONCLUSIONS, 

When a body of three dimensions is subject tp torsion the 
following facts are observed : — 

Ist. The torsion angle will consist of two parts, one tempo- 
rary, the other permanent; the latter augments continually, 
though not regularly. 

2d. The temporary displacements augment more and more 
rapidly than the moments of the applied couples, and the in- 
crease of the mean angle, which in hard bodies continues until 
rupture, in soft bodies continues only to the point where the 
body commences to sufFer rapid and continuous deformation. 

3d. The temporary angles are not rigorously proportional to 
the length, and, all else being equal, the disproportionality in- 
creases in measure as the bar becomes shorter. 

4th. In all homogeneous bodies, torsion caused a diminution 
of the volume^ which is proportional to the lengtli and square 
of the angle of toi-sion, and each point of the body, instead of 
describing an arc of a circle, follows the arc of a spiral. The 
condensation of the body increases from the centre to the cir- 
cmnference. 

5th. In bodies with three axes of elasticity, the change of 
volume and resistance to torsion are functions of the free axes, 
and the relation between them may be such that the volume 
will augment. 

6th. Circular or turning vibrations of great amplitude are 
difficult to produce, and as small angles of torsion only are 
used, the preceding conclusions apply to this case. 

7th. Rupture produced by torsion usually takes place at the 
middle of the length of the prism ; it commences at the dan- 
gerous points, and operates by slipping in hard bodies and by 
elongating in soft ones. 

8th. With regard to the influence of the figure and absolute 
dimensions of the transverse sections of the bodies, we derive 
the following conclusions : — 

9th. In homogeneous circular cylinders the diminution of the 
volume is equal to the original volume multiplied by the prod- 
uct of the square of the i*adius, and the angle of torsion for a 
unit of length (the angle being always very small). Further, 
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under torsion the radius of the eyh'nder equals the primitive 
radius multiplied by the sine of the angle of inclination of the 
lielicoidal fibres. Tliis last gives a means of calculating the 
diminution of volume. But in reality the twisted cylinder 
takes the form of two frustra of cones joined at the smaller 
bases ; and although this does not sensibly affect the theoretical 
results for long cylinders, yet it deprives our formulas of all 
their value in ordinary practical cases. 
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CHAPTEE IX. 

DISTORTIONS. 
176. ANT CHANGB OF FORM OF A SOIilD BUE TO 

FOREIGN FORCES IS A DISTORTION. — Sevei^l of these have 
been considered, separately and singly, in the preceding chapters, 
such as extension, compression, bending, torsion, and transverse 
shearing, but we shall find that in all cases one of these distor- 
tions is accompanied by some other one. In all elastic bodies 
the particles move more or less freely under the action of the 
straining forces. 

The phenomenon of elasticity is nothing more than the 
action of the attractive and repulsive forces of the molecules 
of a body upon each other. When a force is applied to a body, 
its effect is transmitted from particle to particle by the internal 
forces, until it meets and is held in equilibrium by a force 
applied at some other part. 

The Mathematical Theory of Elasticity is considered in three 
parts, the relation of stresses, the relation of strains, and the 
relations of stresses to strains.* We shall here consider only 
Buch principles as pertain immediately to the problems under 
consideration. 

177. MEASURE OF 8I-IPPING. — If the scctiou hdhe forced 
into the position qfhj the slipping (transverse shearing) of bd 
upon ac, the amount of the movement per unit of length will 
be measured by the angle haq, which for small displacements 
will be measured by the tangent of the angle. 

Let g be the tangent of baq z=z -^z=zhq when ah is unity. 

* M. Lam^^s Lemons sur la Theorie Mathematiqtie de PElastieitS des Corps 
SoUdes. Paris, 1852. Bemtance des Corps SoUdeSy par Navier. Troisidme Edi- 
tion, 1864. 
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The resistance to this shearing will evidently vary as g^ and 
also as the elastic resistance of the material, and if the resist- 
ance be evenly distributed over the transvei'se section it will 
also vary as this section. 




Fig. 109. 

Let P = the tangential force, that is, the force which acts in 
the plane hd^ 
E^ = the coefficient of transverse elasticity, 
A =• the area of the transverse section ; then 

P= E,Ag (206) 

If ^ = 1, we have 2> = E^g^ which is the intensity of the 
stress. 

When flexure is involved, we shall find that the shearing 
stress is not evenly distributed over the section. It is evenly 
distributed when bd is consecutive to ac^ or when the area is 
small it may be considered uniform. 

Letting fall the perpendicular ch from c upon dq^ and we 
have 

dh _hq __ 

hence, the transverse slipping in an amorphous body is accom- 
panied by an equal longitudinal one, for we consider that the 
effect is the same as if cbb had slipped over cd^ an amount equal 
to ah. 

Produce the diagonal ad and describe an arc fe which shall 
pass through f^ having the centre at a, then will de be the elon- 
gation (or dilation) of the diagonal ad\ and in a similar way we 
may find the contraction of the diagonal ch. 
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If i = the dilation per unit of length, we have 

~" ad 
By similarity of the triangles def^ndi aod we have 

cd -j^ cd df cd 

de ad ad cd ad 

which is a maximum when cd = a<?, for whi<;h case we have 

i-=h (207) 

or the maximum dilation is one-half the slipping. Similarly, 
the maximum contraction of cd takes place when it is the diag- 
onal of a square. 

We see that if we have two equal stresses in opposite senses, 
one a pull along ad^ and the other a push along cb^ whose di- 
rections make a right angle between them, the resulting distor- 
tion is equivalent to one-half of a simple shear of the same 
intensity on a plane at 45 degrees with either of the others. 

Limit of the Slipping. 

If jff ^ = the elastic limit of the strain ; 
E = the coefficient of elasticity ; and 
i' = the elongaiion produced by Ii\ we have 



178. REIiATION BKTHrEBN liONGiriTBINAIi AND, I<AT- 

BRAii STRESSES. — ^Whcu a body is subjected to a pull there is 
a lateral contraction, as shown in Fig. 116. The relation between 
these stresses, for bodies which are not homogeneous, is com- 
plex, but it is one of the questions which is considered in the 
Mathematical Theory of El^isticity. But for a solid whose 
elasticity is the same in all directions — called an isotropic body 
— the relations are comparatively simple. First consider the 
case in which the straining force acts in any direction. 
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"Letp = a stress acting in any direction due to any cause, 
j?„* = the component of this pressure upon a unit of sec- 
tion resolved normally to a plane which is perpen- 
dicular to X ; 
j9yy = the normal component on a 
unit of section which is nor- 
mal to y ; 
j9j5jB = similar component in regard 
to a; 
A = the coefficient of direct or lon- 
gitudinal elasticity, which 
expresses the relation be- ^^^- ^^^' 

tween the longitudinal strains and the normal 
stresses ; 
£ = the coefficient of lateral elasticity, which expresses 
the relation between the longitudinal strain (a 
push or pull) and the stresses at right angles to 
the strains. It expresses the resistance to lateral 
contraction, 
Sa;, Sy, Sg = tlie elongations in the directions of the axes aj, y 

and 2 for a unit of length. 
We then have, when the body is perfectly amorphous, or 
isotropic,t 

* This notation was first used by Cauchy and (^orioles in discussions upon 
the Theory of Elasticity. The first sub-letter indicates the normal to the 
plane, and the second one the direction of action in that plane. Thus p xy 
indicates a pressure upon a unit of area which is perpendicular to Xy and in a 
direction, parallel to y. 

\ Let Ja be an elementary section, 

r = Mm = the distance of any molecule, m to the right of Jf, 
Ji = the force exerted by one molecule upon another at the distance and 

in the direction of r, 
n the number of molecules contained in a unit of the body in the vicinity 
of^. 

Take the origin of coordinates at Jf, x being taken perpendicular to the sec- 
tion Ja, z vertical, and y perpendicular to xz. 

The total action of all the molecules which are distant Mm = r of the mole- 
cules on the right of ^upon those at the left, is the same as if the whole mass 
of the cylinder at the left, whose length is r, were concentrated in the sectickn 
at M acting upon the lamina at m ; which is the same as if it were concentrated 
in the point M, and the lamina in the molecule m. We have 
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p^ = Al^ + ^(S. + 8,) (208) 

Suppose that the strain is parallel to a?, thenjpyy=Oand^a=0. 

Ja,x = the Yolnme of the cylinder, 
n Ja.x=. the number of molecules, 
Bn Ja,x=z the sum of all the actions parallel to r, between Jfm, 

X 

Mn Ja .X- = the resultant normal to the section. 
r 

If we consider r as variable, and for each new Talne of r we snbstitate a 
proper corresponding value of B (which might be called R|, R^, B3, etc.), we 
shall have a series of corresponding expressions all of which will have the 
same form as that given above, hence we have for all the forces which croes 

the section Ja 



JaSB- 
r 

X* 

in which S applies to all values otnB- from zero to r, when the expression 

does not reduce to an insensible quantity on account of the rapid decreafle of 
its value as r increases. The relation between B and r is not known, but we 
may assume that the resistance offered by the elastic forces above those which 
in the natural state are in equilibrium, when disturbed by an extraneous force, 
is proportional to the small increase of distance, dr, as we found in Chapter I. 
Let Bi be the derivative of i? in respect to r, then will the stress on a unit be 



SBidrx, and 

X* 

«„ = SBidr - 

will be the resolved component of the stress. 
Let 8a% ^y s^d $e be as given in the text, then 

X 

dx- X — the projection on r of the x component of the elongation, and 
similarly for y and s ; 
hence, neglecting all differences above the first, we have 

X* v* «* 

dr = 9x- -^hfz +•»;; 

r r T 

jp„ = hiSBi -J + hySBi -^ + la 8Bi —5- 

p„ = 9y8B,^ + laSB,^ -^IhcSB,^-^ 



hence 



Similarly 
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Also the lateral compressions will be the same in the directions 
of y and s, and hence Sy = S,. For this particular case let 

^a: = ^Ij ^y = S« = ^8? and WC liaVC 

/>« = ^ii + 2^^ (208«) 

= ^4 + 5^2 + ^^1 (209) 

By elimination we find 

A'+ AB- 2B 



*1 A2 , AD O rKi^^ 



^ /I2 , >1 Z> O D2-P 



Hence 4 is negative compared with ii, as it should be, since 
a longitudinal pull produces a lateral compression. 

The value of ii when j)^^ is unity is called the coefficient of 
direct pliability, and ig the coefficient of lateral pliability. 

Keturning to the equations, and we find 

A= . ~^\t-- i>xx ; 

Or, since ^g is negative, we have for the numerical values of 
A and B when^^ is unity, and % and 4 are both used as posi- 
tive numbers ; 



A=^ 



ii — ^1^2 — 2*^2 



But on account of the isotropic character of the solid, the expressions 
which are similar will have the same value, hence 

fi»i % = -SR. 5 = ^^' S = ^ c^y)' 

which reduces the preceding equations to those in the text. 

It is more common in the investigations in molecular mechanics to prove 
at once a relation between A and B. The preceding is a special solution. 
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^ = 



«2 



A — iih — 2^^2 

To find the relation between A And JB requires a series of 
experiments, or a further consideration of molecular actions. 
Since the solid is isotropic, we shall here assume that the re- 
sistance to a shearing stress is the same in all directions, and 
since the lateral movement only takes place by shearing, we 
will here assume that the coefficient of lateral elasticity is the 
same as that for transverse shearing, or torsional shearing, or 
longitudinal shearing. 

Generally let (7 = the coefficient of transverse elasticity ; 
the particular values of which wall be for an isotrope, 

C=Ii = E.= ^ (see Eq. 206) = O (see Torsion). 

We have (as shown below), 

- py^ numerically ; 



.\C=i{^-B) (210) 

To prove this, take the case of two equal stresses acting at 
right angles with each other, in which one is a pull, and the 
other a push ; the former being parallel to xx, and the latter 
parallel to yy. Since the body is isotropic, the contraction in 
the direction of 2 produced " by jt^jc^ will equal the expansion 
caused by j?yy, and hence Bg, Eq. (208) will be zero, and^^a = 0; 
hence the third of Eq. (208) gives S^ = — S^, and Eqs. (208) 
become 

p^ = {A-^B)B, 

p^ = {^A + B)S,= --jp^ 

The intensity of the transveree shearing is, Eq. (206), j> = 
^J^g = Og which for this case is, Eq. (207) 

p =Pxx{or —Pjj) = C.2i = 2C®a 

hence J. -^ = 2a 
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Assuming, as above stated, that the lateral elasticity for au 
isotrope is the same as the transverse, and we have 

^- J? = 2(7= 2^ 
which in the second of Eqs. (209) givjes 

that is, the lateral contraction of an isotropic solid under the 
action of a direct stress is J as much per unit as the longitu- 
dinal extension for the same unit. 

If J = the breadth, 
d = the depth, 
I =: the length of a prism, 
T^= the volume before elongation, 
Fi= " after '' , and 

!P = the pulling force. 

Then the elongation is 

X=-^(Eq.(l)) 

and ii =-7- 
We also have 

r = hdi 

/. Fi = h (1 - i,) d(l--i,)l(l+ h) 
= idl (1 + ii — i^ — h) nearly. 

If 4 == ^ exceeds ^i, the expression becomes negative, or 
there would be a diminution of the volume, which is absurd ; 
hence this may be considered a superior limit of the values of 
4 and %. If ^2 = ^3 = Jii, we have 

This solution shows, that on the convex side of a bent beam 
there will be a lateral contraction, and on the concave side 
there will be a lateral expansion. The elongation per unit of 
length for a rectangular section whose breadth is J, and depth 
d, is, Eq. (45), 

^-2p 
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and the lateral contraction per unit will be 

and the expansion on the opposite side will be the same amoant. 
The total contraction will be 

M 
8p 

By this means we find that the lateral sides prolonged after 
flexure will meet at a point 

from the neutral axis opposite to the convex side. The sections 
which were rectangular before flexure become trapezoids after 
flexure. 

Substitute the values of A and t2 ^^ Eq. (208a), and we find 

But -^-?^ = ^, the coeiBcient of longitudinal elasticity, 

.-. G =\e. (211) 

o 

or the coefficient of elasticity for slipping (whether transverse, 
lateral, longitudinal, or torsional), in an isotropic solid is f of 
the coefficient of longitudinal elasticity. 

But 6^=^ = iJ.; 

that is, the coeflScient of longitudinal elasticity is | of that for 
the direct normal stress. 

It will be seen from the equations, that the quantity J? is a 
result of all the distortions, being the elongation which results 
from the yielding both longitudinally and laterally. 

Eeturning again to Eqs. (208) and we have 

i(Pxx +i>yx +i>») = i(^ + 2^) {K + Sy + S.) 

The coefficient \ {A -^ 2B) expresses the relation between the 
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mean direct stress and the cubic strains, and is called the cubic 
elasticity J or elasticity of volume. 

The coeflScient of transverse pliability is -^= (j = 2 (ii + i^j 



(numerically). 

The coefficient of cubic compressibility is 

■^ ^ A-h2B ^ ^ (^ - 24) (numerically). 

The following are the coefficients for Crystal, as deduced 
from the experiments of M. Wertheim. — (Annales de Chemiey 
3d Series, vol. xxiii.) 

A 8,522,600 
B 4,204,400 
O 2,159,100 

i 5,643,800 

I 5,747,000 

i, 0.0000001740 
4 0.0000000575 
c 0.0000004631 
B 0.0000001772 



179» SHEARING STRAINS IN A BEAHI; HTBIICH IS BENT 
BT TRANSVERSE STRESSES. 

In the discussions of the problems of flexure, the longitudi- 
nal elements were treated as if they produced no action upon 
each other, and were simply subjected to the laws of extension 
and compression. 

If we conceive tliat the beam is composed of thin horizontal 
laminse, and each had an uniform strain from one end to the 
other, there would be no slipping between the adjacent ele- 
ments. This case is realized when the neutral axis is the arc 
of a circle, as when a beam is supported at its ends and is 
loaded with equal weights placed at equal distances from the 
supports. But in all other cases there is necessarily a slipping. 



224 



THE EESISTANCE OF MATERIAXS. 



In Fig. Ill, the element DC i& not subjected to any tensile 
strain at (7, but from that point the strain increases to Z>, where 
it will be a niaxinium. The strain can be unequal only by 




Fig. 111. 

some adjacent element or elements taking off (so to speak) some 
of the pulling force, and the element must slide upon the 
adjacent one. 

The moment of P in reference to e is Px^ and in reference 
to /'it is P{x + dx), and the difference between these, or Pdx, 
is the moment of the shearing force at^in reference to e, and 
hence the shearing force is P, as given in Article 93. It re- 
mains to determine the law of distribution of this stress. 

The strain on a unit of section qn is, according to Eq. (46), 

E 

in which substitute the value of — from Eq. (49), and we have 

9 
P = ^ ^P^ (212) 

and for a width min' (Fig. 112) = C^the strain is 

pU=-^ UXPx 
I 

and for a depth qn = dy it is 

pUdy——^yUdy. 



** 
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The strain htpm is found in the same way, and the difference 
between the two is the excess of strain at m over that at n. 







o' ifl..«--.- 




FiG. 113. 

It is evidently the differential of the preceding expression in 
which ^ and HPx are the only variables (the beam being pris- 
matic). 

.-. dp Udy - ^ Uydy = — j — Uydy 

(See Article 93 in regard to the last reduction.) 

This is the value of the longitudinal shearing along m7i = dx 
due to the elefnient rnq. But the shearing due to all the ele- 
ments between c and n will be 






I 

{dx being the distance of the extreme fibre from the axis). This 
is the expression for the force which tends to inove the volume 
acnm along the line mn. This divided by the area mn m'vt = 
Udx gives the shearing strain on a unit of section, or its inten- 
sity, which is (say Gg^ as stated on the next page.) 

^p fdi 

^^ = wjy ^y^y 

which at the centre becomes 



,(213) 



Gg,> = 



SP 
lb 



/ Uyd} 

•^0 



,(214) 



in which 5 is the breadth on the neutral axis. 
15 
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But it was shown in Article 177 that a longitudinal shearing 
is accompanied by an equal transverse shearing. Hence, Eq. 
(213) gives the intensity of the transverse shearing at a point 
whose ordinate is y. 

If XP becomes zero, as it does in the case of a Couple, Eq. 
(213) reduces to zero, or there is no transverse shearing. 

The pari: / Uydy is the statical moment of da^mm' in 

Jy 

reference to the neutral axis. 

We see fi-om this that the transverse and longitudinal shear 
ing is zero at the upper and lower sides, and increases towards 
the neutral axis, at which place it is a maximum. We may 
conceive of this condition by supposing that the beam is built 
up of successive layers, each succeeding one being free, but 
adding to the shearing of all the preceding ones between it and 
the neutral axis. Equation (213) is not exact except for rectan- 
gular cross sections, for when the cross section is elliptical or 
otherwise curved, the free surface is at variable distances from 
the neutral axis. 

Jf mk is normal to mj>^ and 
'tnr is parallel to oU then 

g = tangent of the angle hmr^ the amount of slipping, 
G = coefficient of shearing elasticity, = ^g for isotropes, and 
Gff = the resistance to shearing per unit, as used above. 

The mean intensity is 

A 
Hence, the ratio of the maximum shearing is to the mean as 

%^ = 4 f\dy 
SP IbJo 

which depends fen tirely u{)on the form of section. 

If the cross sections ane rectangular, Equation (214) gives 

SP 

^^o^S^^./n *2«^2/ = f-jJ (215) 
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which is the maximum intensity of the shearing, and is | of 
the mean. The total shearing is 

If the beam be fixed at one end and loaded at the free end, 
SI* = P, and hence the total force which at all points along 
the neutral axis tends to push the upper half of the beam along 
the lower half, and which should be resisted by the cohesion 
of the elements, will be per unit of length 

P 

For any portion aa'mrnJ of the rectangle we have 



tP 



or G {g, - g) = ^^^ (216«.) 

that isj in rectangular heams the difference hetween the shearing 
at the neutral a^xis and any other point above or helow itj 
varies as the square of the ordinate. 

The total transverse shearing in the cross section is 






which by reduction gives 5'P, and agrees with Article 93. 

It now appears evident that when there is longitudinal 
shearing, the transverse sections which were originally plane, 
will not remain plane during flexure. 

To FIND THE Equa^tion OF THE CuEVE aob for pcctangular 
beams. 

Erect oe normally to ot at o, and let 
y = the ordinate os, and 
X = the abscissa ms, 
rn,r is parallel to ot^ 
TTbk is normal to mp, and 
g = tangent kmr = the slipping. 
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-3- = the inclination of mp to oe^ = g plus a small inclina- 
^ tion which m/i may have in regard to ot^ which is 
produced by the lateral contraction due to the 
longitudinal extension. 
The elongation per unit of. length is 

y (Eq.(45)) 
P 

and the contraction for an isotropic solid is i — , and hence the 

9 
contraction between o and m is 



i 



^ iX ^ ^vl -jI ^I^ 



The distance mo will be Jess than tn by an amount which 
will not diflPer sensibly "from the differential of the preceding 
expression. Differentiating and dividing the result by dx 
gives for the tangent of the inclination 

Hence, for rectangular beams we have 



diB , SP 



^=i^[*'-'''^4V] 



dy ' ' 8Fr 
Integrating, observing that x = for y = 0, and we find 

Each half of the curve aoh is therefore a parabola of the 
third degree, and of the same order as the curve AB. 
For the ordinate de^ at the upper surface, make y = \d. 

We here have the peculiar result that the total effect of the 
ongitudinal shearing at the surface is independent of the depth 
and length. 

If 6^ = 1^, we have 
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a' = f|^r5^y-6y'J (217«) 

If SP = 0, as in the case of a Couple, x will be zero for all 
values of y, and hence the section will be plane. 

The curve is normal to the neutral axis, or parallel to oe, 

where -^ = 0, or at the point whose ordinate is 
ay 

y = 0.52(^, 

or at a short distance above the upper surface. Were there no 
lateral contraction it would cut the upper surface normally. 

The algebraic curve, if continued, will cut the axis of y at 
two points, one at y = 0, and the other at y'f d^ or at 0.91 d 
nearly. 

JSxampte,—!! 2P=P=2,000 Ibg., 6^ = 8,000,000 lbs,, 5 = 1 incli, d = 12 

inclies, required the ordinate ae. 

Atir. ae = -^jhtu incli, nearly. 

It will be seen from the preceding equation, that all the 
transverse sections in prismatic beams which were originally 
parallel, will be of the same form when the beam is loaded at one 
point only; and that it will be modified at the diflPerent points 
of the beam if the value of the shearing stress, SP = Sg varies. 

180. INCBBASE:1> DEFIiECTION DUB TO TRANSVERSB 
SHSABING (OR SI.IPPING). 

The slope of any element due to the transverse shearing, 
Eq. (213), is 

sp r^i 

Ungkmr=ffz='^j-^ J TJydy, 

which must be added to the slope due to bending by flexure. 
The increased deflection for a length I will he 

'h'=.lg 

if g is constant, but if it is variable, 

S' / gdxy' or by substituting the preceding value of g^ we 

Jo 

have 



230 THE RESISTANCE OF MATERIALS. 

If the beam is rectangular, the limits are and id ; 

SPx 

hence the deflection varies directly as the monient of the 
bending forces and inversely as the area of the transverse 
section. 

If the beam is fixed at one end and loaded at the free end, 

Hence the total deflection will be (Eq. (57) ) 

^ SPl 



bd 
If it be tinifonnly loaded 









Gbd 



If it be supported at its ends and loaded at the middle, 
XPx = \Ply hence 

and hence the total deflection will be (Eq. (73) ) 

^ = iW + *^ ^'^'^ 

Prof. W. A, Norton, of New Haven, Ct., detected the exist- 
ence of the last term, involving the deflection due to transverse 
shearing* directly from experiment. He assumed that this 
stress is uniformly distributed over the transverse sections, and 
deduced an equation of the same form as the preceding, the 
only difference being in the value of the coefiicient, O, Al- 
though the stress increases from the outer surfaces to the neu- 
tral axis, as we have seen in Equation (216), yet the resistance to 

♦ Van Nostrand'a Eclectic Engineering Magazine^ Vol. 3, p. 70, 1871, 
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deflection of rectangular beams varies according to the same 
law, as if it were evenly distributed. 

Prof. I^orton's experiments were made upon prismatic white 
pine sticks, and the mean of a large number of experiments 
gave 

^=1,427,965 lbs. 

and -|. = 0.0000094 lbs.* 

o(jr 

.\ G = 40,000 lbs., very nearly. 

This is only -^ of the value of jE! So small a value at first 
caused a doubt as to the applicabilitj^ of the formula to fibrous 
beams. But the experiments of Chevandier and Wertheim, 
p. 17, give for white pine the coefficient of elasticity in the 
direction of the radius 97.7 kil. per sq. millimetres, or 135,950 
lbs., and in the direction of the tangent to the layers, 40,680 
lbs., from which we see that the value given above may be 
correct for the material used, and for the position in which it 
was used. 

Prof. Norton also informed the author that there were dis- 
crepancies in the experiments which he was not able to account 
for at the time ; but that, in the light of Chevandier and Wert- 
heim's experiments, he w^as of the opinion that they were 
mainly due to the position of the layers in the specimens, as 
some might have been horizontal, others vertical, and still others 
inclined, when the experiments were made. Diileau's experi- 
ments. Article 173, gave for the coefficient of elasticity for 
torsion (perpendicular to the direction of the fibres) 615,472 
lbs. For fibrous bodies there is no simple relation between 
the coefficients of elasticity in the different directions. For 
cast iron, wrought iron and steel it is generally assumed that 
the coefficient of shearing elasticity is J that for longitudinal 
elasticity. 

Equation (218) may be written 



^=T^i[l+l^] (219) 



iEbcl^ 



g 

he represented by (7 in his equation. 



86^ 
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from which we Bee that the shorter the beam compared with 
its depth, the greater is the deflection due to traiiBveree elas- 
ticity compared with that due to the direct elasticity. In very 
short beams nearly the whole deflection may be due to shear- 
ing, while in long ones it may generally be neglected. 

181* DEFI^ECTION DUB TO I^ONGITUDIIVAI. SI.IPPIN6.— 

If the lamina were free to slip upon each other, as we have be- 
fore illustrated by a pile of boards, they would retain their 
original length, and the deflection would be much greater than 
if there were no slipping. If the elements were held together 
by cohesion, but had no longitudinal shearing elasticity, but 
had, as now, a direct longitudinal elasticity and a transverse 
shearing elasticity. Equation (218) would give the deflection 
for rectangular beams supported at their ends and loaded at 
the middle. If the sections remained plane and were forced 
past each other, as in Fig. 26, without bending by flexure, 
then the total deflection would be given by Formula (217 J). 
But there is a longitudinal shearing stress at every point where 
there is a transverse shearing, and the elasticity of the inaterial 
permits a corresponding longitudinal shearing strain^ and hence 
there is slipping, and the longitudinal elements are independent 
of each other to just the extent of the slipping and no more. 
When the longitudinal shearing elasticity is the same as the 
trans veree. Equation (217) shows the total effect in a cross sec- 
tion of the shearing in a rectangular beam. 

Join o and a, Fig. 212, with a straight line, and conceive that 
the beam turns about <? so as to produce an opening as at a. 
This would cause a deflection which we call rfS, and by similar 
triangles we have 



,^ 2 as 
/. do = — ^a? 



XP 



SGbd 



[G T SP 



Although this is not the correct expression due to longitudi- 
nal slipping, yet we may safely assume that it is proportional 
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to it. The longitudinal sliearing elasticity may differ from the 
transverse. If then Gi be the coefficient of longitudinal shear- 
ing elasticity, and r the ratio between the preceding expression 
and the true one, then the expression for the deflection due to 
this cause will be 

tGM 

But the total deflection will be the sum of the expressions which 
result by giving to a? all possible values from a? = to a? = the 
length considered; 

which for a rectangular beam fixed at one end and loaded at 
the free end, becomes 

2rGM' 

and if suppoi*ted at its ends and loaded at the middle, SP = 
iPj and 

. PP . 

16rGM 
This added to Equation (218) gives for the total deflection of a 
rectangular beam which is 8upj[>orted at its ends and loaded at 
the middle^ 



4:Ebd^ ■ IQrGM SGbd 
PI 



^bdY^Ed^^4:rG^^ 2G\ 



(219a) 



NOTE, — As these pages are passing through the press, the author hais re- 
ceived the following note from Professor Norton, which I am pleased to insert 
in this place, although I do not agree with his theoretical views. The fact, 
however, that his new formula represents the results of his experiments so 
accurately makes it worthy of serious consideration : 

** I find that the entire series of experiments which I have made on the de- 
flection of pine sticks, and iron and steel bars, loaded at the middle and rest- 
ing on supports, are represented with great accuracy by the following formula : 

in which I denotes the length, b the breadth, and d the depth of the reotan- 
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gvilax stick or bar, P the load at its middle, E the coefficient of elastloity , and 

C a constant coefficient. The old formula, J = . „. ... involves two laws, 

which it appears from my experiments are very wide of the truth, unless the 
ratio of the length to the depth is laige. These laws are, that the deflection is 
directly proportional to the cube of the length, and inversely proportional to 
the cube of the depth. The coefficient of elasticity, E, as determined with it, 
from any observed deflection, J, is ordinarily much too large. For example, 
it gives me for the wrought-iron bar I have used, as the value of Ey 36,833,- 
000 lbs., and for the steel bar 37,066,000 lbs. 
'^ The formula which I before obtained is 

bd ^ 4Ebd^ 

This, with certain values of E and (7, represented my experiments with white 
pine sticks much more satisfactorily than the old formula just referred to ; 
but the experiments on the deflection of wrought-iron and steel bars have 
shown it to be faulty — whether regarded as an empirical formula, or from 
the theoretical point of view — though it gives results that approximate more 
nearly to the truth than the one in general use. 

^^ In the new formula the first term represents the portion of the linear de- 
flection resulting directly from the shearing stress, propagated from the mid- 
dle of the bar to either point of support. This J had before conceived to be 
proportional to the length of the bar, but it appears, on careful consideration, 
that it is proportional to the square of the length. This may be seen by 
taking the case of a bar fastened at one end and loaded at the free end, and 
reflecting that when any one material section slips on the next one on the side 
towards the support, it must take down with it in this act aU the bar be- 
tween it and the free end, just as if this were an index extending out from the 
point considered. The molecular actions by which this is effected will un- 
doubtedly give rise Incidentally to small longitudinal strains, by which the 
relative positions of the molecules of the two contiguous sections will be some- 
what disturbed. Accordingly, the linear deflection of the end of the bar, re- 
sulting from the shearing stress taking effect along the whole length of the 
bar, should be proportional to the square of the length. The same conclusion 
will obviously apply to the case of a bar loaded at its middle and resting on 
two supports. The effect of the shearing stress should also be inversely pro- 
portional to the area of the cross section, or bd, and directly proportional to 

P P l^ 1 

^, We thus obtain, on theoretical grounds, the term ^' s"- 1~- r> ^^^ 1®* 

G = coefficient of elastic resistance to transverse shearing stress, and let m = 

-Pi, or G^ = — . The value of G^ for the distance 1 is -r^, or -». The new term 
G m G^ -a 

m PP PI* 

becomes,* then, ^^. -r-r-, for which we may take C i-^. 

0/& oa oa 

2 PP 

** The other term in the formula, viz., AWhii's ^^®" ^®°^ *^® ordinary ex- 
pression for the deflection due to the longitudinal strains on the fibres, in oon- 
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2 

taining the factor -. With regard to this I will only state here that this is 

o 

the expression for the deflection attendant on the longitudinal strains, which 

I deduced a year or two since, directly from the fundamental conception 

that thei?e strains are the incidental effects of the shearing stress, without 

using the principle of the lever or of moments. I now find it to be verified 

by the results of my experiments. It may be well to add that this expres 

sion was not adopted, in my recent attempt to represent the experiments, 

until the ordinary expression yjpj-^i was found to fail, giving values of E far 

too large. 

'* For the pine sticks the value of m, as derived from the values of C and B 

Vfh 

by the relation O = -^„ falls between 2 and 4. It varies with the different 

sticks used, with the inclination of the layers to the horizontal. When the 
layers were horizontal, the value of m was 4 ; when they were vertical it was 
2. In one of the sticks the inclination was nearly 45°, and the value of m 
came out 2.98. In the case of another stick the inclination, in one exx)eri- 
ment, was about 25°, and in another 65° ; and the values of m obtained are 
2.18 and 3.55, the average of which is 2.86. The values of E obtained varied 
with the different sticks from 933,000 to 1,093,000 lbs. 

"For the wrought-iron and steel bars (1 in. by ^ in.) the value of m was a 
little less than 2 when the bar rested edgewise on its supports, and 4 when it 
rested flatwise ; or the same as with pine sticks when their layers were verti- 
cal or horizontal. This is a remarkable result, since it indicates that the bars 
were made up of laminss parallel to the breadth, with separating spaces of 
weaker molecular forces, called into action by veriiical displacements. This 
condition of things is no doubt attributable to the operation of rolling, to 
which the bars have been subjected. This, I conceive, from theoretical con- 
siderations, ought to have had the effect to weaken the effective molecular 
ferces in the vertical direction, and augment them in the horizontal direction. 
The value of E, for the iron bar, was found to be 25,220,000 lbs., and for the 
steel bar 25,333,000 lbs." 
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at any point of the longitudinal section of a heam. 
Let ABCD be an element, 

jp = the pull or push jper unit of section AD^ = — j-y 

Eq. (212). 
^= the shearing per unit on the surface AB^ 



= Y^J Tlydy, Eq. (213) 
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6SP 
which for rectangular beams is -j-w- [i^ — ^, Eq. (216), 

Z = the transverse shearing per unit on AD, = -T, 

/3 = the variable angle ABD, 

iV= the normal component of tlie stresses ^^ unit on the 

plane JBD, and 
jSs = the shearing stress j?^r unit along BD. 




Fig. 113. 



For the sake of simplicity, consider a rectangular beam^ 
which is fixed at one end and loaded with a weightP at the free 
end. Then SP = P, and we have 



j> = 



i2Pxy 



(220) 



6P 



andX=Z=^3[(4^2-j^] (221) 



M 



We also have 



X,AB = the total shearing on AB, 
Z.AD = X.AD = the total shearing on AD, 
jp.AD = the direct pull or push on AD, 
N,BD = the total normal component on BD, and 
Ss.BD = the total shearing pull or push on BD. 

Resolving the forces normally and parallel to BD, and we 
have 

Ss.BD = AB. Xcos)8 - AD, Xsin/S + AD.pco&fi 
N.BD = AB.X%mfi + AD.Xi^o^ + BD.jp&iufi 
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But -^^ = cos^; and -^^ = sinyS 

.-. Ss = Jr(cos2y3 - 8iii2/9) +i>siniScosy3 = Xcos2y3 -f 

ipfAn2j3 (222) 

iT = 2Xsin)8co8/9 + jpsin^/S = 2Xsia2y3 + ijp{l - 

COS2/9) (223) 

Hence, Ss is a majcimum for 

tang2/3 = ^. = tang2A (say) (224) 

P 2X 

hence the maximum of the shearing force is 

Ssm = ^{ipf + X^ (224a) 

Similarly, for iVwe have for a maximum or minimum 

9 Y^ 
tang2y9g = - — (225) 

.*. tang2j8i taiig2/92 = — 1 

or 2A = 90° + 2y9a 
.-.A = 45°+ A; 

hence the lines of maximum shearing cut the lines of maximum 

direct stress at angles of 45 degrees. 

2^2 may hare two values a and 180° + a /. )8 = Ja or 90° + ia 

2X r) 

6in2)92 = =F ; cos2/92 = ± , -^ 

ly + 4X2' ^' i/y + 4X2' 

the upper signs correspond to a minimum and the lower to a 
maximum. 

The maximum value of iTis 

iV^ == ii> + V{i^y + X2 

and the minimum value is 

On the compressive side of the beam we have 

Ss = X(cos2)8— sin^/S) — ^sin^cos^ 
J!f= 2X8in)8cos^ — ^sin^/S 
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Discussion. 

On the neutral axis p = 
/. tang2A = and 2^^ = or 180^ .-. y3i = or 90^ i 

tang2A = 00 ; 2/83 = 90^ or 270° .-. ^^ = 45° or 135° 

and 88^ = X and N^ = X and iT^ = — X 

This shows that the intensity of the shearing stress on the 
neutral axis is a maximum along the axis, and is of the same 
value as at right angles to it and equals X. The equality was 
shown in Art. 177. The maximum direct stress is normal to a 
section which is inclined 135 degrees to the axis, and the mini- 
mum at an angle of 45 degrees. Its value per unit is iV^ = X. 
This may be shown directly, for it is evidently the resultant 
of two rectangular shearing forces each equal to X^ and hence 

is \/2X; but the area is V2 times the horizontal unit ; hence 
the stress per unit will be |/2X -r- 4/2 = X, as given above. 

At the outer elements X= 

.-. tang2)8i = 00 ; 2 A = 90° and A = 45° 

tang2/S2 = - ; 2A = 180° or 0° and ^^ = 90° or 0** 

Ssra=ip 

J^m=P and iV; = 

That is, the maximum stress is normal to a section which is 
perpendicular to the neutral axis ; in other words, it is parallel 
to the axis and equals the pulling stress, as it should. The 
minimum value is zero in a direction normal to the surface, 
and the maximum shearing stress is along a section which is 
inclined 45 degrees to the axis, and its intensity is J^, which 
agrees with Article 177. 

For any point we have from Eqs. (220), (221), (224) and 
(225); 

tang2A=-^^^^.. ..;... .(226) 

In the last equation take successive values for x (as a? = -J^, 
|-Z, f Z, etc.), and for each value substitute values of y (such as 
\ of ^dy I of i^, etc.), and determine the corresponding values 
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of /82- Lay ofF the computed angles at the points whose coordi- 
nates are thus assumed. The lines of maximum direct stress will 
be normal to the lines thus constructed. But since the angles 
for a maximum and minimum differ by 90 degrees, the incli- 
nation of the lines so constructed will correspond in direction 
with (say) the maximum, and the normal to it with the mini- 
mum stress. By determining a sufficient number of points a 
network of lines may be drawn, as in Fig. 114:, which represent 




Fig. 114. 



the direction of the lines of maximum and minimum stress, 
those concave downwards corresponding to tension, and those 
concave upwards to compression. 

The parts more nearly horizontal, correspond to the maxi- 
mum, and the steeper parts to a minimum. They cross the 
neutral axis at angles of 45 degrees, and each other at all 
points at right angles, and the axes of minimum stress cut the 
surfaces at right angles, and the axes of maximum stress are 
parallel to it at the surface. 

In a similar manner lines of maximum shear may be drawn. 

To find the equation of one of these curves, we have (the 
axis of the stress being normal to the elementary section) 

-^ = cot)82 or ^ = tang/Sg 

Buttang2A = i^^^^ = -^ . 
^ "^^ 2tang/32 j) 



dx 
dy 



= tang^a 



= ± ^ + i/l + ^ = « 5 or -^ 
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whence, by Equations (220) and (221) 

di.=^-^^-+\/l+_^v i^y 

which 13 the differential equation of the curve, but I do not 
think that it can but integrated in finite terms. 

Remark, — The analysia by which Poisson and others determined that the 
coefficient of lateral contraction is ^ that of the longitudinal dilation, both 
per unit, has been criticised by Thomson and Tait. (See their Natural Phi- 
losophy, 1867, Vol. I., p. 531.) They give the following: — 

Let n = the rigidity, which according to our notation = G = ^ (A — jB), 

and k = the resistance to dilation = -= = - (A + 2B) ; then the linear elon- 

■ Jj u 

gation, t, = (3^ + 9^) ^ = ^' +^^-2^' ^' "^^ *^* ^™*" contraction, 

•*' = (L -k)^= A^+A^i-iB' ^' "^"^ "* *^* '''"^ "' •■' '^^ *' '°^' 

lowing Eq. (209) in the preceding text. 
We have 

ii B 



t, ~ A + B' 

in which, if the ratio is i, P wiU be 4 A. These substituted in Eq. (208a) give 

E = iA = i-B (oi iG), 

as before found. That this result is approximately true for iron has been 
shown by the experiments of M. Wertheim.* 

For ordinary glass and crystal he found 2.4 nearly for the ratio. 

But there are some isotropic solids in which this is not the correct ratio, 
such as India rubber and elastic jellies. In such cases the value of B must be 
determined by experiment. 

I assumed that C = B = 0, because it is approximately true for those solids 
which are more commonly used by the engineer, and also because it greatly 
simplifies the investigation. 

~ The problem of the distortion of a prism which is subjected to torsion has 
been thoroughly discussed by St. Venant. He determined the character of the 
sections which originally were plane and normal to the axis of torsion ; also 
determined the correction which should be applied to Coulomb's formula ; 
also compared his results with those of experiment, and deduced conclusions 
of great value to the engineer. This problem alone furnishes sufficient mate- 
rial to fill a volume. 

It was unnecessary to introduce the letter C into the notation on page 220 
and the following, since it is the same as E^ previously used ; but I did so be- 
cause it has been used by other writers, and I desired to show its relation to 
my notation. 

Comptss Jtendus, t, xxviii., p. 126. 
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CHAPTEE X. 

EFFECT OF LONG- CONTINUED STRAINS— OF OFT-REPEATED 
STRAINS, AND OF SHOCKS— REMARKS UPON THE CRYSTAL- 
LIZATION OF IRON. 

EFFECT OF LONG- CONTINUED STRAINS. 

1 8S« ©KNKBAii EFFECT. — The valuGS of the coefficients 
of elasticity and the inodulii of tenacity, ci'ushing, and of rup- 
ture were determined from strains which were continued for a 
short time — genei*ally only a few minutes — or until equilibrium 
was apparently established ; and yet it is well known that if the 
strain is severe, the distortion, wliether for extension, compres- 
sion, or bending, will increase for a long time ; and as for rup- 
ture, it always takes time to break a piece, however suddenly 
rupture may be produced. By sudden rupture we only mean 
that it is produced in a very short time. 

The increased elongation due to a prolonged duration of the 
strain beyond a few minutes will affect the coefficient of elas- 
ticity but very slightly, for the strains which are used in deter- 
mining it are always comparatively small, and the greater part 
of the effect is produced immediately after the stress is applied. 
If the distortion should go on indefinitely under the acticm of a 
constant load, no matter how slowly, the elasticity, and henc« 
the coefficient, would be greatly modified by a very great duia- 
tion of the stress ; and at last rupture would take place. If the 
basis of this reasoning be well founded, we might reasonably 
fear the ultimate stability of all structures, and especially those 
in which there are members subjected to tensiou. But the con- 
tinued stability of structures which have st(X)d for centuries, 
teaches us, practically at leasts that in all cases in which the 
strain is not too severe, equilibrium becomes established between 
the stresses and strains, and in such cases the piece will sustain 

the stress for an indefinitelv long time. 
16 
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184. HODGKiNsoN's EXPBRiMBNTS. — The results of the 
experiments which are recorded in Article 45, page 52, show 
that in one case the compression increased with the duration of 
the strain for three-fourths of an hour. In the case of exten- 
sion on another bar, as shown in Article VII., page 7. it appeal's 
that the same weight produced an increased elongation for nine 
hours ; but during the last, or tenth hour, there was no increase 
over that at the end of the ninth hour. 

In both these cases the strain was more than one-half that of 
the ultimate strength. 

1 85. TicAT^s EXPBRiMENTs.— M. Vicat took wrought- 
iron wire and subjected it to an uniform stress for thirty-three 
months. The elongations produced by the several weights were 
measured soon after the weights were applied, and total lengths 
determined from time to time during the thirty-three months. 
It was found for all but the first wire, as given in the following 
table, that the increased elongations after the fii-st one were 
very nearly proportional to the duration of the stress. (Annates 
de Chemie et Physique^ Yol. 54, 2d series.) 



TABLE 

Of the Besults of M. VtcaVs ExperimenU on Wrought-iron Wire, 



Aijaonnt of Strain. 



i of its ultimate tensile strength. 
\ of its ultimate tensile strength, 
i of its ultimate tensile strength. 
} of its ultimate tensile strength. 



<o <o o 

+3 ^j a> 



o3 -S 



o »-• 
o a> 



.4 
o 

O 'i 



.2 S 

O d 



Increased Elongation after 33 
months. 



No additional increase. 
0.027 of an inch per foot. 
0.040 of an inch per foot. 
0.061 of an i|ich per foot. 



186. FAiRBAiRN's fiXPERiifiENTS. — Fairbaim made ex- 
periments upon several bars of iron, which were subjected to a 
transverse strain, the results of some of which are recorded in 
•the following tables. {See Cast and Wrought Iron^ iy Wm, 
Miirbairn). The bars were four feet six inches between the 
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supports, and weights were applied at the middle, and permit- 
ted to remain there several years, as indicated by the tables. 
The deflections were noted from time to time, and the results 
'were recorded. 



TABLE I. 



In which the Weight Applied was 336 pounds. 



Tkmpebatube. 


Date of Observa- 
tion. 


Cold-blaBt— deflec- 
tion in inches. 


Hot-blast — deflec- 
tion in inches. 


Batio of load to 
mean breaking 
weight. 


78" 
72" 
61" 
50" 
68" 


March 11, 1837.... 

June 3, 1838 

July 5, 1839 

June 6, 1840 

November 22, 1841. 
A.prill9, 1843 

Mean , . 


1.270 

1.316 

1.305 

1.303 

1.306 ' 

1.308 


1.461 
1.538 
1.533 
1.520 
1.620 
1.620 


Cold-blast, 
0.661 : 1 

Hot-blast, 
0.694: 1 




1.301 


1.548 


■ 











Previous to taking the observations in November and April 
the hot-blast bar had been disturbed. 

In regard to this experiment Mr. Fairbairn remarks: — "The 
above experiments show a progressive increase in the deflec- 
tions of the cold-blast bar during a period of five years of 0.031 
of an inch, and of 0.087 of the hot-blast bar." The numerical 
results are found by comparing the first deflection with the 
mean of all the observed deflections. But an examination of 
the table shows that the greatest deflection, which was observed 
in both cases, was at the second observation, which was about 
a year and a quarter after the weight was applied, and during 
the next two years the deflections decreased 0.015 of an inch 
for the cold blast, and 0.018 of an inch for the hot-blast bar. 
After this the deflections appear to increase for the cold-blast 
bar 0.005 of an inch the next two years. Considering all the 
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particulars of these experiments it does not seem just to con- 
elude that the deflections would have gone on increasing indefi- 
nitely with a continuance of the load. Admitting that the 
small increase of deflections during the last two years are cor- 
rect and not due to errors of observation, we see no reason why 
the deflections would not be as likely to decrease after a time 
as they were after the first year. 

TABLE XL 



In wJdch the Bar was Loaded with 392 pounds. 



TXMPKBATUBX. 



78" 

72° 

50" 

68" 






March 6, 1837 

June 23, 1838. 

July 5, 1839 

June 6, 1840 

November 22, 1841. 
April 19, 1842 



Mean. 



a 

B 

"3 a 



1.684 

1.824 
1.824 
1.825 
1.829 
1.828 



1.802 



■§53 



1.715 
1.803 
1.798 
1.798 
1.804 
1.812 



1.788 



5g» 



1 



•«xa 






s 



s^ 



For oold-blast, 
0.771 : 1 

For hot-blast, 
0.805 ; 1 



Here we see a general increase in the deflections from year 
to year, but the changes are not entirely regular. The princi- 
pal increase is during the first year. In the cold-blast there 
was a slight decrease of deflection during the last year, and in 
the cold-blast it was less at the third and fourth measurement 
than at the second. 
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TABLE IIL 



Tkicpsbatube. 



78** 
72' 
61' 
50° 
58" 



March 6, 1837 

June 23, 1838 

July 5, 1889 

June 6, 1840 

November 22, 1841 
April 19, 1842 

Mean 



u 

6 


Hot-blast— deflec- 
tion in inches. 


1.410 
1.457 
1.446 
1.445 
1.449 
1.449 


Broke imme- 
diately with 448 
pounds. 


1.442 





43 






Cold-blast, 
0.881 : 1 



We find from this table, as from Table I., that the maxiraum 
deflection was observed about a year and a quarter after the 
weight was applied, and that it decreased during the next two 
yeai-s, after which it slightly increased. The deflections were 
the same at the two last observations. These changes took 
place under the severe strain of more than four-fifths of the 
breaking weight. These experiments indicate that for a steady 
strain which is less than three-fourths of the ultimate fitrength 
of the bar, the deflection will not increase progressively until 
rupture takes place, but will be confined within small limits. 



187. ROKBiiiNG's OBSERVATIONS. — The old Monongahela 
bridge in Pennsylvania, after thirty years of severe service, was 
removed to make place for a new structure. The iron which 
was taken from the old structure was carefully examined and 
tested by Mr. Koebling, and found to be in such good condition 
that it was introduced by him into the new bridge.* 

He also found that the iron in another bridge over the AUe- 



* Roebling's Report on the Niagara Railroad Bridge^ 1860, p. 17 ; Jour, 
Frank. Inst, 1860, VoL LXX, p. 361. 
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ghany Eiver was in good condition after forty-one years of 
service. 

188. OFT-HEPEATEi> STRAINS. — Nearly all kinds of struc- 
tures are subjected to greater strains at certain times than at 
others, and some structures, as bridges and certain machines, 
are subject to almost constant changes in the strains. Loads 
are put on and removed, and the operation constantly repeated. 
The following experiments for determining the effect of a load 
which is placed upon a bar and then removed, and the operation 
of which was frequently repeated, were made by Wra. Fair- 
bairn, in 18G0.* The beam was supported at its ends, and the 
weight which produced the strain was raised and lowered by 
means of a crank and pitman, as in Fig. 115. 




The gearing was connected with a water-wheel, which was 
kept in motion day and night, and the number of changes of 
the load were registered by an automatic counter. The beam 
was 20 feet clear span and 16 inches deep. The. dimensions of 
the cross section were as follows : 



Top — Plate, 4: X i = 2.00 sq. inches. 

Angle irons, 2 x 2 x ^ = . . .2.30 « 

Bottom—Plate, 4xi= 2.00 " 

Angle irons, 2 x 2 x 3^=. 1.40 " 
Web— Plate, 15i xi = 1.90 " 






Total 8.60 " " 

Weight of beam, 1 cwt. 3 qrs. 3 lbs. 
Probable breaking weight, 9.6 tons. 

♦ Civ. Eng. and Arch. Jotir., Vol. XXIII., p. 257, and VoL XXIV., p. W. 
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First Eayperiment. — Beam loaded to J the breaking weight : — 

Total applied load 5,809 lbs. 

Half the weight of the beam 434 " 

Strain on the bottom flange 4.3 tons per sq. inch. 

Margin of strength by Board of 
Trade 3.4 



TABLE 

Of the Besults of Experiments made upon a Beam which was Supported at its 
Ends, and a WeigJit repeatedly but graduaUy Applied at Vie Middle, 



DATE. 


i 
g 
e 

•s 

d 


Deflection at Centre 
of Beam. 


i 

DATE. 


1 

• 


Deflection at Centre 
of Beam. 


I860, 
March 21 


10,540 

15,610 

27,840 

46,100 

57,790 

72,440 

85,960 

97,420 

112,810 

144,350 

165,710 

202,890 

235,811 


0.17 
0.18 
0.16 

• • • • 

0.16 
0.17 
0.17 
0.17 
0.17 
0.17 
0.16 
0.18 
0.17 
0.17 , 


1860. 
April 13 


268,328 
281,210 
321,015 
343,880 
390,430 
408,264 
417,940 
449,280 
468,600 
489,769 
512,181 
536,355 
560,529 
596,790 


17 


22 


14*. 


0.17 


23 


17 


0.17 


24 


20 

25 


0.17 


26 


0.16 


27 


27 


0.16 


28 


28 


0.16 


29 


May 1 


0.16 


30 


u •-■.•••••••• 

3 

6 


0.16 


31 


0.16 


' Arril 2 


7 

9 


0.16 


4 


0.16 


7 


11 


0.16 


10 


14 


0.16 









At this point, after half a million of changes, the beam did 
not appear to be damaged. At first it took a permanent set of 
0.01 of an inch, which did not appear to increase afterwards, 
and the mean deflection for the last changes were less than for 
the first. For the last seventeen days the deflection was uni- 
form, but for the first seventeen daj^s it was variable. 

The moving load was now increased to one-third the break- 
ing weight, = 7,406 lbs., with the following results : 
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DATE. 


No. of Changes of 
Load. 


1 
a 

1 

1 


DATB. 


No. of Changes of 
Load. 


• 

1 

,S 
c 

i 
1 


1860. 
May 14 


« • • • • • 

12,623 

36,41 7 

53,770 

85,820 

128,300 

161,500 

177,000 

194,500 


0.22 
0.22 
0.22 
0.21 
0.22 
0.22 
0.22 
0.22 
0.21 


1860. 
Jtiti« 7, . . . , , . 


217,300 
236,460 
264,220 
292,600 
327,000 
a50,000 
375,650 
403,210 


0.21 


15 


9 


.0.21 


17 


12 


0.21 


19 


16 


23 


22 


21 


0.23 


26 


23 


0.25 


29 


25 


023 


31 


26 


0.23 


Jpiie- 4 , 


1 









The beam had now received 1,000,000 changes of the load, 
but it remained uninjured. The moving load was now in- 
creased to 10,050 lbs. — or one-half the breaking- weight — and it 
broke with 5,175 changes. The beam was then repaired by 
riveting a piece on the lower flange, so that the sectional area 
was the same as before, and the experiment was continued. 
One hundred and fifty-eight changes were made with a load 
equal to one-half the breaking weight ; and the load was then 
reduced to two-fifths the breaking weight, and 25,900 changes 
made. Lastly, the load was reduced to one-third the breaking 
weight, with the following results : — 
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DATE. 



Sept. 



1860. 
August 13 

16 

20 

24 

25 

31 

1 

8 

15 

22 

30 

October 6 

13 

20 

27 

November 3 

10 

17 

23 

December 1 

8 

15 



g 



25,900 
46,326 
71,000 
101,760 
107,000 
135,260 
140,500 
189.500 
242,860 
277,000 
320,000 
375,000 
429,000 
484,000 
538,000 
577,800 
617,800 
657,500 
712,300 
768,100 
821,970 
875,000 



.a 






0.18 



0.18 



DATE. 



Dec. 


1860, 
22 




29 


Jan. 


1861. 
9 




19 




26 


Feb. 


2 




11 




16 




23 


Maxch2 

9 




13 




23 




30 


Apri! 


I 6 


13 




20 




27 


May 


4 


11 


June 





8 
O . 

•si 



929,470 
1,024,500 

1,121,100 
1,278,000 
1,342,800 
1,426,000 
1,485,000 
1,543,000 
1,602,000 
1,661,000 
1,720,000 
1,779,000 
1,829,000 
1,885,000 
1.945,000 
2,000,000 
2,059,000 
2,110,000 
2,165,000 
2,250,000 
2,727,754 



S 



I 



0.18 



0.18 
0.17 



0.17 



The piece had now received nearly 4,000,000 changes in all, 
but the 2,727,000 chaitgcs after it was once broken and re- 
paired did not injure it. The changes were not very rapid. 
During the first experiment they averaged about 11,000 per 
day, or less than eight per minute, and during tlie last experi- 
ment the highest rate of change appears to have been less than 
eleven per minute, wliich is very slow compared with the 
strokes of some forge hammers. 

189. STIFFENING UNDER STRAIN. — The experiments re- 
corded in Articles 31, 185, and 186, indicate that iron may be- 
come Btififer, if not stronger, under strain. That such is the 
fact has recently been confirmed in a very striking maimer by 
the experiments of Professor Thurston (hereafter given), and 
the following experiment, which was made by Commander L. 
W. Beardslee, of the TJ. S. Naw.* 

T - -- — ■ " • — - ■■ - 

* Reported by Prof. Thurston to the Am. Soc, of Civ. Eng. , New York, Nov. , 
1874. The specimen is preserved in The Stevens' Institute of Technology. 
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The bar was of Phoenix iron, with an eye formed at each 
end. It was pulled apart by a hydraulic machine, and registered 




Fio. 116. 



with weights and levers. It was originally If inches in diame- 
ter, but was drawn down to If of an inch at a, when it suddenly 
broke in the weld near the eye, with 67,800 pounds. The rest 
of the bar was slightly tapered, but with no marked diminution. 

A new. eye was welded on, and the next day it was put in the 
testing machine, when, instead of breaking at a, it began to 
yield and draw down at J, and finally broke at that point under 
a strain of 88,000 pounds. 

Such are the fads in regard to this remarkable fracture. 
Had the eye not broken, it is quite certain that the bar would 
have broken at a. The particles then were moving (flowing) 
over each other more rapidly than at any other point, and were, 
apparently, on the verge of separation. By being relieved of 
the strain for a day (resting) its strength was greatly increased, 
so that it was stronger at the reduced section on the second day 
than the full section was on the former day. It would appa- 
rently have broken on the first day with a strain somewhat ex- 
ceeding 68,000 pounds, but on the second day it sustained 
88,000 pounds at that point without fi-acture, which is a very 
large increase in the strength. 

The most that can be said with certainty is, that the particles 
by flowing over each other, and having time to come to rest in 
their new positions, the cohesive force between them was in- 
creased. The contraction necessarily develops heat, and it is 
probable that the heat during the flowing, and the abstraction 
of it afterwards, played an important part in securing the in- 
creased cohesion. 

190. SHOCKS. — In a broad sense, a shock is the impinging 
of one mass against another, whereby the velocity of one or 
both of the masses is suddenly changed. In common language 
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it IS a hlow produced by one solid body striking anotlier. In 
the impact of gases, liquids and semi-fluids, shocks are not con- 
sidered. .When the motion of a rigid body is gradually changed, 
like the connecting rod, or the pitman of an engine, shocks are 
not produced. If a moving mass be brought to rest by a resist- 
ance acting through a finite space, the shock is much less than 
if it be arrested more suddenly. Thus a forge hammer in 
striking a molten mass of metal produces but little shock, whereasf 
the same blow upon cold metal may produce a severe shock. 
K^o moving mass can be brought to rest instantaneously^ but 
the more rigid the masses, and the more unyielding the supports 
of the body receiving the blow, the more suddenly will the 
blow be arrested, and the more severe will be the shock. 

The effect of shocks may be greatly modified by the intro- 
duction of springs. Thus, the use of steel, rubber and wooden 
springs in vehicles and machines are familiar examples, and if 
the springs have but little mass, and have sufficient range of 
action, they may very nearly remove the effect which shocks 
would otlierwise produce. 

Oft-continued and long-repeated shocks upon metals are 
quite certain to produce fracture sooner or later. One who is 
unaccustomed to these effects is apt to be surprised at the fail- 
ure of iron or steel after it has sustained a moderate shock for 
a long time, but those who are accustomed to them seek to an- 
ticipate and provide against them. All metals in use have their 
"life." In some cases they are worn out, but in many others 
they break after a time. They can sustain only a certain 
amount of service. All machinery, tools, implements, vehicles, 
etc., have to be renewed. But there is nothing more uniformly 
disastrous to machinery, or which produces results more unex- 
pectedly than shocks. 

The following example is a good illustration of its effects. 

To aid in the handling of large masses of iron while being 
forged, a long bar of iron is sometimes forged to them to serve 
as a handle. This handle is called a " Porter bar," and may be 
used repeatedly for the same purpose. 

At the West Point Foundry a Porter bar, which had been in 
use about twenty years, broke near the middle whilst the ham- 
mer was at work upon the forging which was attached to the 
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Other end. The bar was about twenty feet long and twelve 
inches in diameter at the smaller end, and twenty-three inches 
at the end where it was attached to the forging. It was about 
fourteen inches in diameter where it broke. It was slung on a 
chain in the usual manner, and the fracture was between the 
free end and where it was slung, and some two or three feet 
from the latter place. 

The appearance of the fracture was described as highly cry&- 
talline and a clean break. The piece broken off probably 
weighed a ton and a half. It would have required a load of 
nearly fourteen tons applied at the end to have broken it if the 
iron was sound. 

This is a remarkable fracture for iron. It is not probable 
that the iron was cryataUized^ but that it had that appearance 
on account of the character of the breakage, as will be explained 
hereafter. 

The heavy end, which served as a handle, was caused to 
vibrate under the action of the hammer, and doubtless caused 
excessive strains which started a fracture; and by repeating 
the operation from time to time finally caused rupture. 

The writer is familiar with similar examples in the case of 
steel. Where the steel had been subjected to repeated shocks, 
one end of a bar would drop off while the smith was at work 
upon the other end. 

The fracture in such cases is doubtless a slow process. At 
first a mere crack is started, which increases slowly by the re- 
peated blows, but is unseen by the observer until the piece is so 
much weakened that it fails suddenly at last. 

The effect of a low temperature upon metals when subjected 
to shocks is not fully determined. When subjected to a steady 
tensile strain, numerous experiments prove conclusively that 
iron is stronger at very low temperatures than at ordinary tem- 
peratures. But it is commonly supposed that machinery, tools, 
rails on the railroad, tyres on locomotives, axles under the cars, 
etc., break more easily when cold than when warm. Steel rails 
when they first came into use were supposed to be more liable 
to break when cold than iron ones, but they have now come 
into extensive use, and there are no more breakages than for- 
merly, and probably not as many. 
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Mr. Sandberg, the translator of Styffe's work,* thought it 
probable that iron when subjected to shocks might not give the 
same relative strength at different temperatures that it would 
when subjected to a steady strain. lie therefore instituted a 
series of experiments to satisfy himself upon this important 
point, and aid in solving the problem. The following is an 
abstract of his report : — 

The supports for the rails in the experiments were two large 
granite blocks which rested upon granite rocks in their native 
bed. The rails were supported near their ends on these blocks. 
They were broken by a ball which weighed 9 cwt., which w^as 
permitted to fall five feet the first blow, and the height increased 
one foot at each succeeding fall, and the deflection measured 
after each impact. A small piece of wrought-iron was placed 
on the top of each rail to receive the blow, so as to concentrate 
its effect. 

The rail was thus broken into two halves, and each part was 
afterward broken at different temperatures. As the experi- 
ments were not made till the latter part of the winter, the 
lowest temperature secured was only 10° Fahr. Fourteen rails 
were tested : — Seven of which were from Wales ; five from 
France ; and two from Belgium. From these the experimenter 
drew the following conclusions: — 

1. " That for such iron as is usually employed for rails in the 
three principal rail-making countries (Wales, France, and Bel- 
gium), the breaking strain, as tested hy sudden hlows or shocks, 
is considerably influenced by cold; such iron exhibiting at 10° 
F., only one-third to one-fourth of the strength which it pos- 
sesses at 84° F. 

2. " That the ductility and flexibility of such iron is also 
much affected by cold, rails broken at 10° F., showing on an 
average a permanent deflection of less than one inch, whilst the 
other halves of the same rails, broken at 84° F., showed less 
than four inches before facture." 

These experiments seem to be conclusive for the iron which 
was tested. 

♦ The Elasticity^ Ext&imMlity^ and Tensile Strength of Iran ahd Sted. By 
Enut Styffe. TransUted by Ohriater P. Sandbeig, London. 
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From the oflScial reports of the Verein Deutscher Eiseribahn 
Verwaltungen^ it appears that during the year 1870, on 22 lines 
belonging to the Association, 132 axles of locomotives, tenders, 
and carriages were bi'oken. In comparison with the previous 
year, in which the fractures amounted to 163, these figures show 
an improvement. There is a decrease of 19.3 per cent, on the 
service which, considering the extraordinary demands occa- 
sioned by the Franco-German war, and the increase of rolling 
stock in Austria, appears considerable. The fractures either 
occurred or were reported in the months of 

December, January, February, in 39 cases. 
March to May (inclusive), in 30 " 

June to August, " in 25 " 

September to November " in 38 " 

The influence of the cold season, despite much that has recently 
been said to the contrarv, is distinctlv marked : from March 
till August 55 only, and during the other months 77 axles 
broke. The average run of the axles broken in 1870 was as 
follows : — 

Locomotives 11 years 4 months 13 days. 

Tenders. ..13 " 4 " 20 " 

Carriages 11 "11 " 13 " 

Average 12 " 2 " 29 " 

The average mileages of the axles were in the case of 

Locomotives 34,241.7 miles (German). 
Tenders.... 3 1,494.5 " " 

Carriages... 24,040.1 " " 



Average.... 27,631.1 " 



a 



The maximum mileage attained was 69,000 miles. 

But in opposition to this we have the Report of the Massa- 
chusetts Railroad Commissioners for 1874. On page 74 of this 
report are the following conclusions: — "Cold does not make 
iron or steel brittle, or unreliable for mechanical purposes." 
" It is not the rule that the most breakages occur on the coldest 
days." "The introduction of steel, in place of iron rails, has 
caused an almost complete cessation of the breakage of rails." 
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This report, which is the latest upon this point, shows that 
there must have been a great improvement in some respects in 
order to secure it. 

These results are in opposition to previously formed ideas in 
regard to the effect of cold. It being the latest report, and 
from a reliable source, we must look for an explanation in the 
improved character of the materials in the rails or in the sulj- 
structure. There doubtless remains much to be learned upon 
this subject. It is especially desirable to determine the effect 
of the impurities in the metal. It is probal^le that those ele- 
ments which make iron cold-sheet will cause it to be more 
brittle at low than at moderate temperatures ; and that good 
metals will resist shocks better at low temperatures than at 
moderate ones. 

The following experiments, by John A. Roebling,^ bear upon 
this subject : 

" The samples tested were about one foot long, and were re- 
duced at the centre to exactly three-fourths of an inch square, 
and their ends left larger, were welded to heavy eyes, making 
in all a bar three feet lonor. These were covered with snow 
and ice, and left exposed several days and nights. Early in the 
morning, before the air grew warmer, a sample inclosed in ice 
was put into the testing-machine and at once subjected to a 
strain of 26,000 pounds, the bar being in a vertical position, 
and left free all around. The iron was capable of resisting 
70,000 lbs. to 80,000 lbs. per square inch. A stout mill-hand 
struck the reduced section of the piece, horizontally, as hard as 
he could, with a billet one and a half inches in diameter and 
two feet long. The samples resisted from three to one hun- 
dred and twenty blows. With a tension of 20,000 lbs. some 
good samples resisted 300 l)lows before breaking." 

The finest and best qiialit^'es of iron, or those that have the 
highest coefficient elasticity will resist vibration best. It is 
generally supposed that good iron will resist concussions much 
better than steel. Sir William Armstrong, of England, says : — 
" The conclusion at which I have long since arrived, and which 
I still maintain, is, that although steel has much greater tensile 

* Jour. Frank, Inst., vol. xl., 3d series, p. 361. 
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strength than wrought iron, it is not as well adapted to resist 
concussive strains." This was written many years since, but 
at the present day many mechanics prefer iron to steel for 
resisting shocks. 

191. cBTSTAiiiiMATioif OF IRON. — ^It is observed that 
metals which are subjected to oft-repeated and long-continued 
shocks become weak ; and when broken in this way they ap- 
pear to be crystallized, having apparently undergone a change 
of structure. A crystal is a homogeneous inorganic solid, 
bounded by plane surfaces, systematically arranged. The 
quartz crystal is a familiar example. Different substances 
ci*ystallize in forms which are peculiar to themselves. Metals, 
under certain circumstances, crystallize ; and if they are broken 
when in this condition the fracture shows small plane sur- 
faces, which are the faces of the crystals. It is found in all 
cases that crystallized iron is weaker tJian the same metal in 
its ordinary state. By its ordinary state we mean that wrought 
iron is fibrous, and cast iron and steel are grauular in their 
appearance. 

Iron crystallizes in the cubical system.* Wholer, in break- 
ing cast-iron plates readily obtained cubes when the iron had 
long been exposed to a white heat in the brickwork of an iron 
smelting furnace. 

Augustine found cubes in the fractured surface of gun bar- 
rels which had long been in use. 

Percy found on the surfa(ie and interior of a bar of iron, 
which had been exposed for a considerable time in a pot of 
glass-making furnace, large skeleton octahedra. (He seems to , 
differ from the preceding in regard to the form of crystals.) 

Prof. Miller, of Cambridge, found Bessemer iron to consist 
of an aggregation of cubes. 

Mallet says : — " The plans of crystallization group themselves 
perpendicular to the external surfaces." 

Bar iron will become crystalline if it is exposed for a long 
time to a heat considerably below fusion. Hence we see why 
large masses which are to be forged may become crystalline, 

* Osbom's MetaUurgy^ pp. 83-86. See Appendix. 
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on account of the long time it takes to heat the mass. Forging 
does not destroy the crystals, and forging iron at too low a 
temperature makes it tender, while steel at too high a tempera- 
ture is brittle. The presence of phosphorus facilitates crystal- 
lization. 

Time, in the process of breaking iron, will often determine 
the character of the fracture. If the fracture is slow, the iron 
will generally appear fibrous ; but if it be quick, it may appear 
more or less crystalline. This result has been frequently no- 
ticed. At Shoeburyness armor-plates were shattered like glass 
under the impact of shot at a velocity of 1,200 feet to 1,600 
feet per second. They were were made of good fibrous iron. 

William Fairbairn says : — * " We know that in some cases 
wrought iron subjected to continuous vibration assumes a crys- 
talline structure, and that then the cohesive powers are much 
deteriorated ; but we are ignorant of the causes of this change." 

The late Eobert Stephenson f stated that in all the cases 
investigated by him of supposed change of texture, he knew 
of no single instance where the reasoning was not defective in 
some important link. 

Mr. Brunei accepted the theory of molecular change, for a 
time, as due to shocks, but afterwards expressed great doubts 
as to its correctness, and thought that the appearance depended 
more upon the manner of breaking the metal than upon any 
molecular change. 

Fairbairn presented his view of the probable cause of the 
internal change when it takes place in his evidence before the 
Commissioners appointed to inquire into the application of 
iron to railway st/ructure. He says : — " As regards iron it is 
evident that the application and abstraction of heat operates 
more pow^erf ully in effecting these changes than probably any 
other agency ; and I am inclined to think that we attribute too 
much influence to percussion and vibration, and neglect more 
obvious causes which are frequently in operation to produce 
the change. For example, if we take a bar of iron and heat it 
red hot, and then plunge it into water, it is at once converted 



* Civ, Eng, and Arch, Jour.^ Vol. iii., p. 267. 

t Am. R Titnes, March 6, 1869, Boston. 
17 
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into a crystallized instead of a iibrous body ; and by repeating 
this process a few times, any description of malleable iron may 
be changed from a fibrous to a crystalline structure. Vibration, 
when produced by the blows of a hammer or similar causes, 
such as the percussive action upon railway axles, I am willing 
to admit is considerable ; but I am not prepared to accede to 
the almost universal opinion that granulation is produced by 
those causes only. I am inclined to think that the injury done 
to the body is produced by the weight of the blow, and not by 
the vibration caused by it. If we beat a bar with a small ham- 
mer, little or no eflFect is produced ; but the blows of a heavy 
one, which will shake the piece to the centre, will probably give 
the key to the cause which renders it brittle, but probably not 
that which causes cryatallization. The fact is, in my opinion, 
we cannot change a body composed of a fibrous texture to that 
of a crystalline character by a mechanical process, except only 
in those cases where percussion is carried to the extent of pro- 
ducing considerable increase of temperature. We may, how- 
ever, shorten the fibres by continual bending, and thus render 
the parts brittle, but certainly not change the parts wliich were 
originally fibrous into crystals. 

" For example, take the axle of a car or locomotive engine, 
which, when heavily loaded and moving with a high velocity, 
is severely shocked at every slight inequality of the rails. If, 
under these circumstances, the axle bends — ^however slightly — 
it is evident that if this bending be continued through many 
thousand changes, time only will determine when it will break. 
Could we, however, suppose the axle so infinitely rigid as to 
resist the effects of percussion, it would then follow that the 
internal structure of the iron will not be injured, nor could the 
assumed process of crystallization take place.'' 

The late John* A. Eoebling, who designed and constructed 
the Niagara Railway Suspension Bridge, in his report on that 
structure in I860,* says he has given attention to this subject 
for years, and as the result of his observation, study and experi- 
ment, gives as his view that " a molecular change, or so-called 
granvZation or crystaUization, in consequence of vibration or 

* Jour, Frank. Inst, VoL xL, 8d series, p. 361. 
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tension, or both combined, has in no instance been satisfactorily 
proved or demonstrated by experiment." " I further insist 
that crystallization in iron or any other metal can never take 
place in a cold state. To form crystals at all, the metal must 
be in a highly-heated or nearly molten state." But he states 
that he is witnessing the fact daily that vibration and tension 
combined will greatly affect the strength of iron without chang- 
ing itsjlbroua texture. 

In speaking of the rock-drilling engines used in Hoosac 
Tunnel, Mass., which were driven by compressed air, the com- 
mittee says : * — '^ Gradually they began to fail in strength ; 
the incessant and rapid blows — counted by millions — to which 
they are subjected, appearing to granulate or disintegrate por- 
tions of the metals composing them." 

In some recent experiments made in France, interesting in- 
formation has been made known in regard to crystalline struc- 
ture in wrought-iron. The apparatus consisted of a bent axle, 
which was firmly fixed up at the elbow in timber, and which 
was subjected to toreion or twist by means of a cog-wheel con- 
nected at the end of the horizontal part. At each turn the 
angle of torsion was 24 degrees, and a shock was produced each 
time that the bar left one tooth to be raised by the next. Seven 
axles were submitted to the trial. In the first the movement 
lasted one hour, 10,800 revolutions and 32,400 shocks being pro- 
duced ; the axle, 2^ inch diameter, was taken fi'om the machine 
and broken by an hydi-aulic press, but no change in its texture 
had occurjed. In the second, a new axle having been tried 
4 hours, sustained 129,000 torsions, and was afterwards broken 
by means of an hydraulic press ; no alteration was perceptible 
to the naked eye, but, tried by a microscope, the fibres appeared 
without adhesion, like a bundle of needles. A third axle was 
subjected during 12 hours to 338,000 torsions, and broken in 
two ; a change in its texture and an increased size in the grain 
of the iron were observed by the naked eye. In the fourth, 
also, the axle was broken in many places after 110 hours and 
2,553,000 torsions. In the fifth, an axle submitted to 23,328,000 
torsions during 720 hours, was completely changed in its texture, 

* Annual Report of the Cammissumers on tlie Troy and Gfreenjieid BaUroad 
and Hoosac Tv//md. House Doa, No. 30, p. 5, Boston, Masa. 
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In the sixth, after ten months, during which the axle was sub- 
mitted to 78,735,000 torsions and shocks, fracture produced by 
an hydraulic press showed clearly an absohite transformation, 
the surface of the rupture being scaly, like pewter. The sev- 
enth axle, submitted to 129,304,900 torsions, presented a sur- 
face of rupture like that of the sixth, the crystals were found to 
be perfectly well-defined, it having lost every appearance of 
wrought iron. — TJ. S. R. H. and Mining Register^ 1872. 

The last experiment looks like a proof of the fact that the 
internal structure of iron may be changed by strains and shocks, 
but in this example millions of them did not produce rupture. 
Much depends upon the severity of the shock. The rapidity 
of the blows also has much to do with its durabilitv, since a 
rapid movement of the particles may develop heat to such an 
extent as to become an important element in the effect produced 
upon the metal. 

These several facts, though apparently somewhat conflicting, 
show quite conclusively, that some metals will crystallize under 
certain conditions ; that under certain conditions they may be 
strained millions of times without being damaged, or at least 
without being broken ; that under certain conditions strains and 
shocks combined may produce crystallization ; that shocks when 
severe will weaken metals, and if they are sufficiently numerous, 
will produce rupture. Much evidently remains to be learned 
upon this subject. There is a metal called " Phospho-Bronze," 
which combines in a remarkable degree toughness, rigidity, 
hardness and great elastic resistance, which, it is said, will not 
crystallize under repeated strains or continued vibration. 

103. THE PRAcxvcAi. <|iTESTioN is, how shall the life of 
such machines as are necessarily subjected to shocks, be pro- 
longed. The steam forge hammer (Nasmyth's) has been very 
troublesome on account of its frequent breakages. The auto- 
matic valve arrangement was so troublesome that many preferred 
to work them entirely by hand, but at the present day there are 
many in which this is as durable as any other part of the ma- 
chine. One of the essential features is to take the motion ofi 
from the hammer or piston-rod by a slope, so that the move- 
ment of the valve and its mechanism will be gradual. The 
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piston-rod is liable to break. In some very heavy hammers the 
rod is keyed to the block and the end, which is square, presses 
against blocks of wood which are put in place for the purpose 
(if relieving tiie shock, but this only partially cures the evil, 
since the rod is liable to break at the keyhole. 

A Mr. Webb, of England, proposed the improvement shown 
in Fig. 117. 



Eeferring t» the figure, it will be seen that the piston-rod, 
which is for the main part of its length 4 in. in diameter, is en- 
larged at the lower end to 6^ in. in diameter, and is shaped 
spherically. This spherical portion of the rod is embraced by 
the annealed steel castings, B B, which are secured in their 
place in the hammer-head by the cotters, A, and the whole 
thus forms a kind of ball-and-socket joint, which permits the 
hammer head to swivel slightly on the rod without straining 
the latter, Mr. Webb first applied this form of hammer-rod 
fastening to a five-ton Nasmyth hammer with a 4 in, rod. With 
the old mode of attachment, with a cheese end, this hammer 
broke a rod every tliree or four weeks when working steel, while 
a rod with the ball-and-socket joint, which was put iu in No- 
vember, 1867, has been working ever since, that is, to some 
time in 1869, without giving any trouble. The inventor has 
also applied a rod thus fitted to five-ton Thwaites and Carbutt's 
hammer with equal suetoss. 
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Fig. 118. 



One Morrison avoided the difficulty by making the rod very 
lai-ge and of uniform size, from the piston doMm to the hammer 
face. 

Mr. Samuel Trethewey, of Pittsburgh, Pa., thought, by re- 
ducing the rod at J., that he would compel the breakage to 
take place at that point, and that the repairs coidd be 
more quickly made than when the breakage was 
permitted to take place at any point; but, to his sur- 
prise and gratification, the rods lasted from two to 
three times as long without breaking as they did 
when the rods were of uniform size. The ends 
taper one-half inch to twelve inches. 

Steam rock-drilling machines are of more recent 
date than steam hammers, but partake of the same 
difficulties, and many more in addition to them. 
They must be portable, and hence comparatively 
light ; but they have severe work to do, and hence 
should be very strong. But for durability they 
mv^t have mcias. 

One of the ways of making such machines successful is to 
learn by practical experience where they are liable to break, 
and provide them with duplicate parts. 

Another efficient way of improving them is to make some 
simple non-expensive part, such as a bolt, pin, rod or bar, com- 
paratively weak, so that it will break first. The main parts 
will thus be preserved, and an ordinary mechanic may make 
the repairs. The use of a wooden pin for connecting the parts 
which would break when the machine met with a serious ob- 
struction, has greatly prolonged the life of certain machines. 
All reenterent sharp angles should be avoided in machines sub- 
jected to shocks. 

The cause of breakages has sometimes been attributed to 
crystallization, when the true cause was a lack of strength. In 
case of percussive forces the strain may exceed the amount 
estimated, and thus damage the material. As a general rule in 
such cases, the greater the amount of metal in the structure, 
when properly proportioned, the longer will be its life. 

The life ofmetaU^ or the amount which they will endure in 
performing a certain duty, is being determined approximately 
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by actual use. Having determined it, otlier epecimena of simi- 
lar quality, wlien used for the same purpose, should be cast 
aside before they fail, after having performed nearly the same 
duty. 

193, I'HUBSTON's bIxteriihbkxs.*— Pi-ofessor Thurston, 

of the Stevens' Institute of Technology, has made an entensive 
series of experiuienta upon various iiiateiiala with a machine of 
his own invention, the prominent feature of which is its auto- 
matic registry. For the sake of simplicity, compactness, and 
economy, he so constructed the machine as to subject the 



specimens to torsion. It recoi-d's automatically at every instant 
the moment of the stress, and the total angle of torsion. This 
feature enables one to make experiments rapidly and a(;cii- 
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rately, and by means of it many qualities may be detected 
which otherwise might escape observation. 

The twisting force is applied at Ej Fig. 119, and the resist- 
ance is offered by a weight D. The arms B and C turn upon 
independent axes, an enlarged view of one of which is shown 
in Fig. 120. The end U swings in the frame, while the other 
end is free. At the free end is a rectangular recess M for 
receiving one end of the specimen, which is usually made of the 
form shown in Fig. 121. The reduced part is one inch long and 
five-eighths of an inch in diameter. The other axis faces this> 
but a short space is left between the free ends at M. 




Pig. 121. 

When the specimen is secured in the rectangular recesses, 
the axes are virtually connected by the specimen, so that as a 
force is applied to the arm E^ tending to turn it on its axis, it 
will at the same time tend to turn the arm B on its axis ; but 
as the weight D is moved from the vertical position it will 
bring a torsive strain on the specimen, and the farther it is 
forced out the greater will be tlie strain. The statical moment 
of the weight D will equal the moment of the torsional stress. 
The relative angular movements of the arms G and B will be 
the measure of the total angle of torsion. It is evident that as 
the specimen yields to the strain, the arm C must travel farther 
than the arm jB, in producing a given strain. 

A guide curve F^ of such form that its ordinates are propor- 
tional to the torsional moments, and its abscissas proportional 
to the arcs moved over by the arm B^ is attac^hed to the frame 
AA'. The other arm C carries a cylinder G^ upon which 
paper is clamped for receiving the record. A pencil is secured 
to the arm B in such a way that it will be carried around with 
it, but which, at the same time, is free to move outward as it 
is moved along the curve E. 

After the specimen paper and pencil are arranged, the arm 
G is forced around, and arm B is thus forced forward, and the 
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pencil describes a line upon the paper as they move. The 
abscissa of the line will represent the angle of torsion and the 
ordinates the moment of stress. 

The interpretation of the diagrams has been the subject of 
much study. The comparison of the diagrams of a variety of 
materials, and a knowledge of the properties of some of them, 
enables the investigator to draw many general conclusions. 
Those who desire to acquaint themselves with the steps should 
consult the original papers. We can only present the results, 
and for this purpose have selected the diagram of a specimen 
of Swedish iron, marked No. 101, which is an exact copy of the 
diagram made by the machine. After becoming familiar with 
this one, the student will be able to interpret any of those upon 
the accompanying chart. 

1. The total angle of torsion is marked on the lower horizon- 
tal line. 

2. The ordinates, as Ja?, represent the moments of torsion, 
and hence represent relatively the strain. 

3. The curve from ^ to J is convex towards the line of 
abscissas. This shows that the piece had internal strains be- 
fore it was twisted. 

4. From atob the line is very nearly straight, and the tan- 
gent of its inclination to the horizontal is the ratio of the mo- 
ment of torsion to the total angle of torsion (or distortion) 
which took place between a and J. When the line is exactly 
straight, Hooke's law, " ict tcmio sic viSy^ is mathematically 
exact. The inclination of the line is a measure of the stiffness, 
and is proportional to the coefficient of elasticity. The point J, 
where the line begins to curve, corresponds to the limit of elas- 
ticity. When there is no straight part, as in many specimens 
of cast-iron and some other metals, there is not properly any 
lynit of elasticity. 

5. The curve, at J, shows that the outer particles begin to 
yield, and a set takes place. . 

6. The relative depression at c shows that the strxicture oi 
tlie material is not homogeneous. Homogeneous materials 
make a nicely-rounded curve without any depression. This 
simple illustration shows one of the advantages of an automatic 
registiy. 
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7. The curve rises more rapidly from o to d, showing that 
the previous strains upon the non-homogeneous solid has finally 
brought into action, or at least into greater action, certain ele- 
ments which before were partially dormant. 

8. From dtoe the curve is very regular, showing that the 
yielding goes on uniformly. 

9. At e the motion of the lever C was reversed until the arm 
jB returned to a vertical position, and the pencil traced the 
curve ej^. A forward movement was then given to the arras, 
and the pencil traced the curve ^y. The abscissa -4/* represents 
the set. The inclination of the curve g/', as before, represents 
the stifiPness at this point. In this case the stiffness is not 
diminished by the previous strains, and the elastic limit has 
been raised. 

10. The strain being continued, the curve giJB maintains the 
same height as before, showing that the strength has not been 
impaired ; but at £ there is a slight depression. At £ the 
arms were fixed in position and the piece was left under strain 
for one day, when the arm C was again moved forward, and 
the line moved suddenly upward to i. 

11. The elevation of the curve -ffi was an unexpected dis- 
covery by the experimenter, which was first formally announced 
by him to the American Society of Civil Engineei's in Novem- 
ber, 1873. The explanation of this phenomenon is given in his 
own words, as follows : " The phenomenon here obser^ved is an 
elevation of the limit of elasticity hy a continued strain. The^ 
cause iaprohahly a gradual release of internal strain^ occurring 
in a somewhat similar manner to that observed previously in 
cast-iron, and less frequently, and generally in a less markec^ 
degree, in ^wrought-iron and other metals, which have beet/ 
worked in large pieces, and in which such strain has been 
more or less reduced by a period of rest." 

The piece resisted a much larger strain within the elastic 
limits, after resting twenty-four hours, than it did before ; and 
it evidently required a greater force to rupture it than it would 
if the experiment had continued consecutively on the fii-st day. 
The experimenter, however, concludes that it would probably 
rupture with a less angle of torsion after resting than it would 
liave done without resting. We have here a clear proof of the 









., ',- . ,V, 



268 THB BESI8TANCB OF MATEBIALa 

vague inferences which might be drawn from Articles 35, 187, 
and 188. The experiments of Commander Beadsley, which 
were made at a later date, by direct tension, are a striking con- 
firmation of this phenomenon, as given in Article 189. 

12. The curve iC being nearly horizontal shows that the 
resistance remains nearly constant whilst the twisting force is 
active, and the torsional angle is constantly increasing. This 
corresponds to the gradual pulling apart of pliable bodies under 
the action of a nearly constant force, the elongation gradually 
increasing while the section is gradually diminishing, until it 
finally breaks. 

13. At G the strain was maintained constant for another day, 
when we see that another elevation in the elastic limit from C 
to k took place. 

14. From k the resistance gradually diminished to D^ after 
which it gradually increased to E. At this point a sudden 
movement was given to the lever C^ and immediately after the 
movement ceased there was a slight depression in the curve, 
after which the force was gradually applied and the height of the 
curve was gradually restored. The depression in this diagram 
is small compared with those which arose from a similar cause 
in No. 118, as shown on the plate at the points he^ Vc\ and gh. 

This shows that materials will not resist as much to a sudden 
force as they will to one which is applied more gradually. This 
at first appears paradoxical, since it seems to require a larger load 
to break it in a longer time. But in the light of the preceding 
experiments, and those before referred to, it can be easily ex- 
plained. Suppose, for instance, that 20,000 pounds is just 
sufficient to break a piece if applied all at once ; then if 18,000 
be applied, and after a few hours 500 pounds more be added, 
and after another interval 500 pounds more are added, and so 
on, it will be found that the piece will sustain much more than 
20,000 pounds under the process of slow loading. 

It thus appears that the load which is applied when the action 
is rapid, is not a true measure of the strain ; the more rapid the 
action the less being the strain.* 

* This may be aptly illustrated by a dynamical problex4. If a chord passes 
oyer a pulley, and 100 pounds is attached to each end of it, the tension on the 
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This principle has an important bearing upon the effect of 
shocks upon machinery. It shows that they are not only weak- 
ened by shocks, as stated in previous articles, but that the mate- 
rial is inherently weaker. It shows that the resilience^ or its 
resistance to shock, cannot be correctly determined from the 
work of a statical load in producing rupture. 

After the strain passes the point li] it is not perceptibly di- 
minished until it has been twisted through an angle of 220 
degrees, after which it gradually fails and finally breaks. 

15. The parallelism of the elastic lines shows that the elasti- 
city remains quite unimpaired up to the point of incipient rup- 
ture, a fact which was observed by some of the earliest experi- 
menters in this field of investigation. 

The principles here stated will enable the student to deter- 
mine the qualities of the several specimens shown on the ac- 
companying Plate. 

16. The fact that the resistance remains so nearly uniform 
while the torsional angle is increasing so largely, leads one to 
infer that as the outer elements become weakened by being 
overtrained, that those near the axis resist more, and there 
appears to be a tendency to cause all the elements to resist the 
same amount; so that at the instant of rupture, in ductile 
bodies, the greater part of the transverse section resists uni- 
formly. It is evident that the law given in the Chapter on 
Torsion, that the resistance varies directly as the distance from 
the axis, is not true after a set has taken place. If the resist- 
ance is uniform, we have, in the case of cylinders, m^.J' for 
the total resistance, in which e/is the modulus for ultimate 
shearing, which, in the case of wrought-iron, is nearly the same 
as Tj the tenacity. The mean arm of this force is f r ; hence, 

we have 

Pa = firr^J. 

Equation (202) is Fa = iirr^J. 

The former is 1 J times the latter. 

chord will be 100 ponnds. But if 50 ponnds be removed from one end, accel- 
erated motion will at once take place, and the tension will no longer be 100 
ponnds, but it will be 66f ponnds. This is considerably less than the 100 
ponnds, the greater weight. The greater the acceleration the less will be the 
tension compared with the load. 
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■ 

But as it is not probable that the strains can be made uni- 
form, the former may be considered the superior limit of the 
strength. 

17. The diagrams on the upper half of the Plate represent 
the strains on several specimens at various temperatures. The 
general conclusion arrived at by these experiments was, that 
with pure, well-worked metals, a diminution of temperature 
produces an increase of strength, but when there is an excess 
of impurities this law may be reversed, especially in case of 
shocks. 
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CHAPTER XI. 

LIMITS OP SAFE LOADING OF MECHANICAL STRUCTURES. 

194, RISK AND SAFBTY. — We have now considered the 
breaking-strength of materials under a variety of conditions, 
and also the changes produced upon them when the strains are 
within the elastic limits. In a mechanical structure, in which 
a single piece, or a combination of pieces, are required to sus- 
tain a load, it is desirable to know how small the piece, or the 
several pieces, may be made to sustain a given load safely for 
an indefinite time ; or, how much a given combination will sus- 
tain safely. The nature of the problem is such that an exact 
limit cannot be fixed. Materials which closely resemble each 
other do not possess exactly the same strength or stiffness ; and 
the conditions of the loading as to the amount or manner in 
which it is to be applied, may not be exactly complied with. 
Exactness, then, is not to be sought ; but it is necessary to find 
a limit below which, in reference to the structure, or above 
which, in reference to the load, it is not safe to pass. 

It is evident that to secure an economical use of the material 
on the one hand, and ample security against failure on the 
other, the limit should be as definitely determined as the nature 
of the problem will admit ; but in any case we should incline 
to the side of safety. Xo doubt should be left as to the stabil- 
ity of the structure. There is no economy in risk in perma- 
nent structures. Risk should be taken only in temporary, or 
experimental, structures ; or where risk cannot, from the nature 
of the case, be avoided. 

105, ABsoLUTfi MOBiTiiiTs OP SAFBTT. — In former times, 
one of the principal elements which was used for securing 
safety in a structure, was to assume some arbitrary value for 
the resistance of the material, such value being so small that 
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the material could, in the opinion of the engineer, safely sus- 
tain it. This is a convenient mode, but very unphilosophical, 
although still extensively used. The plan was to determine, as 
nearly as possible, what good materials would sustain for a long 
period, and use that value for all similar materials. But it is 
evident, from what has been said in the preceding pages, that 
some materials will sustain a much larger load than the aver- 
age, while others will not sustain nearly so much as the aver- 
age. In all such cases the proper value of the modulus can 
only be determined by direct experiment. In all important 
structures the strength of the material, especially iron and steel, 
should be determined by direct experiment. 

The following values are generally assumed for the modvlus 
of safety. 

Ponnds per aqnare inch. 

Wrought-iron, for tension or compression, from 10,000 to 12,000 

Cast-iron, for tensum, from 3,000 to 4,000 

Cast-iron, for compression, from 15,000 to 20,000 

Wood, tension or compression, from 850 to 1,200 

{granite, from 400 to 1,200 
quartz, from 1,200 to 2,000 
sandstone, from 300 to 600 
limestone, from 800 to 1,200 

The practice of French engineers,* in the construction of 
bridges, is to allow 3.8 tons (gross) per inch upon the gross sec- 
tion, both for tension and compression of wrought iron. 

The Commissioners on Railroad Structures, England, estab- 
lished the rule that the maximum tensile strain upon any part 
of a wrought iron bridge should not exceed five tons (gross) 
per square inch.t 

In most cases the effective section is the section which is sub- 
jected to the strain considered. 

190* FACTOR OF SAFBTY. — The ncxt mode, and one which 
is also largely in use, is to take a fractional part of the ultimate 
strength of the material for the limit of safety. The recipro- 
cal of this fraction is called the factor of safety. It is the ratio 
of- the ultimate strength to the computed strain, and hence is 

♦ Am. R R Times, 1871, p. 6. 

f Civ. Eng. and Arch, Jour.^ Vol. zxiy., p. 827. 
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theyaotor by which the computed strain must be multiplied to 
equal the actual strength of the material, or of the structure. 

Experiments and theorj'^ combine to teach that the factor of 
safety should not be taken as small as 2. See articles 19, 185, 
186, and 188. 

Beyond this the factor is somewhat arbitrarily assumed, de- 
pending upon the ideas of the engineer. For instance, the fol- 
lowing values were given to the Commissionera on Kail way 
Structures in England.* 

Fa>oioT%, 

Messrs, May and Grissel 3 

Mr. Brunei 3 to 5 

Messrs. Rasbrick, Barlow and others 6 

Mr. Hawkshaw ., 7 

Mr. Glyn 10 

The following values are also given by others : — 

Factors. 

Bow, for wrought-iron ]beams 3.5 

Weisbach, for wrought-iron f 3 to 4 

Vicat, for wire suspension bridges more than 4 

Ty y ' £. • I • J ( steady strain 3 to 4 

Kankme, for wire bridges \ , . ^ ^ r. 

® / moving load 6 to 8 

-TT,. , . . , . 1 ( for posts and braces 5 to 6 

I^ ink, iron-truss bnderes . . s r. . ^ ^ 

° ( tor cast-iron chords 7 

Fairbaim, for cast-iron beams X 5 to 6 

C Shaler Smith, compression of cast-iron 5 

Kankine and others, for cast-iron beams 4 to 

Mr. Clarke, in Quincy Bridge, lower chord 6 to 7 

Washington A. Eoebling, for suspension cables 6 

Morin, Vicat, Weisbach, Rondelet, Navier, Barlow, and 

many others, say that for a wooden frame it should 

not be less than 10 

For stone, for compression 10 to 15 

From the experiments which are recorded in Article 188, 
Fairbairn deduced the following conclusions in regard to beams 

♦ Civ, Eng, and Arch. Jour. , Vol. xxiv. , p. 387. 
f Wmbaeh, Mech. and Eng,^ Vol. L, p. 201. 
X Fairbaim, Cast and Wrotight-Irony p. 58. 
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and girders, whether plain or tubular.* " The weight of the 
girder and its platform should not in any caae exceed one-fourth 
the breaking weight, and that only one-sixth of the remaining 
three-fourths of the strength should be used by the moving 
load." According to this statement the maximum load, includ- 
ing the live and dead load, may equal, but should not exceed, 

of the breaking load. Hence the fdctor of safety must not be 
less than 2.66 when the above conditions are fulfilled. This 
vahie is, however, evidently smaller than is thought advisable 
by most engineers. 

The rule adopted by the Board of Trade, England, for rail- 
road bridges is f " to estimate the strain produced by the great- 
est weight which can possibly come upon a bridge throughout 
every part of the structure which should not exceed one-ffih 
the vXtimate atreixgth of the metalP They also observed that 
ordinary road bridges should be proportionately stronger than 
ordinary railroad bridges. 

197. RATioNAii LIMIT OF SAFETY. — It is evident that 
materials may be strained any amount within the elastic limit. 
Their recuperative power — if such a term may properly be 
used in connection with materials — lies in their elasticity. If 
that is damaged the life of the material is damaged, and its 
powers of resistance are weakened. As we have seen in the 
preceding pages, there is no known relation between the coeffi- 
cient of elasticity and the ultimate strength of materials. The 
coefiicient of elasticity may be high and the modulus of strength 
comparatively low. In other words, the limit of elasticity of 
^ome metals may be passed by a strain of less than one-third 
their ultimate strength, while in others it may exceed one-half 
their ultimate strength. We see, then, the unphilosophical 
mode of fixing an arbitrary modulus of safety^ or even a fao- 
tor of safety^ when they are made in reference to the ultimate 
strength. But an examination of the results of experiments 

* Gin, Eng. mid Arch. Jour,^ Vol. xxiv., p. 329. 
f Gvo, Eng. and Arch. Jour,^ Vol. xxiv., p. 236. 
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shows that the limit of elasticity is rarely passed for strains 
which are less than one-third of the ultimate strength of the 
metal, and hence, according to the views of the engineers given 
in the preceding article, the factors of safety^ which are com- 
monly used in practice, are generally safe. But if the limit of 
elasticity were definitely known it is quite possible that a 
exnsWev factor of safety might sometimes be used.* 

This method of determining the limit has been recognized by 
Bome writers, and the propriety of it has been admitted by many 
practical men, but the difficulty of determining the elastic limit 
has generally precluded its use. The experiments which are 
necessary for determining it are necessarily more delicate than 
those for determining the ultimate strength. 

In regard to the margin that should be left for safety, mucji 
depends upon the character of the loading. If the load is 
simply a dead weight, the margin niay be comparatively small ; 
but if the structure is to be subjected to percussive forces or 
shocks, it is evident, as indicated in articles 19 and 193, that 
the margin should be comparative!}^ large, on account o£ the 
indeterminate effect produced by the force. In the case of 
railroad bridges, for instance, the vertical posts or ties, as the 
case may be, are generally subjected to more sudden strains due 
to a passing load, than the upper and lower chords, and hence 
should be relatively stronger. The same remark applies to the 
inclined ties and braces which form the trussing ; and to any 
parts which are subjected to severe local strains. 

In machines which are subjected to a constant jar while in 
use, it is very difficult to determine the proper margin which 
is consistent with economy and safety. Indeed, in such cases, 
economy as well as safety generally consists in making them 
excessively strong, as a single breakage may cost much more 
than the extra material necessary to fully insure safety. 

The mechanical execution of a structure should be taken 
into consideration in determining the proper value of the mar- 
gin of safety. If the joints are imperfectly made, excessive 

♦ James B. Eads, in his Report upon the Illinois and 8t. Louis Bridge, for 
1871, states that he tested samples of steel which were to be used in that 
Btructure, which showed Umits of elastic reaction of 70,000 to 03,000 pounds 
per square inch. 
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strains may fall upon certain points, and to insure safety the 
margin should be larger^ No workmanship is perfect^ but the 
elasticity of materials is favorable to such imperfections' as 
necessarily exist ; for, when only a portion of the surface which 
is intended to resist a strain is brought into action, that por- 
tion is extended or compressed, as the case may be, and thus 
brings into action a still larger surface. 

198* BXAMPIiES OF STRAINS THAT HAVB BBBN USED 

IN PRACTicAii CASES. — The margin of safety that has been 
used in various structures may or may not serve as guides 
in designing new structures. If the margin for safety is bo 
small that the structure appears to be insecure and gives indi- 
cations of failure, it evidently should not be followed. It 
serves as a warning rather than as a guide. If the margin 
is evidently excessively large, demanding several times the 
amount of material that is necessary for stability, it is not a 
guide. Any engineer or mechanic, without regard to scientific 
skill or economy in the use of materials, may err in this direc- 
tion to any extent. But if the margin appears reasonably safe, 
and the structure has remained stable for a long time, it serves 
as a valuable guide, and one which may safely be followed 
under similar circumstances. Structures of this kind are 
practical cases of the approximate values of the inferior limits 
of the factors of safety. The following are some practical 
examples : — 



\ 
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mON TRUSSED BRIDGES. 



HAXK Ol* THE BBXDOB. 



Passaic (Lattice) 

Place de TBurope {Lattice) 

Canastota (iV. Y. G. R M.) (Lattice) 

Newark D jke ( Warren Ovrder) 

Boyne Viaduct (Lattice) 

Charing Gross (Lattice) 

St Charles, Mo. (Whipple Truss)* 

LioaisYille, Ky. (Fink Truss) 

Keokuk and Hannibal f 

Quincy Bridge :( 

Kansas City Bridge § 

Hannibal Bridge (Quadrangular Truss) I . 



TZK8ION. 

Tons 
per aquare inch. 



5ito6 
4 
5 
5 
5 
5 

Pounds 
per squarci incji. 

12,000 

7,000 to 12,000 

9,251 

10,000 

11,375 

Factor of safety, 5 



OOMPBKSSION. 

Tons 
per square inch. 



4ito5i 

31 

4 

5 



Pounds 
per square inch. 

12,000 
i to ^ the strength 

8,962 
Factor of safety, 5 

711 
Factor of safety, 5 



WOODEN BRIDGES. 



NAME OF THK BBIDOX. 



MAXIMUM BTBAIKS. 



Cumberland Valley E. R. Bridge 635 pounds per square inch. 

Portage Bridge (N. T, db E, B, B.) Factor of safety, 20. 



* B, B. Gazette, July 8, 1871, p. 169. 

f B B. Gazette, July 15, 1871, p. 178. Pivot span 876 feet 5 inches : longest 
pivot span yet constructed. 

X Beport of Chief Engineer Cki/rk, 

§ Calculated from the Beport of Chief En^neer 0. Chanute, pp. 106 and 
186. 

I The tensile strength of the material ranged from 55,000 lb& to 65,000 lbs. 
per square inch.— i2. R Gazette, July 15, 1871, p. 169. 



^78 



THE SESI8TAK0E OF MATEBUOM, 



OA8T-IBON AECHE8.* 



KAMB or THX ABOH. 


BTAX. 

Feet. Inches. 


TZBCTD snnE. 
Feet. Inches. 


STBAIN 
FEB RQUABE 

mcH or TOSS. 


Aasterlitz 


186 
152 2 
102 5 
137 9 
197 10 
120 


10 7 
16 1 

11 4 

15 

16 5 
20 


2.78 


Carroasal 


1.46 


St. HftTiifl ,.....,,.,..,., ... 


1.37 


Kevers 


1.90 


Bhone 


2.37 


Westminster 


3.00 


. 





STONE ABCHES.f 



NAICB 01* THE ABGH. 


8paalnfeet. 


Versed sine 
in feet. 


Pressure per 

square inch in 

pounds at the 

key. 


Factor of safety 

at the point of 

greatest 

strain. 


Wellinfirton 


100 
120 
128 
140 
147 
152 


15 
35 

32 
35 

18 
38 


175 
151 

172 
244 
298 
215 
349 


11.3 


Waterloo (9 Arches), . . 
Neuilly . . , 


20.0 
11.6 


Taaf (Saua Wales).,. 
Turin 


8.0 
10.2 


London 


14.0 


Chester. 


200 42 


8.6 











CAST-STEEL AEOH. 




Illinois and St. Louis Bridge 



* Irwin on Iron Bridges and Eoofs, 

f Creefs EncydopoBdia, 

i Beport of tlie Engineer, p. 33. 
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SUSPENSION BRIDGES. 



VAMX Ol* THB BBZDOX. 



Menai 

Hammeismith. 

Pesth 

Chelsea 

Clifton 

Niagara 

Suspension Aqueduct, Pitts- } 
burgh. Pa. 7 spans each, ) 

Cincinnati Bridge f 

East River 

Highland {proposed) 



OQ 



680 

422i 

666 

384 

702i 

821 

160 

1,057 

1,600§ 

1,665| 



a u S. 

5 la 



4.21 
5.88 
5.01 
4.36 
2.90 
6.70 



9.1 






-SI 
a 9 3 

1^1 



2^S 



8.00 
9.36 
8.11 
8.07 
5.03 
8.40 



11.7 






o 






3.9* 
3.3* 
3.9* 
3 9* 
6.4* 
5.3t 

4.0 

6.2 
6.0 
6.0. 



TUBlTIiAR BRIDGES. 





SPAN. 

Feet. 


rOB WEIGHT OF BBlDOB 
AND LOAD. 


STAME or THS BBIDOB. 


Tension. 
Tons. 


Compression. 
Tons. 


Conway 


400 
460 

• • • 


6 85 
3.00 
4.75 


5.03 


Britannia (Central span) 




Penrith (Tubular Girder) 


4.25 







* Tensile strength, 70,000 lbs. per square inch. 

f Tensile strength, 100,000 lbs. per square inch. 

X Report of the Chief Engineer^ J. A. Roebling. 

§ Engineer' 8 Report, Suspending ties, factor of safety, 8. 

I Jour, Frank, Inst, voL lxxxyii., p. 165. 
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STONE FOUNDATIONS. 



Pillars of the Dome of St. Peter's {Ii(me) 

'' ** St. Paul's (Z<m<fo») 

** ** St. Genevieve (Paris) 

Pillars of the Churoh Toussaint {Angers)* 

Merchants' Shot Tower {Baltimore) 

Lower courses of Britannia Bridge 

Lower courses of the Piers of NeuiUy Bridge {Paris). 
Foundation of St. Charles' Bridge {Missouri) 
Foundations of East Biver Bridge f •. 



VAOIOB or BA7STT. 


16 


14 


7.6 


10 


4.8 


31 


15.8 


12 to 14 


10 to 20 



199. PROOF liOAD. — The proof load is a trial load. It 
is intended as a practical test of a structure. 

It generally exceeds the greatest load that it is ever intended 
to put upon the structure when in actual service. 

According to the principles which have been discussed in 
the preceding pages, it is evidently better for the structure, and 
should be more satisfactory, to apply a moderate proof load 
for a long time than an excessive one for a short time. 



♦ Strength of Materials, J. K. WMdin^ p. 23. 

f ** In the stone work the pressures vary from 8 to 26 tons per square foot. 
Stone used is granite, selected samples of which have borne a crushing strain 
of 600 tons per square foot. Some will not bear over 100 tons per square foot. 
The general average is necessarily much less than that of the best speoimena." 
— Statement of the Chief Engineer^ Washington A. Eoiebling. 
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TIMBER AND ITS PRESERVATION. 

(The author is permitted to introduce here an abstract of portions of lectures 
delivered to his classes by Professor R. H. Thurston, of the Steven^s Institute 
of Technology, on the above subject.) 

The term Umber ^ in the trade, is applied to logs cut from trees which are 
above six or eight inches in diameter. 

Before felling, it is called standing timber; when first cut, it is called rovgh 
timber^ and alter it has been sawn, it is called converted timber^ and is also 
known as sided timber^ joist, plank or boards according to dimensions. 

Wood is either soft wood or ?iard wood. The first class includes the wood of 
all coniferous trees, as the pines, and of a few others, as, for example, white 
birch. The second class includes the wood of all other timber-producing trees. 

The soft woods generally contain turpentine and pitch, and are usually of 
rapid g^rowth, straight grained, of slight density, quite uniform in texture, and 
comparatively free from knots. They have but little lateral adhesion of fibre, 
and are easily worked. 

The hard woods are denser, heavier and stronger, less easily sawn, split, or 
cut, and are more liable to warp and to crack than are the soft woods. They 
usually excel in durability, and, in some cases, are very tough and elastic. 

Good timber has the following characteristics ; — 

The heaviest is usually the strongest and most durable. 

That which has least sap or resin is the best. 

The freshly-cut surfaces are firm and smooth, and the shavings are trans- 
lucent, and should nowhere appear chalky or roughened, that being the first 
indication of decay. 

The annual rings should be closely packed, and the cellular tissue of the 
medullary rays should be hard and dense. 

The tissues should cohere firmly, and, when sawn, there should be no wool- 
like ^bre clogging the saw-teeth. 

In general, the darker the color the stronger and more durable the wood. 

Climate and SoU greatly affect the value of timber. Generally the strong- 
est varieties of wood come from tropical climates, but the best examples of 
any one variety, are usually from the colder portion of the range of country 
in which it abounds. 

Timber of slow growth, in situations protected from violent winds, cut at 
the right time of year, and properly seasoned, is free from cracks and shakes. 
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Cwp shakes are prodnoed by tbe wrenching of the tree by winds, and ore 
cracks separating one layer from another. Timber thus injured is Hometimes 
called *^ rolled timber." Longitudinal cracks are produced by heavy winds 
also, and by too rapid seasoning ; in the latter case they are called seasoning 
crooks^ in the former, wind shakes. Frost, in cold climates, sometimes pro- 
duces this kind of injury. 

Timber decays in two quite different waySy the causes of decay being, how- 
ever, the same in both cases, namely, fermentation and putrefaction. 

Dryness is the best preventive of decay of timber used in general construc- 
tion, and wood kept dry has been found to last several centuries. Still, it 
finally becomes brittle and weakened, and may ultimately give way under a 
light load. 

Water seems to act as a preservative, and some kinds of timber, constantly 
immersed in water not in motion, may endure for an indefinite period. The 
first effect of water is to dissolve out soluble matters, leaving the woody fibre 
or lignin uninjured, except, perhaps, very slightly by oxygen in solution in 
the water. This oxygen being exhausted, however, no further action occurs, 
unless a fresh supply of air-laden water displaces that origuially in contact 
with the wood. 

Alternation of moisture and dryness induces rapid decay. This takes place 
partly by solution and removal of a portion of the substance at each moisten- 
ing, and partly by the action of oxygen dissolved in the water, a fresh supply 
of dissolved oxygen being furnished at each repetition of the moistening. The 
intermittent process serves to render the oxydation more rapid than it would 
otherwise be. 

Continued dampness in a warm atmosphere is most favorable to fermenta- 
tion, and, consequently, to rapid decay. This putrefaction of woody fibre is 
known as *^rot,'^ among those who use timber. The presence of water is 
necessary, as well as that of air, to the rapid progress of this chemical change, 
although the oxygen which is essential may sometimes be obtained from some 
source other than the atmosphere. 

The products of this decomposition are, as in oases of rapid combustion of 
wood, carbonic acid and water. 

Sap wood is more perishable than heart wood, in consequence of the pres- 
ence of saccharine and other matters having a peculiar tendency to fermenta- 
tion. It is in consequence of this fact that the complete removal of the sap 
by seasoning is necessary. 

Lime, by its tendency to abstract carbon, which, unitiug with oxygen, com- 
bines with lime to form the carbonate, hastens the rotting of wood wherever 
it is damp. Dry lime and the carbonate do not have this effect. 

** Wet roV^ and ** dry rot *' are the two forms in which the decay of timber 
exhibits itself. 

Wet rot occurs in any portion of the wood, if damp, and attacks the heart 
wood of standing timber. Dry rot is usually produced by the want of ciicu- 
lation of air, and by high temperature, where the timber has not been well 
seasoned. 

The most rapidly growing trees are most subject to decay, and those grown 
in sheltered localities are more liable to rot than those in exposed situations. 
Of soft timber, that containing most turpentine is least liable to rot. 
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Wood- work imbedded in damp plaster, and unseasoned timber covered with 
a coating of paint, are subject to dry rot, and are apt to decay early, in con- 
sequence of the confinement of air and moisture within their pores. Anything 
wMcli absorbs moisture and confines it in contact with wood, is likely to ac* 
oelerate decay. 

Jtfartne animdJs frequently attack timber immersed in salt water, as the 
bottoms of vessels, piles, etc. 

The Teredo NavalU^ commonly known as the ship- worm, converts the wood 
■whieli it enters into a perfect honey-comb. It enters the wood when very 
small, and there increases in size, and enlarges its chambers correspondingly, 
until it sometimes makes borings an inch in diameter and several feet long. 
Soft "woods are very rapidly destroyed by it, and the hardest woods are not 
Safe against its attacks. 

Th.e Limnoria IWebrans is a smaller creature than the Teredo, shaped 
somewhat like a wood-louse, and is rather more than an eighth of an inch 
long'. It is very destructive, cutting out the wood along the annual rings. 

Tliere are several other marine animals which attack timber, and it is usually 
necessary to protect it when immersed in salt water by sheathing with copper, 
as ships are protected, or otherwise covering it with a coating impenetrable 
by these animals. Some kinds of timber are much less liable to this kind of 
injury than others. The East Indian teak is said never to be attacked by 
either of these creatures, and live oak is comparatively little injured by them. 

PRESERVATION OF TIMBER. 

The causes of decay in timber have already been stated, and the process 
of decay has been described. 

The problem of preserving timber from decay is evidently fully stated 
"when it is said that the object to be obtained is the prevention of oxidation. 

Timber which has been thoroughly seasoned by the methods already de- 
scribed, and which is perfectly dry, may be preserved by external applications. 
Under other circumstances, internal application of various solutions must be 
resorted to. 

Paints and Varnishes are used for the protection and preservation of timber 
by external treatment. 

They form a coating upon the surface, which resists the wearing action of 
the weather, and prevents the entrance iubo the pores of the wood of either 
moisture or corroding gases. 

Should the wood not have been previously well-seasoned, however, paint 
only hastens decay by confining the moisture and hastening the fermentation 
of the putrescible matter remaining in the wood. 

Wood-work exposed to the weather should be repainted at intervals of four 
or five years in our climate. 

The wood-work supportiug the floors of bridges, and timber in damp situa- 
tions, as in wheel pits, is sometimes coated with coal tar, prepared for use by 
boiling, and by the addition of a small quantity of chalk to give it body. 

Boiling linseed oil, pitch and vegetable tar, applied hot, are not unfre- 
quently used as external applications, and are found to be very effective pre- 
servatives. 
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Sulplutte of Iron, in oil, has also been found to make a nsefol paint. 

Charring the snrfuce of well-seasoned timber is found to considerably 
increase its durability, and is frequently adopted for the preservation of thoae 
portions of fence-posts which are buried in the ground. 

An external application of Silicate of Sodium has been advised by Abel for 
seasoned timber. It is said to form a hard, and very durable coating upon 
the surface, and to act effectively as a preservative against fire as weU as 
against decay. 

The solution is laid on with alternate coats of limewash. Two or three 
applications of the silicate of sodium are required to form each coat. 

Sulphates of iron, and of copper, the chloride of mercury, common salt, 
and other solutions, are occasionally used for external washes, but the com- 
mon oil paints, are by far the most usually applied. Their durability is 
increased by sprinkling liberally with sand when circumstances will permit. 
In timber protected by external treatment special care is required to fill all 
cracks. 

The preservation of timber, either seasoned or unseasoned, by saturation 
with antiseptic solutions, has become a matter of such great importance as 
to have attracted much attention. Many processes have been tried and 
recommended, but none are practised in this country, and veiy few are prac- 
tised at all. 

A few seem to be effective but costly, many are of temporary benefit, and 
others, while seeming to be useful at first, are actually injurious, ultimately 
destroying the timber which they are intended to preserve. 

The external applica>tions above described, are of no value in defending the 
timber against the attacks of wood-boring insects. Sheathing the timber in 
metal, and one or two methods of saturation, are apparently the only reliable 
expedients. 

Of the processes of preservation of wood by saturation, Kyan^s consists in 
the injection of the bicJtloride of mercury (corrosive sublimate) ; Burnett used 
the cfdoiide of zinc; Boucherie employed the pyrolignite of iron; Margery the 
8uliphate of copper ; Bethell saturated his timber with creosote^ or " dead oil " 
from gas works ; Beer used a solution of borax. 

The metallic salts owe their antiseptic property to the fact that they pro- 
duce coagulation of the albumen, which is the fermentable and perishable 
part of timber. 

The use of metallic salts was proposed nearly a century ago, but the first 
practical applications were made about forty-five years ago. 

'* Kyanizing" was suggested by Sir Humphrey Davy, some ten years before 
the process was patented by Sir R. H. Kyan, in England, in 1832. 

The solution used consisted of one pound of the chloride in four g^ons of 
water. 

Timber thoroughly impregnated with the salt has great durability, but the 
general adoption of this process is precluded by the cost of materials. A 
hundred pounds of timber absorbed one and a half pounds of corrosive subli- 
mate. Where it is brought in contact with iron, it produces corrosion, and its 
application is thus rendered still less frequently permissible. 

Kyanized timber was used to some extent in Great Britain when first pro- 
posed, and in the United States. Among other constructions of timber thus 
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prepared, maj be mentioned the aqnednot of the Alexandria Canal crossing 
the Potomac River at Georgetown. 

^^ Bumettisdng '^ was proposed bj Sir Wm. Burnett in 1838, and has been 
qnit<e largely practised for special purpose. 

The chloride of zinc, in the proportion of one pound dissolved in ten pounds 
of water, is forced into the pores of the wood under a pressure of from one 
hundred to one hundred and twenty-five pounds to the square inch. Bur- 
nett^s method was, originaUy, simple immersion in the solution two or three 
weeks. 

An establishment was organized at Lowell, Mass. , in 1856, in which Bumett- 
izing under pressure was practised, and, subsequently, several railroad com- 
XMtnies adopted this method and process, and erected Bumettizing works. 

The cost of preserving timber by this method, including interest on capital 
and all other expenses, ranges from five to seven dollars per thousand feet, 
board measure. 

The process is not, however, believed to afford as perfect protection as the 
more expensive method of Kyanizing. 

The Bethd Process was also patented in England in 1888, and its cheapness 
and effectiveness have given it a considerable commercial success both in 
Europe and the United States. 

It consists in the saturation of the wood with bituminous substances 
obtained by the distillation of coal-tar. Like the metallic salts, these sub- 
stances produce coagulation of the albumen, and thus destroy the tendency 
to fermentation. 

Timber thus prepared is rendered very durable, and the process is compara- 
tively inexpensive. 

Its use has, however, been given up in some instances, after extended trial, 
on the ground that the increase in durability was not suf&cient to compensate 
for the expense. 

Each cubic foot of timber, under a pressure of one hundred and fifty pounds 
per square inch, absorbs in twelve hours from eight to twelve pounds of the 
creosote, or dead oil. The smaller amount is the allowance advised for rail- 
road cross-ties. Hard wood absorbs least. 

The strength of timber, preserved by this method, is unimpaired, and it 
requires no painting, although with dry timber a superficial coating of coal- 
tar is sometimes added. 

This process has special advantages when the timber is exposed to alterna- 
tions of dryness and moisture, and therefore liable to wet-rot. The dead oil 
fills the xx>res completely, coagulates all albumen, absorbs all oxygen that may 
exist free in the wood, and by its poisonous qualities it acts as a protection 
against the attacks of insects. 

The Seely and Bobbins processes are American modifications of the Bethel 
process. 

The Sedy process consists in subjecting the wood to a temperature between 
212° and 250° Fahr., in a bath of creosote oil, for a suf&cient length of time to 
expel all moisture. When all water is thus expelled, the pores contain only 
steam. The hot oil is then quickly replaced by a bath of cold dead oiL The 
steam in the pores of the wood is thus condensed, and a vacuum is formed, 
into which the oil is forced by atmospheric pressure and by capillary attraction. 
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From six to twelve ponnds of creosote oil to the cubic foot of wood is ex.- 
pended in this process. The amount is dependent upon the use to which the 
wood is to he pnt. For piles or other timber exposed to the depredations of 
worms, twelve pounds is used. 

An impregnation of ten pounds to the cubic foot costs 25 cents. For piles 
the usual charge is 30 cents per cubic foot. * 

For work in wheel pits and under foundation, at least ten pounds per cubic 
foot should be used. 

The Bobbins process consists in treating wood with coal-tar or oleaginous 
substances in the form of vapor. The wood is placed in an air-tight iron 
chamber, connected with which is a still, or retort, heated by a furnace. 

When heat is applied the vapor of naphtha is generated at a temperature of 
250'' to 300*", the creosote oil vapor at 860° to 400"*, and the heavier tar oils at 
500° to 600° Fahr. The wood is thus exposed for from six to twelve hours. 

By this process it would seem impossible to charge the wood with more 
than a fraction of the amount of carbolic acid, and of other component parts of 
coal-tar, expended in the Seely process. The latter process is decidedly an 
improvement on the process of BetheL 

Even marine insects usually avoid creosoted timber, and wood so prepared is 
therefore used to a considerable extent for submarine work. 

In tropical countries it does not, however, protect entirely against the 
attacks of the white ant. 

The antiseptic element of dead oil is supposed to be its carbolic acid, which, 
is estimated by Prof. Letheby at from i to 6 per cent, of the whole. The 
cost of creosoting 1,000 cubic feet, board measure, of oak or of spruce fir, has 
been given as from five to eight dollars. 

' Dr. Boucherie patented, in 1839, an ingenious and inexpensive method of 
saturation. This process received much attention, and was practised with 
considerable success. 

The timber, freshly cut, and with its terminal foliage still remaining, was 
set, either vertically or horizontally, with the foot immersed in a vat contain- 
ing the antiseptic solution. 

The circulation continuing in the trunk of the tree, the sap becomes ejected, 
and its place is taken by the preservative solution, which is thus thoroughly 
distributed throughout the fibre. Growing trees were also treated by the in- 
jection of the liquid into their trunks. 

Where logs, deprived of foUage and branches, were to be saturated, they 
were placed on end, and a waterproof bag, or a tank, containing the solution 
used was mounted above it, the liquid being thus forced downward through 
the stick by hydros^tic pressure, driving the sap before it and out of the 
lower end. 

The antiseptic proposed by Dr. Boucherie was crude pyrdUgnite of iron. 
His process of saturation was largely used with other preservatives also, and 
his invention of the saturating process seems to have been more generally ap- 
preciated than his introduction of a cheap antiseptic. Where it can be c(Mi- 
veniently applied it is exceedingly efficient. 



• 1874. 
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Nnmerons and elaborate experiments were tried by Br. Boncberie, in wbicb 
the action of pyrolignite of iron was cfirefully noted. 

He found that one -fiftieth the weight of the green wood was a sufficiently 
larg-e proportion of the antiseptic to ensure preservation. 

The hardness of the wood was stated to be double by the use of the 
pyrolignite. 

Solutions of deliquescent salts were applied by Dr. Bouoherie in the way 
described, and were found, in the case of chloride of lime and some others, to 
increase the flexibility of timber. 

He therefore proposed the use of such solutions, with the addition of onC' 
fifth their quantity of pyrolignite of iron, when it was desired that the wood 
should retain its moisture, and its flexibility and elasticity. The same in- 
ventor proposed, as a cheap substitute for these solutions, the stagnant water 
of salt marshes. 

Such preparation, it was claimed, also prevented the warping and splitting 
of wood, which is a frequent consequence of rapid drying, and yet seasoning 
"was said to be expedited by its use. In this case the solutions were weak, 
and the wood could be afterward painted over without difficulty. 

The process was applied by the inventor to the saturation of timber with 
earthy chlorides as a protection against fire. These salts, fusing upon the 
surface of the wood, on the application of heat, rendered it quite incom- 
bustible. 

Wood was dyed with both mineral and vegetable colors by Dr. Boucherie, 
and the application of the usual methods of producing *' fast " colors, by the 
introduction of dye and mordant successively, was thus made practicable. 
Wood was treated with odorous solutions to give them fragrance, and with 
resinous matter to make them waterproof. 

The French Government, after receiving favorable reports from the Com- 
mission of Engineers appointed to examine into the merits of the process, 
finally conferred upon the inventor the Great Gold Medal of Honor. Subse- 
quently a money award was made him, and he surrendered his patent, which 
thus became public property. 

** Beerizing" consists in the saturation of the timber, by any convenient pro- 
cess, with a solution of borax. This is claimed to dissolve the albumen, and 
the solution may be allowed to remain, the borax having antiseptic properties. 
Or it may be washed out, and the wood, being then dried, is stated to become 
more thoroughly seasoned and durable than it can be made by the ordinary 
processes of seasoning. 

Margery's process of saturation with sulphate of copper has been found very 
effective in some instances. 

It was applied, \f^ the Boucherie method, to telegraph poles and to railroad 
cross-ties many years ago in France, with perfect success, as a preservative 
against decay. Major Sankey found it equally efficient in India, more recently, 
as a protective against the attacks of the white ant and of other insects. 

The latter used a solution of one pound of the salt in four gallons of water. 
The timber was steeped in the solution two or two and a half days for each 
inch in thickness. 

A simple coating of boiled linseed oil, thickened with powdered charcoal, has 
been in some cases found a very economical and efficient preservation of timber. 
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The preservation of timber ia of daily increasing importance, not onlj as a 
matter of ordinary economical policy, but because the rapid destruction of 
forests is continually rendering timber more scarce and more costly. It can- 
not be many years before it will become a matter of such vital necessitj to 
preserve our forest trees, that legislation will inevitably aid in increasing the 
market value of timber, by forbidding its wholesale destruction. 

The substitution of iron for wood, in construction, is proceeding so rapidly 
that it will afford some relief, but this will nevertheless remain a matter of 
exceptional importance. 

H. W. Lewis, writing in 1866, says: '^Allowing only 2,000 sleepers to a 
mile, at a cost of fifty cents each, and admitting the average life of American 
sleepers (cross-ties) to be only seven years, and that it costs ten cents to treat 
each tie in some way so as to make it last fourteen years, then the saving at 
the end of seven years is $600 per mile. 

^* There are in the United States about 45,000 * miles of railroad, and 
hence, if the above conditions could be realized on all of them, the annual 
saving would be about $3,400,000." 

Our railroads are now vastly extended, and the other uses to which timber 
is put, which allow of the application of preservative processes, are many and 
important. The value to the country and to the world of effective and cheap 
processes of preservation cannot be estimated. 

The following tabular statement of experimental results obtained by various 
processes is g^ven in a report to the Board of Public Works of the District of 
Columbia, as derived from an examination of those methods by Dr& B. F. 
Craig and W. C. Tilden of the U. S. Army, in the laboratory of the Surgeon- 
general^s Ofice at Washington. 



* The length of railroad in 1873 was reported to be 70,000 miles. 



EXPERIMENTAL RESULTS. 



n 

O 

8 

-s 


Absorptive power (per cent, 
of distiUed water abeorbed in M 
48 hoars). 


Per cent, of solution 
and mechanical removal in tie )9 
preceding experiment. 


Per cent, of matters diasolvetl 
by the proper solvents from CO 
the centre of each block. 


4 

• 
§ 

B 
1 


Ash, ^ 
percent, at centre. 


6 

1 

• 

a 

! 

b 
t 


Apparent 
specific gravity at centre of •) 
each block. 


8 

■ 

B 

111 

5-- « 
< >. 


9 

e 
>* 

til 

B 
O 

1 

lbs. 
25.1 


10 

« a 

■« S 

o S 


11 

1 
If 

i 

J 

4^ 


1. 

8x3x6 in. 


percent 
24.29 


per rent 

1.00 


percent 
4.56 


pa cent 
33.8 


percent 
1.72 


per ivnl 

13.6 
6.2 


0.41B 
e.44:S 


0.568 


lbs. 
85.5 

29.6 


Acid. 


2. 

«x8x4X in. 


47.90 


0.21 


2.84 


77 


l.«J 


0.472 


27 .« 


Add. 


3. 

Sxfixl in. 


6.08 


0.43 


7.7 


6.08 


0.33 


0.4 


1.116 


1.0C7 


69.7 


62.9 


Acid. 


4. 
4x6x2 in. 


7.25 


0.39 


85.4 


40.00 


2.1 




0.707 


0.700 


44.1 


43.7 


Faintly 
Acid. 


5. 

4x4>^x2 in. 


46.64 


1.01 


2.64 


9.55 


1.63 


7.2 


0.619 


0.6706 


38.6 


41.9 


Faintly 
Acid. 


6. 
J0x6x4 in. 


3.82 


O.lfl 


centrejc 
surface. 

17. 


0.35 




0.560S 


0.650 


35.0 


40.6 


Faintly ■ 
Acid. 


7. 
9x4x1 in. 


8.46 
97.58 


0.38 


centri'A 
surface. 

S2.8 




0.45 




0.845 




52.8 




FainUy 
Acid. 


8. 
6x6x3 in. 


0.46 


1.65 


8.8 


1.46 


5.4 


0.484 


0.498 


40.2 


41.1 


Fnintly 
Acid. 


9. 

7x6Xx6 in. 


31.86 


0.26 


1.16 


8.45 


1.45 


1.60 


0.4609 


0.439 


28.8 


27.4 


Acid. 


10. 
12x6x3 in. 


22.80 


1.00 


1.96 


12.25 


0.52 




0.4202 


0.445 


26.2 


27.8 


Faintly 
Acid. 


11. 
12x6x4 in. 


16.15 


0.6 


14.83 


23.7 


0.88 
0.29 
0.36 




0.70f5 


0.833 


48.7 


52.0 


Faintly 
Acid. 


12. 
12x7x4 in. 


13.54 


0.10 


16.2 


176 




0.601 


0.<»3 


87.5 


39.6 


Faintly 
Acid. 


13. 
4x5x3 in. 


2.88 


0.13 


J:5.07 


41.4 




1.095 


1.064 


68.4 


66.5 


Acid. 


14. 
6x8x2 in. 


21.27 


5.44 


S1.8 
10.8 


78.5 


21.9 


24.8 


0.455 

0.6004 

0.44^) 




28.4 




Acid. 


15. 
8x6x3 in. 


23.19 


0.23' 


13.4 


0.52 


• 


0.617 


37.6 


S8.6 


Faintly 
Acid. 


1«. 
10xfix3 in. 


29.11 


0.59 


1.91 


7.5 


1.8 


3.8 


T).554 


28.0 
28.0 


34.6 


Acid. 


17. 
10x«x3 in. 


31.98 


9.64 


9.17 


67.0 


6.74 


38.8 


0.449 


0.541 


z-.s 


Xntrnl. 


18. 
5x4x3 in. 


28.93 


0.16 










0.493 




:;0.8 






19. 
5x4x3 in. 


62.74 


0.64 


















Acd. 


20. 
10x62^ in. 


78.10 


0.21 










0.4-W 




26.8 






21: 






1.57 


4.7 


1.68 




0.519 










22. 

Small piece 
from a pnve- 
roent in N. Y., 
laid three yean 






85. 








0.407 




1 

25.4 

(very 
dry.) 
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MINERAL AND METALLIC PROCESSES. 



NaMS AlTD KUMBKB. 



BurnettUed Spraee. 

Two Bpecimena. Not. 9 and 9. 
(No. 2 is a piece of railroad tie, 
■aid to have been burled alrteen 
years.) 



A. B. Triplor'i Arsdnie Fro- 



One qpedmen. No. 14 



The SamuorB Froeess. 

Nob. 8 and 6 (?). 



Thilmany'i Procesf. 

One specimen. No. 16. 



Process of Wirt and Hurdle. 

Spocimens 18 (a) and 18 (b). 



Tait's Process. 

One specimen Raid to have 
been sent, marked No. 6. Anal- 
ysis, however, places this block 
with No. 8, as a sample of the 
SamueFs process. 



Thomas Taylor's Process. 

Two spedmens. Nob. 19 & 21. 



Thompson ft Co.'s Process. 
iArsenio.) 

No. 17. 



BBisr or CiiADL 



" The Bamettizing prooefls consists in placing the wood in 
large wronght-izon cylinders ; then extracting the air and sap 
contained in the pores of the wood by a vacanm. The soltition 
of chloride of sine is then allowed to nm in, and a preesore of 
from ISO to 160 lbs. per aqnare Inch ai^lied to force the zino 
into the pores." 

Perfect coagulation of albnmen and entire indestmctibility 
by wet or dry rot are claimed. 



Bataration of blocks composing a wooden pavement with 
chloride of arsenic, or arsenic and chloride of sodium, and 
coating them on their upper snrfaoe with a resinoos or tany 
waterproof composition. Also, the interposition of an anti- 
septic compound between the blocks and the earth, by either 
soaking the foundation planks or mixing the antiseptic with 
the sand. 



" Injecting into the pores of the wood, first, a solutioa of 
sulphate of iron, and afterwards a solution of oomjnon burnt 
lime, to render the wood in a high degree impervioos to the 
influence of wet and dry rot, and the attacks of worms and other 
insects." 



Saturation with sulphate of copper, followed by muriate of 
barytes, to form insoluble sulphate of baiytes in the wood. 



Charring the wood and covering the whole block wiUi 
phaltum. 



** Charging or saturating the pores of the wood with a con* 
oentrated solution of bi-snlphite of lime or baryta, the same 
being rendered soluble by excess of sulphuric add gas, under 
pressure or by refrigeration, and being made insoluble as a nen* 
tral sulphate when the pressure or excess of gas is removed,** 



Uses a solution of sulphide of caldum in pyroligneoua add 
for the. impregnation of the wood ; or, uses sulphide of caldum 
first, and follows it with pyroligneous acid. 

Claims a deposit of pure sulphur through whole blodc. 



No description or explanation of process furnished. 
Claims ** indestructibility " and **non-inflammabilit7. 

29(5 



Labobatoby Subgeon-Genbbal's Offiobl 



Bkmabu. 



Fibre of blocks weak ud brittle ; color grayigh. 

Absorptive power greater than that of nataral wood. An of the zinc eatdly removed by 
addnlated water. Evidences of the partial decomposition of the zinc chloride observed. Uneven 
character of imprecation shown both by microscopic examination and by nneqnal percentage of 
mineral matters removed by acidulated wator from centre and near sorface. (See Golnmns 8 and 
4 of Experimental Eesnlts.) 



Size of specimen veiy small, yet the Impregnation uneven. (See Columns 8 and 4.) Qnantitiea 
of soluble salts very large. No arsenic found, though its use is claimed. The resinous covering 
designed to protect the top of each Uock is worthless for the purpose, for obvious reasons, chiefly 
its brittleness. 

Absorptive power high. 



Absorptive ytarer too high for representation on the chart. Wood brittle and readily splintered. 
Impregnation very onequaL The water used for Experiment No. 1 (absfnptive), was filled with 
threads of fungi after standing forty-eight hours, showing that it is doubtful if even dry rot can 
be prevented by this proeot^ 



Saturation very uneven. Absorptive pivfer high. 

Block contains soluble salts of copper removable by washing. 



Process inapplicable to unseasoned timber. The asphalt covering melts and flows at QO' to 
70° F. Wh^i cold and brittle, the wear of the pavement wHl remove it, leaving each block as a 
porous cup for the reception of water which cannot drain through it. Process not considered 
woitb particular investigatJon. 



It Is doubtful if a^y specimen was received. Ko. 6 resembles the "ironized!** blocks. If 
claimed as a sample of the Tait process, the same memoranda are made upon it as npoa No. 81. 



The claims of this process are not substantiated. 

Ko sulphur nnoombined found in any part of blocks submitted. 

About nine-tenths the whole bulk of ^each block possessed every prop er ty of seasoned white 
pine untreated by any method whatever. 
, Between three and four per cent, sulphate of lime found in superficial poztions. 



An arsenic process. Absorption power high. Specimen is oottonwood. 
Saturation extremely uneven. Solubility of saline ingredients complete. 
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CREOSOTE OIL AND RESIN PROCESS. 

Labobatory Surgeon-General^s Office. 



Namb and Numbeb. 



Watcrbvry'i Pro- 
oeM, 

One Specimen* 
No. 1, 



Thomas* ProMOS. 

Two ^>ecimenfi. 
Nob. 8 and 18. 



Beoly'B Process. 

Five Specimens. 



Pelton'i Apparatus 

• for api^ying Seely 
Process. 
Nos. 4, 6, 13, 22. 



Bobbins' Process. 

Two Specimens. 
Nob. 10 and 20. 



Detwiler and Van 

Gilder Process. 

No. 11. 



U. 8. Antiseptic 
Wood Co.'s Process. 

Constant and Smitli 
Patents. 
No. 16. 



BBnET or Claix. 



Treats wood in closed cylinder 
with steam to vapcnize sap ; then 
introduces a solution of common 
«a/<, followed by dead otl, creoMte 
oilf or equivalent Claims com- 
plete impr^n^ation by both sub- 
stances. 



Two small blocks, 2x6x1 and 
4x6x8 in., were sent without ex- 
planation or name ; the substance 
used for impregnation is ^' resin 
oiL" 



Immersion of wood in a bath 
of creo9ote oil or other suitable 
material, heated to about 2d0o F., 
until it is evident that air and 
moisture are eliminated ; then 
Bubstitutiug for the hot bath, one 
at as low a temperature as allowft 
perfect fluidity, the liquor being 
also dead oil. Claims that the 
pores of the wood are in a vacn- 
ouR condition as it cools, and that 
the impregnating material readily 
fills them by capillary action and 
atmospheric pressure. 



Claims to impregnate wood 
with UgM and heavy oils of tar, 
by exposure in a chamber con- 
nected with a retort or still in 
which the oils are vaporized; 
states that naphthalin and other 
solid hydrocarbon bodies are dis- 
tilled over into the wood and con- 
densed in its pores ; also that all 
moisture is driven out and the 
albumen coagulated. 



Impregnation of wood hy reHn 
dissolved in naphtha, under pres- 
sure, and at high temperature. 



Driee or seasons wood by hot air; 
preserves it (when desired) by 
generating **«7no*y vapors'" in a 
retort, the same being allowed to 
penetrate the wood and to oon- 
deoise within its pores. 



BElfABKS. 



Absorption figures high. Satu- 
ration by solution of common salt 
is only partiaL Columns 3 and 4 
show a voy uneven penetiati<»i 
by "(ftfod oil."" Water dissolves 
out aU the salt used. Columns 6 
and 6 show the uneven distribu- 
tion of mineral matters. 



Absorption power low. Physical 
condition of specimens vety bad. 
Saturating material easily soluble 
in alkaline fluids. The strength of 
wood in these samples stands at a 
minimum, e^>eGially its transverse 
and crushing strength. 



Average absorption power very 
low. Saturation thorough and veiy 
uniform. (See Columns 3, 4, 9, and 
10.) Solid hydrocarbons present 
within the cells. Condition ci 
fibre uninjured. 



Absorption power very high. 
Pero^itage of liquid hydrocarboiu 
very low in all portions of block 
except the outer. No solid hydro- 
carbons observed, even on surfooe 
(naphthalin, etc.). Condition of 
wood shows injury from heat 
Specimens are evidently salted for 
exposure to dry air only, under 
which circumstances the protectioti 
is BufBdent. 



Saturation uneven. (Columns 3 
and 4, also 9 and 10.) Absorption 
power quite high. 

The same remarks made under 
Nos. 10 and 20 (Kobbins' process) 
apply to this specimen, with the 
diiference that the experimental 
results show the Bobbins^ process 
to be veiy much superior to this 
which presets identicBl claims. 
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APPENDIX II. 



(The numbers of the articles correspond with those in the text.) 

X9. To integrate ;=-j- = P =- x\ multiply both members by dXy and the 

first member becomes —.ig- • ^^t dx=.z^ then d^x = dz, and the expression 



dt* 

BidZ 

dt' 



becomes -^^, t being the independent variable, dt is constant, and hence the 



integral is j^rr^ = r^rs. The other reductions are evident. 
xdt* 2dt* 

The resUienee (or spring of the bar) is the work of elongating it to the limit 

of proof strain. Equation (7) of the text gives 

Eia* __ EK PH* _ P« 

P* 

P -^ ^is the stress on a unit of surface. The quantity b»^» ^ called the 

modulus of resilience. 

22, The strength of metals is referred to the original section, but before 
rupture takes place the section is considerably reduced. See the table in Ar- 
ticle fS5, and the example in Fig. 116. In some cases it may be reduced to \ 
ot its original section before it ruptures. 

33, At the bottom of p. 40 there is a remark which, in the light of more 
recent experiments, is probably incorrect. The probable effect of the tension 
was to relieve the iron of internal strains, and by leaving it for a time without ^ 
strain,^and permitting it to cool, all the elements may come to a condition 
of maximum resistance. 

06. The moment of inertia of a surface is the sum of all the products ob- 
tained by multiplying each elementary area by the square of its distance from 
an axis. 

The moment of inertia of a volume is defined in a similar way. Similarly 
for a weight, or for a mass. 
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Let/ 
dA. 

y 

Then 



XOMXKT OF INBBTIA OF ▲ 8UBFACB. 

the moment of inertia about an axis ; 

the elementary area ; and 

an ordinate from the axis to the element. 



I^JfdA , 

If the axes are xectangolar dA = dydlv, 



a) 



JRnimj>20.— Beqaired the moment of inertia of a rectangle when the axia 
eoinoldee with one end. 
Here 



•/ •/o 



y'^dydx = }ihd* 



FORMULA OF RBDUCTIOK. 




Pig. 123. 



Let Iq = the moment of inertia about an axis through the centre ; 
/ = the moment about a parallel axis ; 
2> =r the distance between the axes (Fig. 835) ; and 
jfQ = the ordinate from the axis through the centre to an element. 

Then I=Jy^dA =J}yo - i>)* dA =J^yl dA - C%I>y^dA^-jDHA 

= 7o + I>^A, 
for %D ly^dA = since the axis passes through the centre. (See foot note, 

p. 88.) 

That is, ijhe moment of inertia about any axis egtials the moment about a par- 
add axis through the centre, plus the area of the section mvUipUed by the square 
of the distances between the axes. 

From the preceding equation we have 

/o = /- AD« (8) 

Example, — Beqnired the moment of inertia of a rectangle about an axis through the centre and 
parallel to one end. 
Here A=:bd, J>* = \tP, and I=s ^M* as found above ; hence 

M given in Eq. (61) of the text. 

If the moment axis is perpendicular to the surface, we let . 

p = the yariable distance of any element from the axis ; 

= the variable angle; 
dA = pd(l>dp (see Fig. 78) ; and 
J^ = the polwr moment of inertia. 



.•.i,=fp' 



dA 
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But p« = «* + y* 

. •. Ip =Jx*dA +Jl^dA -Iy\-h 



(4) 



in TP-liicli ly is the moment about y and /^the moment about x, li Ix = lu, 

Ip = 2ia, 
Tlie polar moment of inertia of a circle is Eq. (199) of the text, 

Ip = iTrr* = 21x 

.\Ix = i^r* (5) 

^trliich ifl the moment about a diameter, as given in £q. (52). 

To FIND THE. BELATION BETWEEN THE MOMENTS OF INEBTIA AB0T7T 
DIFFEBENT AXIS HAYING THE SAME OBIGIN. 




Fig. 124 

Iiet it and y be rectangular axes, 

Xi and yi, also rectangfular, having the same origfin ; 
a =z the angle between x and Xx ; 

Ix — the moment of inertia about the axis x, similarly for 
/y, Ixi and Ipi ; 

B = jxydA ; and 
J?i z=fxiyidA. 

For the transformation of coordinates, we have 

Xi = X cos a — y sin a 
yi =zx sin a + y cos a 
xl +yl = x* + y*. 



Also 



Hence, 



dA = dxdy == dxidyi. 



Ixi = / y*dA=:Ix cos* a + /y sin* a — 2 j9 oos a sin a 



lyi = Ix sin* a + Ip cos* a + 25 cos a sin a 
Bi ={Ix — Ip) cos a sin a + B (cos* a — sin* a) 



^ ....(6) 
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which is an isotropic function ; since the sum of the moments relatively to a 
pair of reotangnilar axes equals the sum of the moments relatiyely to any otlier 
two rectangular axes haying the some origin ; or, in other words, the sum of 
the moments of inertia relatively to a pair of rectang^ular axes is constant. 

From the first of (0) we have by differentiation and placing equal to zero 
for a maximum or minimum, 



Similarly, 



da 



dlyx 



=z(Ix — ly) COB a sin a — j5 (cos* a — ain* o) = 



^ = — (/aj — /y ) cos a sin a + jB (oos* a — sin* a) ±= 



.-.jBi =0. 
From the first or second of these we have 



2B 



Ix — -« ft 



2 cos a sin a 
cos* a — sin' a 



= tan 3a. 



It may be shown by the ordinary tests that when i^ i is a maximum, that 
ly I will be a minimum, and the reverse; hence there is always a pair ofree- 
angvlar axes in reference to one of which the moment of inertia is greater than 
for any other axis^ and for the other it is less. 

These are called principal axes. v 

Thus, in case of a rectangle, if the axes are parallel to 
the sides and pass through the centre, we find 



=// 



QsydA 
\d 



0; 



Fig. 125. 



hence x and y are the maximum and minimum axes ; and 
if d> ft, -^^hd-^ is the maximum, and-i\-ft'(2aminimum mo- 
ment of inertia for all axes passing through the origin. In 
a similar way we find that if the origin be at any other point 
the axes must be parallel to the sides for maximum and minimum moments. 

The preceding analysis gives the position of the axes for maximum and min- 
imum moments, when the moments are known in reference to a pair of rec- 
tangular axes. But if the axes for maximum and minimum moments are 
known as Ix and ly , then j& = ; and calling these Ix' and ly ', and Eqs. (6) 
become 

Ixi = -^' cos* a •\- ly' sin* a 



cos* a 



.(7) 



lyx =1 Ix' sin* a + ly 

By = {Ix' — ly') COS a sin a 

In the case of a square where the axes pass through the centre Ix' = ly' 

,\ Ixi = Ix' (cos* a + sin*a) = Ix' 
ly I = ^y'l aJid 

hence the moment of inertia of a square is the aome abont all axes passing 



iVT 



■0) 



throug^h its centre, and = 'hh*. The same is trae for all reg^ar polygons, 
and lience for the circle. 

Example, — ^To find the moment of inertut of a redmni^e in referenoe to anaxis which is In- 
clined at an angle a to one side, 

We have /, ' = -^^^ W = ^'d 

.'. /,j = -Ijfrd (d« ccMfl a + 6» sin" a) ) 

Ai = -f^ i<fi ein^ a + ft» coa" a) f 

Tbe latter value is the one given in Artiolo 146. 

The moment of inertia of a regular polygon may be found by dividing it 
into equal triangles, having their vertices at the centre, their bases being 
sides of the polygon, and find the moments of each in reference to an axis pass- 
ing" through their centre, and parallel to the main axis, which passes through 
the centre of the polygon, then reducing all of them in reference to the main 
axis. If R be the radius of the circumscribed circle, and r the radius of the 
inscribed circle, it may be found for any regular polygon, that 

I^^iAiM- +2r«) (8) 



For the ckde £ = r 

as before found. 

For the square r — lb, B 

as before found. 



.-. I=l7rr*, 



V2b* = bv2,aiidA = b\ 
.'.I=^^,b\ 



96. The value of p (the radius of curvature) given in the latter part of this 
article, is taken directly from the Differential Calculus, but it may be easily 
found geometrically as follows : — 




Fig. 126. 

From two consecutive points erect normals, and where they meet at will 
be the centre of the osculatoiy circle, and the normals will be sensibly equal, 
and will be the radius of curvature p. Let d^ be the angle between the nor* 
Tnals ; ds = the arc = p(^. 

ds 



The coordinates of a in reference to b will be dx and dy. At b erect a per* 
pendicular bjc to Ob^ and the angle abe will equal d^. 
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!=*««* 

Take the diffezentUJ of this and we have 

d» "" 008* i " dx* 
d? 

_ .. d*pdaf da 
^ di* p 

_ di* _ (<fa« + <gy«) ^ 
* <{'yd(!0 "" d*ydx 

d'y 
M« For the integral of the expresmon ^-^ eee Article 19 of this Appendix. 

114. Equations (180) and (181) are particular cases of the more general 
form 

g+^|-Hi», = -r=/(.) (1) 

which may be integrated by La Grangers method of variation of parameteia. 
(See Price's Infinitesimal CaUsvhis, Ist Ed., YoL H., pp. 479 to 481.) 
First let JT = 0, then 

3*^l**=» «> 

Let y = ^"^ in which m is constant and 6 the base of the Naperian flysfcem 
of logarithms ; then 

^ =«M'~»and^ = m*d*^ (8) 

dx da* ' 

which in Eq. (2) becomes 

w* + ^m+ i?=0 (4) 

which is an equation of condition. 
Solviug gives 

m = M ± ♦" lA* -B = a and 5 (say). (5) 

where a and h are the roots of Eq. (4). H^nce the partial values of the fiisl; 
differential coeflcient are 



(|) = «^and(g)=J*..^ 



In order that these should satisfy Eq. (1), a and h must be functions of x. 
Integrating each and introducing u^ and Ut^ which are functions of x instead 
of arbitrary constants, and we have 

(y) = Ux^ and (y) = U^^ 

.•.y= Ui0» + Ut^ (6) 
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It now remaini to find Ui and U,. Differentiate Eq. (6) and we find 

|=r.«^-Hir.»^-H^fi + *-^ (7) 

But sach a relation may be established between Ui and U2 as that the snm 
of the last two terms shall be zero, or 

^^^+^^J^0 (8) 

dx dx 

which is a second equation of condition. Hence Eq. (7) becomes 

^= U.aef^ + U^b^ (9) 

ax 

Differentiate again : — ^ 

Substitute Equations (6), (9), and (10) in (1) and we have 

CKC (tX 

But the first equation of condition, Eq. (4), reduces the first two terms to zero. 

dx dx 

which^ combined with Eq. (8), eliminating dVx^ and then dU^^ and we find 

a — hu 

which substituted in Eq. (6) gives 

yz:^C,&^+ Ct^ + ^-— ^ / Xe-^ dx--£-—^ / Xe-^ dx. .(11) 

I 

Bj comparing Eq. (180) of Article 114 with Eq. (1) above gives 

^ = 0; B= -^* andZ=— p«iB; 
hence Eq. (4) gives 

m= ±q .\ a= + qtisidbzz: — g; 

which reduces Eq. (11) to 

_ _ «•««» p n*e—(P^ /• 

y = C7i6ff» + Otrli^ — — g— / xe-^ dx 4- ^-—^ — / iwfl* dx. 

To integrate joDer-v^ dx first differentiate xe-^ , 



I 
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from which we find 

ajtf-fl* dx = — «-«* dx d [xe-v^ ) 

or jxe-^dx=-je-vtdx idipDe-^ 

The integral of / e-^ dx ]& e-^ and the last term is the integral of 

J 9 

the differential of a qnantitj, hence 

/I 1 1 
xe-^ dx^= ; r-«* xe-^ = rc-fl* (1 + ox) 



2? J 



«r^ dxzz- ^(1 + fiaj). 



tracted from the latter gives --^x. 

The following special solution, which is more simple for this case, is com- 
mnnicated by Prof. S. W. Robinson, of the Industrial Uniyersitj of JUinois. 
To integrate 

Differentiate twice and 

dx*~^ dx^' 
Put -v-f = wand differentiate twice and ^-^ •- — = q* —J 

• <^*w • ^ dud*u 



or 



dx* "^ dx* 

dx 



* / C\ 

-=q^u^+C=q'{u*+^;^ 



oraj = 



JU^^~^ '"" (" +|/^) -loif C7, 



t* + |/w« + ^ 



orefl"' ^ jr- 
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CyffP^ — u— A/u^J^ — , square, «nd(7i*«*«» -SCflff* u +u* = u*-h ^ 



.'. u = 



2 2C7jj« 



But ;=-f = « = j*y -p'a; = 



(7,«9* (7tf-«a! 



<&« * '^ -^ 2 2C,y« 

or y = 5-T^^ — orT-rr *~^ + -«* 
'^ 22-* 2(7,2^ J* 



'which is the same as in text by putting 



Equation (131) gives 

A = 0\ B z= q* r . m = ±q ^^-\,\ a = q |/^and b= — q |/^and 

Make J — y — — y', wliieh in Bq. (11) aboTe gives 

-y' = (7,<5«««/-i + (7«<r^i^-i— -^(i — a?)= z/ — y. 
But we have (Chauvenet's Trigonometry^ p. 128, Eq. (432) ), 



efP^ 4/— 1 = cos qx + y--T sin qx 



erQx 4/— 1 = cos qx — |/--1 sin $a?. 



Make d + (7, = ^1 and (C7i + (7^) y-l = B^ and we find 

«« 
z/ — y = -4 1 cos ja? + J9i sin 30? — "^ (^ — a?). 

Let ill = -4 sin 2 B 
Bi = A cos 2 B 

.• . /:/ — y = -4 sin 2 (25 + -9) •- ^ (?—«)• 

115. Suppose that the column is fixed at the lower end and has a weight 
P at the upper end. Take the origin at the lowest end, and let J be the de- 
viatimi of the upper end from a vertioaL Then 

The oo»plete integral gives 

y^J-^Acm y -j^ a? + jBsin \ -^ «, 
in which A and B are the oonstants <^ integration. 
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If s for »s Q and ^ = for « = 

(MX 



P=:Jf0X»ml 



•'• «« V ]| 



lor 



in which n is an integer. 



Ifn = 



The general equation of the curve is 



=.(.- 



41* 



2n + l 
2i 



irx\ 





Fia. 127. 



Fig. 12a. 



If n zs. 2, the curve is represented by Fig. 128. 

A solation was given bj Prof. Bai^dne in the Oit. Eng, and Arch, Jour, 
for 1863, p. 65, by which the deflection may be computed. 

146, See Article 97 of Appendix. 

To find the inclination so as to give a minimnm strength, make the first 
differential coefficient of Eq. (172) equal zero. This gives 

= (cP - 2*«<l) sin« < cos »• + (2M* - ft«) sin ^ cos« »" + M* sin* * - Md oos» < 

But sin' ^ = sin » (1 — cos' %) and cos' ^ = cos ^ (1 -^ sin' %) which will re- 
dace the preceding equation to 

(d» - ft«cf) sin* iocs »• + (M* ft») sin ^oos« f + M« sin ^ - h*d cos f* = 0. 



In this substitute sin » = v1 ^ cos' i and reduce, and we obtain 
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f_ (bd* - h*y - (<f» - ft«<f)«] ooB« ^ + [(Jrf« - &')• - 3 (M» - b*) M« - 3 
(26*rf - d^) (ft> - d*<l)] COB M + [2 (M« - ft>) W« - 5«<l* - (3ft*<l - rf»)«] 

C08« »= -*«d* (1) 

Disetusicm of Eguation (1). 

1. Let d=^ nb\ then we have 

(»« — »*— n* + 1) oos" » — (2»6_ 7 n* + 4 71* + 1) coa* i + (»« — 5 »♦ + 

6 n*) 008* » = 71* ; 

hence the angle depends only npon the ratio of the sides. 

2. Let n = 1. 

This rednoes to cos' i = i. 

.•.cos^=H- Vi. .•.* = 45'*orl35% 
These values give 

i— 5 = i i26» X 0.70710 +, for the strength of the beam. 

If & = <f and % = 90", we find i Rb^ for the strength of the beam. 

Hence the strength of a square beam with its side vertical, is to the strength 
of the same beam with its diagonal vertical as 1 to 0.70710. But if the con- 
dition be thfft the beam shall in both cases be completely severed, then the 
latter fraction must be multiplied by 1.00125 +, as shown in Article 149. 

Then the ratio becomes as 1 to 0.77162 +. 

« 

3. Let n = 2 and cos* % = y. 
Then the equation becomes 

y»-tty* + -Ay = iJ (274). 

To make the second term disappear, make ^ = s + H? >^d ^t becomes 

8 31102 

45* 45=* 

This solved gives z = 0.70112 

.-. y = 0.94656 + = cos* i 
.-. cos* = ± 0.9723 -f- 
.-. »= 13** 80' or 166'' 80' 

making d = 2&, and we have for the strength of the beam 



when % = 13** 80' 
" i= 0" 
** » = 90" 



\Rb^ X 0.8295 + 



It is probable that in the inclined position the angle would fracture before 
the beam is loaded to its ultimate streng^, but the investigation for determin- 
ing it would be tedious and unprofitable. Whether this be the case or not, we 
see that the beam is not weakest when it rests on its broad side. 

It appears that the side of the beam may be so inclined as to have the same 
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stren^h as when it rests on its broad side, and the angle of inclinatian wliic^ 
will fulfil this condition maj be found by making £q. (1) equal iHb-d. 
This done, cos i eliminated, and a reduction made, gives ; 

((f« _ j«) «Bin« » - 2 id* - b*) bdwn* i + (3ft»d« - b*) sin i = 2bM, 

If d = nb^ we have 

(n* - 1)« sin* » - 2 (w« - 1) » 8in« » + (3»«.- 1) sin» = 2f». 

If n = 2 we have 

4 11 4 

sm' » — Q sm* » + — sin » = — 

u o " 

which solved gives i = 34" 23'. 

149. The moment of inertia of the trapezoid DEAB in reference to an axis 
passing through C (Fig. 77) and p^irallel to /</, equals the moment of inertia 
of the triangle AB€^ less that of GDE about the same axis ; or \ bd'^ — ^w^. 

According to the formula of reduction^ the moment of the trapezoid in 
reference to the axis IJ^ equals the moment given above, less the area of the 
trapezoid multiplied by the square of the distance GH; or 

To find d^^ we have the statical moment of ABDE equal to th« etatical 
moment of ABC^ less that of GDE. Take the origin of moments at (7, and 
we have 

ABEBx{w+d,)T=ABGx\d'-'DGEx^w 

or, \{b-\-v) {w+di)=\bd*—\vw*. 
We also have 

d 
w='rv 



whence by elimination and reduction we find the expressions in the text. 

150. To integrate r* sin* tid^dr substitute i (1 — cos* <f) for sin* ^, which 
gives 

ffr^ (1 — cos 2p) drd} = ir*^ — -Jr* sin 2<p. 

151. If a = semi-transverse axis 

b = semi-conjugate axis 
The equation of the ellipse is 

a«y« -f b*x* = a*b* 



b' 



-J 



— fl.«^J 






which, by applying formula (i?), p. 285 of Gourtenay's GcUicfvihis^ becomea 



2 
3 



fljil 4-^v<* «;;-rgCi.*v"' '*^^^8'*/ v'(rt'-a;*)J 



which for the limits (r = and x — a becomes \nab^. 
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A a 




Fig. 129. 



152. The origin being at the vertex, x horizontal, 
the equation for the curve is of the form a?* = 2py ; or 

for the point B^\h^ =. 2pd . • . 2p = j-v ; hence the equa- 

tion iBX* = - p .'. y = rj a?* ; hence by sul^Btituting 
the value of /and integrating we have 



.'. 1= I I y*dydx = 3 / y^xdy = — ^ / y^^^y = 



fW^ 



Or thus : 

I = I jy^dydx =4 ly^dx. The part \y^dx is the moment of aJi, but we 

want the part Tie, which is within the parabola ; hence the limits for y are 
d ^ ac and y = ah; and for x ; ib and — i^, « 

as before. 

To find the moment in reference to the axis passing through the centre and 
parallel to the base, we may use the formula of reduction and obtain 



2 2 



T~bd^ 



\5 / 17o 
160. a. Expand and we have 

Sxjydx — djxydx = ^By^ 

Consider x as. the independent variable, and differentiate twice, observing 
that the differential of dx will be zero, and the differential of the integral is 
the original quantity, and we obtain 

P R 

dxjydx = -Q^d {y^\ and 

dHy^_ ^ 

dx' " H^ 

Let y^ = z ,\ y = zi and d^{y^) — d^z, which, substituted in the preceding, 

grives 

d^z 66 ^ 

<&« " iJ ^• 
' Multiply by dz and integrate, and we have 

de^ SS a ^ 



-*^=\/ 



S^dx 
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dz 
But - = for y = ora? = .*. (7i = 0. 

Hence 

of which the integral is 

Buty = OforiJ! = 0.-. C, = 0, 

If — is not zero for ^ = 0, it can be integrated only by Elliptic Functions. 

b. By two differentiations we obtain 

1st, 6dx tudx = -^ du. 

„, d^u 66 

^^^d^=M''' 
The first integial is 

du' 6(J . 

V 68 ^ 

The curve will be an asymptote to the axis of x, and hence will be of infi- 
nite length. If at the origin u = 1 for a; = 0, the value of C may be deter- 

du 
mined. Similarly if t- = « at the origin G may be determined. 

Qn/C 

c. By expanding we obtain 

6xjy'^dx - 6jy^xdx= iRy\ 
The first differential is 

Sdxjy^dx = ilid\y^). 
The. second differential coefficient is 



dx* ~ M^ 



2 



Let y^ =z and the integration may be performed as in the preceding cases ; 
'the constants of integration beiog considered zero. 
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1^9 » Differentiate Equation (213), considering 27 as constant, and we have 

dy I^ 

This expression has been generalized. Consider g^ as the amount of trans- 
verse Bbearing per unit in the direction of U^ and O ' the coefficient for the 
same. Then we have 

dy dy I 

dv do d^ii 
Referring g' and g to the co-ordinate axis, and ff = -y ■'- T ^ ^~i 

and ^we have 

^ d^y ^, dH 2P 

On page 216 it is remarked that Eq. (213) is not generally exact. Conceive 
that the transverse section is an ellipse. Conceive also that it is divided into 
several vertical strips. If the longitudinal shearing increases from the sur- 
face to the neutral axis, then will there be a greater shearing strain on those 
strips near the middle than on the outer ones. Hence the tranverse sections 
will not be cylindrical (having for base a curve whose Eq. is (217a) ), but they 
■will be warped or generally distorted. This is a refinement, however, which 
it is not necessary to consider in practice. 

On the compressed side of the beam, the quantity --^j^ (p. 228) should be 
subtracted from g in finding the equation of the curve. 

1.00. Ckystallization. — Several illustrations of apparently unmistak- 
able crystallization have recently been brought to the attention of the author. 

In the process of forging a large shaft for a sea-going steamer, the steam 
hammer was at work upon one end, as in the case of the * ' porter bar " already 
referred to in the text, and while the mass was gradually being reduced in 
size, a piece of the opposite end broke off at a point where it was 16 inches in 
diameter. The fracture was partly granular and partly crystalline. One 
crystal was unmistakably cubic, and its facets were nearly a half -inch square. 

At the Washington Navy Yard, recently, the large testing machine, which 
was constructed for a strain of 300 tons, broke down under a pull of 100 tons. 
The rod which was broken had been in use 35 years, and, during that period, 
had been subjected to many heavy strains and violent shocks. Not long be- 
fore it was broken it had been subjected to a tension of 288,000 pounds. It 
was 5 inches in diameter, and was originaUy supposed to have had a resistance 
of about 1,000,000 pounds. The fracture presents a granular structure, with 
here and there laminae composed of crystals. Some of these ciystals are large 
and well defined. The laminae or strata preserves their characteristic pecu- 
liarities, whether of granulation or of crystallization, lying parallel to the axis 
and extending from the point of original fracture to a section about a foot 
distant where the bar was broken a second time by a steam hammer. It is 
thus shown to be the fact that when such true crystallization does occur, it 
pervades a considerable extent, if not the whole of the piece. It thus differs 
from the granular structure which distinguishes the surfaces of a fracture 
suddenly produced, and which is so generally confounded with real ciystalliz- 
atiom 
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The above instance is gfiven by Prof. Thurston, who also describes the fol- 
lowing case. A pupil of the Stevens' Institute of Technology, employed in 
the instrument makers' workshop, in annealing a number of steel hammers, 
left them exposed to the high temperature of the furnace about twelve hours. 
When finishing one of them, a careless blow broke it, and the fractured sur- 
face was found to have a distinctly crystalline character. 

In this example, however, the facets were all pentagonal and were usually 
very perfectly formed. 

" These illustrations,'' our informant remarks, " are conclusive of the ques- 
tion whether iron may crystallize. When imperfect cubic crystals are devel- 
oped, it is easy to mistake them, but the formation of pentagonal dodecahe- 
dra, in large numbers and in perfectly accurate forms, may be considered 
unmistakable evidence of the fact that jron may crystallize in the cubic or a 
modified system. This may apparently take place either by very long contin- 
ued jarring, or under the action of high temperature, by either mechanical 
or physical tremor long continued. But no evidence is given here that a sin- 
gle suddenly applied force producing fracture can cause such a systematic and 
complete rearrangement of molecules. The granular fracture produced by 
sudden breaking, and the crystalline structure produced as above during long* 
periods of time, are as distinct in nature as they are in their causes. 

" But simple tremor, where no sets of particles are separated so far flw to ex- 
ceed the elastic range^ and to pass beyond the limit of elasticity, does not seem 
to produce this effect, however. 

^ ^ In fact,' some of the most striking illustrations of the improvement in the 
quality of wrought-iron with time have occurred where severe jarring and 
tremor was common. As one example, the first wrought-iron T-rails ever 
made were laid down on the Camden and Amboy Railroad in 1832. They 
were then brittle and of decidedly poor quality. In later years these old rails 
have been taken up and found to be of excellent quality ; and when there has 
arisen a necessity for a supply of unusually good iron, a lot of these rails has 
sometimes been taken up and sent to the rolling mill to be made into bar 
iron. 

" Here the metal has been subjected for many years to the strains and 
tremor accompanying the passage of trains vsdthout apparent tendency to crys- 
tallization, and with evident improvement in its quality. The fact is stated 
by gentlemen upon whom perfect reliance may be placed. The improvement 
noticed is supposed to be due to a surface oxidation of the injurious elements 
originally present in the iron, and to that tendency to uniform diffusion which 
gradually supplies new portions from the interior, until the metal, by this grad- 
ual removal of those elements, becomes, after many years, comparatively pure. 
Such a process of diffusion occurs, in the inverse direction, when carbon is 
introduced into steel by the cementation process. Many illustrations of this 
improvement of metal with age are familiar to every mechanic. Boiler- 
makers find chisels and drift-pins which are taken from boilers where they 
may have been left months previously, almost invariably of excellent quality ; 
other mechanics find that tools long lost and again found rusty from exposure 
to the weather, are apparently of better quality than before ; farmers leave 
their new scythe blades out of doors from one season to another with a result- 
ing benefit which is not all imaginary." 
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TABLE 



Of the Mechanical Propei'ties of the Materials of Construction, 



Note. — The capitals affixed to the numbers in this table refer to the following authorities : — 



B. Barlow. Report of the Commissioners of 
the Nav3% etc. 

Be. Be van. 

Bn. Buchanan. 

Br. Belidor, Arch. Hydr. 

Bm. Brund. 

C. Couch. 
01. Clark. 

D. Darcel, Annales for 1858. 

D. W. Daniell and Wheatstwne. Report on 
the stone for the Houses of Parliament. 

E. Eads. 

F. Fairbaim. 

G. Grant. 

H. Hodgkinson. Report to the British Asso- 
ciation of Science, etc. 

Ha. Haswell. £ng. and Mech. Focket-Book, 
1S(>9. 

J. Journal of Franklin Institute, voL XIX., 
p. 4.51. 

K. Kirwan. 



Ki. Kirkeldy. 
La. Lam6. 

M. Mischcmbroeck. Introd. ad PhiL Nat. L 
Ma. Mallet. 
Mi. Mitis. 
Mt. Mushet. 
Pa. Colonel Pasley. 
R. Roudelec L'Art de BJitir, TV. 
Ro. Roebling. 

Re. Rennie. Phila. Trans., etc. 
S. Styffe. On Iron and Steel. 
T. Thompson. 
Te. Telford. 

Tr. Tredgold. Essay on the Strength of Cast 
Iron. 
W. Watson. 
Wa. Major Wade. 
Wn. Wilkinson. 

* Calculated from the experiments of Fair- 
baim and Hodgkinson. 



KaMES of 3iATEBIAL8. 



M£TAL8. 



Antimony — 

Caitt 

Bismuth 

Braes — 

Cast 

Wire-drawn. 
Copper — 

Cast 

Sheet 

Wire-drawn . 

In Bolts 



Iron, 
Ccist Iron, 



Old Park 

Carron, No. 2— 

Cold Blast. . 

Hot Blast... 
Carron, No. 3— 

Cold Blast. . 

Hot Blast... 






281.26 

613.87 

.525.00 
534.00 

537.93 
549. 0« 
SCO. 00 



441.62 

440.37 

443.37 
441.00 



t 



so 






1,066 M. 
3,250 M. 

17,968 Re. 



19,072 
32,184 
61.228 
48,000 



16,683 H. 
13,505 H. 

14,200 H. 
17,775 H. 



I -a 

>•* ii ti 



10,804 Re. 
29,272 Re. 



106,375 H. 
108,540 H. 

115,442 H. 
133,440 H. 



CD ejP^ 



48,240 T. 

8a556 H, 
87,503 H. 

86,980 P.* 
42,687 F.* 



•8 



0.2 
OS 



^ 



9,170,000 
14,230,000 



18,014,400 T. 

17.270,500 H.* 
16,085,000 H.* 

16,246,966 F. 
17,8r3,100 F. 
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TAhLE.— Continued. 



Names or Hatebials. 



Iron, 
Caat Iron. 

Devon, No. 8 — 

Cold Blast 

Hot Blast 

Buffery, No. 1— 

Cold Blast 

Hot Blast 

Coed Talon, No. S— 

Cold Blast 

Hot Blast 

Elsicar, No. 1— 

Cold Blast 

Milton, No.l— 

Hot Blast 

Muirkirk, No. 1 — 

Cold Blast 

Hot Blast 

Morris Stirling's 2d quality. 
Gun Metal — 



OS 



455.98 

451.81 

442.48 

4:^7.87 

434.06 
4o5.50 

439.87 

486.00 

444.56 

4:i4.56 






11 

tea I 

"^ Til . 

6 KB 






SA 



•s 



American 

Extra Specimens. 

SUel, 



Hammered Cast Steely from 

F. Krupp 

Tempered 

Bessemer Steel, ftom H(3gbo, 

marked 10 

Bessemer Steel, £ng. Mean of 

four Experiments 

Naylor, Vickers & Co. Cruci- 

' ble Steel 

Mushet's Steel — 

Soft 

Cast Steel- 
Soft 

Not Hardened 

Mean Temper 

Bazor Tempered 

8teel Wire Rope- 
Fine Wire 

Chrome Stcol 



595.00 



Wrought Iron, 



English 

In Bars 

Hammered 

Russian , 

Swedish, in bars 

English, in wire 1-10 inch 

diam 

Russian, in wire; diain. 1-20 

to 1-80 inch 



485.37 
488.70 
402.50 
486.25 



490.00 



29,107 H. 

17,466 H. 
13,434 H. 

18,865 H. 
16,676 H. 



25,764 



1 



145,435 H. 

93,566 H. 
86,397 H. 

81,770 H. 
82,739 H. 



91,000 I « 
122,000 S ' 
171,000 S. 

140,945 S. 

88,415 F. 
108,099 F. 

93,616 P. 
120,000 



481.20 
475.50 
487.00 



150,000 

40,000 Ro. 
195,000 



57,300 La. 
57,300 La. 

67,200 Bru. 

60,480 Lu. 

71,680 R. 

80,000 Te. 

96,000 Te. 
15M.O00 La. 
203,000 La. 



119,000 



14,000 
to 
84,000 Wa. 
45,970 Wa. 



36,288 n* 
4:3,497 H.* 

87,503 H.* 
£5,316 H.* 

a3,4.53 F.« 
as, 696 H.* 

84,587 F.* 

29,889 F.* 

86,693 F.* 
33,860 F.* 






( 



225,568 F. 
225,568 F. 



198,944 Wa. 
391,985 Wa. 



22,907,700 H. 
22,473,650 H. 

1.5,381,200 H. 
13,730,500 H. 

14,318,500 P. 
14,322,500 P. 

13,981,000 P. 

11,974,600 P. 

14,003,560 P. 
13,294,490 F. 



27,548^000 Wa. 



31,359,000 B. 

31,819,000 S. 
29,215,000 F. 
30,278,000 F. 
31,901,000 F. 

29,000,000 



o 

o . 
00 



^1 



I 
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Kambs or Hatesiaub. 



Wrought Iron, 
Holled in sheets and cut crose- 



OS 



wise 

Cue lengthwise 

In chains, ovul links, iron X 

in. diam 

Wire, American 

XAke Superior and Iron 
Mountain Charcoal Bloom. 

Mifisoiiri Iron, bar 

Tennessee, bar, 21 exp 

Balisbnry, Ct, 40 exp 

Centre Co., Pa.. 16 exp 

Phillipsburffh Wire, Pa. 

I 0.»iS in., 13 exp. . . 

Diam.-K 0.190 in., 6 exp.... 

I 0.15O in., 5 exp.... 

Mean of 188 rolled bars 

Mean of 167 plates length- 
wise 

Mean of 160 plates crosswise 
Jjorw Moor, bars 

Swedish, foiled 

Hammered Bessemer Iron, 
from Hiigbo 

Low Moor Boiled Puddled 
Iron 

Rolled Iron, Swedish, char- 
coal heath 



s 



Ijead, ca.st, English. 
Lead Wire 



Silver, standard. 

Tin, cast 

Zinc 



Btone— Natuxi AL Ain> Abtx- 

riCZAL. 

GranUea, 



Aberdeen, blue 

Cornish 

Killincy, very felspathio. 
Mount Sorrell, granite. . . 



40,830 Mi. 
S1,S60 Mi. 

48,160 Br. 
73,600 Ha. 

90,000 Ha. 
47, «m J. 
62,01>9 J. 
58,009 J. 
58,400 J. 

84,186 J. 
78,888 J. 
89,162 J. 
67,557 Ki. 

60,787 Ki. 

46,171 Ki. 

60,864 Ki. 
( 41,000 Ki. 
I 50,000 Ki. 



h 



■5 a 

6 la 



H 



(4 






717.46 
705.12 

644.60 

466.68 

439.25 



66,000 S. 

1,824 Re. 
2,581 M. 

40,902 M. 

6,822 M. 






82,820,000 S. 
81,976,000 S. 
27,000,000 S. 



164 
166 



166 



Sandstonei, 

Caithness Pavement 

Dundee Sandstone 

Derby Grit, a red, friable 

Sandstone 

Do. from another qnany. . 

Umettonu, 

Limestone, Magnesian (Graf- 
ton, lU.) 



168 

148 
156 



10,914 Re. 
6,856 Re. 
10,780 Wn. 
12,286 F. 



6,498 Bn. 
6,630 Re. 

8,142 Re. 
4,845 Re. 



17,000 B. 



4,008,000 Tr. 
13,680,000 Tr. 



Same as MTt 
Iron. E. 
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Names of Matebiaui. 



Hmeatones, 

Limestone, compact. 

Limestone, Kerry, Listowel 

Quarry, Bng 

Chalk 



Other StonM, 

Alabaster (Oriental), white . . 

2klarble, Gctatuary 

Do. white Italian, veined . 
Do. black Galloway 

Portland Stone (Oolite). .... 

Valentia, Kerry (slate stone). 

Green Stone, from Giant's 
Causeway 

Quartz Rock, Holyhead 
(a<;roRS lamination) 

Quartz Kock (parallel to lami- 
nation) 

Gravel 

Green Moor. 



Artiflcua Stone, 



Brick, red 

Brick, pale red 

Brick, common 

Bire Brick, Stourbridge 

Brick, Stock 

Bricks set in cement (bricks 
not very hard) 

Brick Masonry, common. .... 



S (B 

is 






163 



170 



165 
IBS 
151 



120 
158 



1S5.5 
180.31 



Cement, Portland, with sand. 

Cement, Portland, with no 
.sand 



Cement, Portland. 

Chalk 

Glass, Plate 



Mortar 



TlHBEB. 



Acacia, English. 

j^lder 

'jipplo Tree 

j^, J OrcUriary state. 

"^^^ "I Very dry 

Bay Tree 

Bean, Tonquin 



116.81 
163.31 

107 



47.37 
50.00 
49.56 
43.12 
55.81 
51 37 
67.51 
5:^.37 
45.12 



i 

G 
•f-i 



1 






280 
800 



j 92 to 
1284D. 

j 427 to 

1711 



9,420 
50 



16,000 Be. 
14,186 M. 
19,500 Be. 

1 17,207 B. 

12,396 



2 



li " 



15.784 B. 
17,b60 B. 



7,713 Re. 

18,043 Wn. 
501 Re. 



8.216 Re. 
9,681 Re. 
9,219 Re. 
3,792 Re. 
10,943 Wn. 

17,220 Wn. 

25.500 Ma. 

14,000 Ma. 

2,010 Re. 



808 Re. 

562 Re. 

J 800 to 

1 4,000 Ha. 

1,717 Ro. 

2,177 Ha. 

521 CI. 
j 500 to 
( 800 Ha. 



1,000 to 
5,900 G. 

834 Re. 



j 120 to 
] 240 Ha. 



6,859 H. 

8,683 H. 
9,363 H. 
7,158 H. 



7,733 H. I 
9,363 H. f 



XB 

Is 

Is 



;« 



1,063 
2,664 



11,202 B. 



j- 12,156 B. 

^,886 B. 
9,386 B. 



o 3 



25,200,000 T. 



1,152,000 B. 

1,644,800 B. 

2,601,600 B. 
1,353,600 B. 
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Nakxs of Matxblals. 



TiMBEXL 



Birch, common 

Birch, American 

Box, dry 

Bnllet Tree (Berbice).. 

Cane 

Cedar, Canadian 

Cmb Tree 

Deal- 
Christiana Middle, 
Korway Spmco... 

English 

Rod 

AVTiite 

Elder 

Elm, seasoned.. 

Fir— 

New England 

Riga. 

Hazel 

L:»nce Wood 

Larch- 
Green 

Dry 

Lignum- vitce 

Mahogany, S (vanish . . . 

Ma pie, Norway 

Oak- 



English. 



Canadian 



Dantzic. 

Adriatic 

African Middle . . . 

Pear Tree 

Piiie — 

Pitch 

Red 

American Yellow. 



Plnm Tree. 



Pop!ar 

Teak, dry.. 

Walnut 

Willow, dry. 



a IB 



49.60 

40.50 
GO. 00 
64.31 
26.00 
56.81 
47.80 

43.62 
21.26 
29.87 



43.43 
36.75 

34.56 

47.06 

53.75 
t>i.87 

32.62 
86.00 
76.25 
50.00 
49.56 

58.37 

54.50 

47.24 

62.06 
60.7;^ 
41. yi 

41.26 
41.06 
28.81 

49.06 

28.93 

41.06 
41.93 
84.87 



sr 



•C.S 



15,000 



19,891 B. 

(),aUU Be. 
11,400 Be. 



12,400 

17,600 

7.000 



10. ^"O 
13. 189 M. 



J 11.549 to 
/ l-.>,857 B. 



18,000 Be. 
24,696 

10.220 B. 
8.900 B. 
11.^00 M. 
16,500 

10.584 

17,300 M. 

10,258 
12,780 



7,818 M. 



11,551 

7,200 

15.000 B. 
8,130 M. 
14,000 Be. 



§1 

9^ 



a 
D8..S 



•g 



J 4,533 H. ) 
1 6,402 H. f 
11,663 H. 
10,299 H. 



5,674 H. 
6,499 H. 



5,748 H. 

6,741 H. 

8,467 H. 

10,;i31 H. 



6.748 to 
6.586 li. 



3,201 H. 
5,568 H. 

8,198 H. 



4,684 to 
9,509 H. 
4,231 to 
9,509 H. 



7,518 H. 



5,375 H. 

.5,-«5 H. 
J r.6o7 td" 
\ 9,:.67 H. 
j 8,107 to 
1 5.124 H. 
12,101 H. 

6,635 H. 






d 



10,920 B. 
9,624 B. 

15,636 B. 



9,8G4B. 



6,078 B. 

6,612 B. 
6,648 B. 
7,572 B. 



4,992 B. 
6,894 B. 



10,032 B. 

10,596 B. 

8,712 B. 

8.298 B. 

13,5(V6 B. 



9,792 
8,946 B. 



14,722 B. 






1,562,400 B. 
1,267,600 B. 

2,610,600 B. 



1,672,000 B. 



699,840 B. 

2,191,200 B. 
1,328.800 
869,600 B. 



897,600 B. 
1,062,800 B. 



1,451,200 B. 

2,148,800 B. 

1,191,200 B. 

974.400 B. 

2,283,200 B. 



l,225,r)00 B. 
1,840,000 B. 
l,6Ur,000 Tr. 



2,414.400 B. 
806,000 






ii". 



<e 



/^'4 ^ ■:;■"•: r^ 



""' » » \i ^- ^ 



^e 



YC 13687 



■^ 
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